
THÈSE DE DOCTORAT
Structures des classes de graphes et

de leurs mineurs exclus

Clément RAMBAUD
Laboratoire d’Informatique, de Signaux et Systèmes de Sophia Antipolis,

Centre Inria d’Université Côte d’Azur,
Équipe COATI

Présentée en vue de l’obtention
du grade de docteur en Informatique
d’Université Côte d’Azur

Dirigée par : Frédéric HAVET, Directeur de
recherches, CNRS
Soutenue le : 3 décembre 2025

Devant le jury, composé de :
Marthe BONAMY, Directrice de recherches,
CNRS
Christophe CRESPELLE, Professeur des
universités, Université Côte d’Azur
David EPPSTEIN, Distinguished professor,
University of California
Michał PILIPCZUK, Associate professor,
University of Warsaw
Dimitrios THILIKOS, Directeur de
recherches, CNRS
Stéphan THOMASSÉ, Professeur des univer-
sités, ENS Lyon





STRUCTURES DES CLASSES DE GRAPHES ET DE LEURS MINEURS
EXCLUS

Structures of graph classes and of their excluded minors

Clément RAMBAUD

▷◁

Jury :

Rapporteurs
David EPPSTEIN, Distinguished professor, University of California
Michał PILIPCZUK, Associate professor, University of Warsaw
Dimitrios THILIKOS, Directeur de recherches, CNRS

Examinateurs
Marthe BONAMY, Directrice de recherches, CNRS
Christophe CRESPELLE, Professeur des universités, Université Côte d’Azur
Stéphan THOMASSÉ, Professeur des universités, ENS Lyon

Directeur de thèse
Frédéric HAVET, Directeur de recherches, CNRS

Université Côte d’Azur



Clément RAMBAUD

Structures des classes de graphes et de leurs mineurs exclus
xi+258 p.



Structures des classes de graphes et de leurs mineurs exclus
Résumé

Une classe de graphes est dite close par mineur si elle est close par suppressions d’arêtes, sup-
pressions de sommets, et contractions d’arêtes. Les classes de graphes closes par mineur jouent
un rôle central en théorie des graphes grâce à leurs propriétés structurelles et algorithmiques.
Dans cette thèse, nous démontrons plusieurs correspondances entre la structure d’une classe
de graphes close par mineur et celle de ses mineurs exclus, c’est-à-dire des graphes minimaux
parmi ceux qui ne sont pas membres de cette classe.
Dans une première partie, nous démontrons une propriété structurelle pour les classes de
graphes excluant une grille de hauteur fixée en tant que mineur. Pour ce faire, nous introduisons
une nouvelle famille de paramètres de graphes qui généralise la profondeur arborescente et la
largeur arborescente. En conséquence, nous obtenons une généralisation du Théorème de la
Grille Mineure de Robertson et Seymour.
Dans une seconde partie, nous montrons, à travers plusieurs applications, comment utiliser
une notion de mineurs enracinés pour résoudre des problèmes sur les mineurs de graphes.
La première de ces applications est une preuve simple pour les caractérisations des classes
de graphes closes par mineurs ayant une profondeur arborescente en couche ou une largeur
linéaire en couche bornée. Une deuxième application consiste en des théorèmes de Structure
Produit dans des classes closes par mineurs. Enfin, nous déterminons, à un facteur linéaire
près, les nombres chromatiques centrés ainsi que les nombres colorant faibles de toute classe
de graphes close par mineur donnée. Dans le cas où cette classe exclut un graphe planaire, nos
bornes sont optimales à un facteur constant près.

Mots-clés : théorie des graphes, mineurs de graphes, largeur arborescente, profondeur arbores-
cente, colorations centrées

Structures of graph classes and of their excluded minors
Abstract

A class of graphs is said to be minor-closed if it is closed under the following three operations:
edge deletion, vertex deletion, and edge contraction. Minor-closed classes of graphs play a
central role in graph theory thanks to their numerous structural and algorithmic properties.
In this thesis, we prove several connections between the structure of a minor-closed class of
graphs and the structure of its excluded minors, that is the minimal graphs which are not
members of this class.
In a first part, we show a structural property for classes of graphs excluding a grid of fixed
height as a minor. To do so, we introduce a new family of graph parameters generalizing both
treedepth and treewidth. As a consequence, we obtain a qualitative strengthening of the Grid-
Minor Theorem of Robertson and Seymour for graphs excluding a rectangular grid.
In a second part, we show through multiple applications how to use a notion of rooted minors to
solve problems concerning graph minors. As a first application, we provide simple proofs for
characterizations of minor-closed classes of graphs having bounded layered treedepth or lay-
ered pathwidth. A second application consists of Product Structure theorems in minor-closed
classes of graphs. Finally, we investigate the growth rates in minor-closed classes of graphs
of weak coloring numbers and centered chromatic numbers, two families of graphs parameters
characterizing classes of graphs having bounded expansions. In particular, we determine, up to
a linear factor, the maximum centered chromatic numbers and weak coloring numbers of the
members of a given minor-closed class of graphs. In the special case where a planar graph is
excluded, our bounds are tight up to a constant factor.

Keywords: graph theory, graph minors, treewidth, treedepth, centered colorings
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CHAPTER 1
Introduction

A graph is a pair G = (V,E) where V is a finite set and E is a set of unordered pairs of elements
of V . We call the elements of V the vertices of G, and the elements of E the edges of G. We
denote by V (G) the vertex set V and by E(G) the edge set E. When there is no ambiguity, we
write uv instead of {u, v}, for every edge {u, v} ∈ E(G). Here are a few examples of common
graphs (see also Figure 1.1). For all positive integers n, s, t,

• the complete graph on n vertices, denoted by Kn, is the graph with vertex set [n] =
{1, . . . , n} and edge set {{i, j} | 1 ⩽ i < j ⩽ n},

• the complete bipartite graph on s+ t vertices, denoted by Ks,t, is the graph with vertex set
{(1, 1), . . . , (1, s)} ∪ {(2, 1), . . . , (2, t)} and edge set {(1, i)(2, j) | i ∈ [s], j ∈ [t]},

• the path graph on n vertices, denoted by Pn, is the graph with vertex set {1, . . . , n} and
edge set {{i, i+ 1} | i ∈ [n− 1]},

• the cycle graph on n vertices, denoted by Cn, is the graph with vertex set {0, . . . , n − 1}
and edge set

{︁
{i, (i+ 1) mod n} | i ∈ [n]

}︁
.

K8 P8 C8K4,4

Figure 1.1: The graphs K8, K4,4, P8, and C8.

Structural Graph Theory aims at finding necessary or sufficient conditions for a graph to admit
a specific structural property. A first example is the notion of forest. A cycle in a graph G is a
sequence (u0, . . . , uℓ−1) with ℓ ⩾ 3 of pairwise distinct vertices of G such that uiu(i+1) mod ℓ is
an edge in G. A forest is a graph that does not admit any cycle. See Figure 1.2 for an example
of a forest. This definition is in terms of forbidden substructures (namely cycles), but forests also
have a more structural description: the class of forests can be characterized as the smallest class
of graphs satisfying

(i) the null graph ∅ = (∅, ∅) is a forest, (base case)

(ii) if F is a forest, then for every u ̸∈ V (F ), the graph (V (F ) ∪ {u}, E(F )) is a forest,
and (adding an isolated vertex)

1



2 CHAPTER 1 — Introduction

Figure 1.2: A forest.

(iii) if F is a forest, then for all u ̸∈ V (F ) and v ∈ V (F ), the graph (V (F )∪{u}, E(F )∪{uv})
is a forest. (adding a leaf)

To see that, first observe that the null graph has no cycle, and that if F has no cycle, then for every
u ̸∈ V (F ), (V (F )∪{u}, E(F )) has no cycle, and if v ∈ V (F ), then (V (F )∪{u}, E(F )∪{uv})
has no cycle. Hence, it remains to show that if a graph has no cycle, then can be decomposed using
the rules (i), (ii), and (iii).

Before showing this, we need a few definitions. Let G be a graph. A path in G is a se-
quence P = (u1, . . . , uℓ) of pairwise distinct vertices of G such that uiui+1 ∈ E(G) for every
i ∈ [ℓ−1]. We will often identify the path P with the graph ({u1, . . . , uℓ}, {uiui+1 | i ∈ [ℓ−1]}).
The length of P is the integer ℓ − 1. For all u, v ∈ V (G), the distance between u and v in
G, denoted by distG(u, v), is the minimum length of a path (u0, . . . , uℓ) in G with u0 = u
and uℓ = v. If no such path exists, then distG(u, v) = +∞. The diameter of G, de-
noted by diam(G), is maxu,v∈V (G) distG(u, v). The radius of G, denoted by diam(G), is
minu∈V (G) maxv∈V (G) distG(u, v). For every u ∈ V (G), the neighborhood of u in G, denoted
by NG(u), is the set {v ∈ V (G) | uv ∈ E(G)}. More generally, for U ⊆ V (G), we denote by
NG(U) the set {v ∈ V (G) \ U | ∃u ∈ U, uv ∈ E(G)}. The degree of u in G, denoted by dG(u),
is the integer |NG(u)|.

The aforementioned structural characterization of forests follows from the following lemma
by induction.

Lemma 1.1. Let G be a graph. If G has no cycle, then either V (G) = ∅, or there exists in G a
vertex of degree at most 1.

Proof. Let G be a graph with no cycle and with at least one vertex. Since G has at least one
vertex, say u, it admits a path, namely the sequence (u) considered as a path of length 0. Let
P = (u1, . . . , uℓ) be a path in G of maximum length. If there exists v ∈ NG(uℓ) \ V (P ),
then (u1, . . . , uℓ, v) is a path in G of larger length, contradicting the maximality of P . Hence
NG(uℓ) ⊆ V (P ). If dG(uℓ) ⩾ 2, then there exists j ∈ {1, . . . , ℓ−2} such that uj ∈ NG(uℓ). But
then (uj , uj+1, . . . , uℓ) is a cycle in G, a contradiction. This proves dG(uℓ) ⩽ 1.

A large part of Structural Graph Theory consists in characterizing graphs having a given struc-
tural property in terms of forbidden substructures. Here are a few examples:

• a graph is a forest if and only if it has no cycle,

• a graph is bipartite, that is admits a partition (A,B) of its vertex set such that every edge
intersects both A and B, if and only if it has no cycle of odd length,



1.0 – 3

• a graph is perfect if and only if it has no odd hole nor odd anti-hole (Strong Perfect Graph
Theorem; Chudnovsky, Robertson, Seymour, and Thomas [CRST06]). See [Die17, Sec-
tion 5.5] for an introduction to perfect graphs.

Before continuing, we need to properly define the notions of “substructure” we will consider
in this thesis.

Induced subgraphs. A graph H is an induced subgraph of a graph G if there is an injective
function φ : V (H) → V (G) such that for every distinct u, v ∈ V (H), uv ∈ E(H) if and only if
φ(u)φ(v) ∈ E(G).

A typical example where the induced subgraph relation is relevant is when working on geo-
metrically defined graphs. For example, the class of the unit-disk graphs, which are graphs of the
form (V, {xy | x, y ∈ V, ∥x − y∥ ⩽ 1}) for some finite V ⊆ R2, behaves well with the induced
subgraph relation: if G is a unit disk graph, then every induced subgraph of G is unit disk.

Actually, the induced subgraphs ofG are, up to isomorphism, all of the form (U, {uv ∈ E(G) |
u, v ∈ U}) for U ⊆ V (G). We call the graph (U, {uv ∈ E(G) | u, v ∈ U}) the subgraph of G
induced by U , and we denote it by G[U ]. When G[U ] is a complete graph, we say that G[U ] is a
clique in G. We also denote by G− U the graph G[V (G) \ U ].

Subgraphs. A graph H is a subgraph of a graph G if there is an injective function φ : V (H)→
V (G) such that for every uv ∈ E(H), φ(u)φ(v) ∈ E(G). If H is a subgraph of G, then we write
H ⊆ G.

Alternatively, a graph H is a subgraph of G if H can be obtained from an induced subgraph
of G by possibly deleting some edges. In particular, every induced subgraph of G is a subgraph of
G.

Graph minors. A graph G is said to be connected if V (G) ̸= ∅, and there is no pair A,B of
nonempty disjoint subsets of V (G) such that every edge of G is contained in A or in B. A graph
H is a minor of a graph G if there is a family (Bx | x ∈ V (H)) of pairwise disjoint subsets of
V (G) such that

(m1) for every x ∈ V (H), G[Bx] is a nonempty connected subgraph of G,

(m2) for every xy ∈ E(H), there exists u ∈ Bx and v ∈ By such that uv ∈ E(G).

See Figure 1.3. We call such a family (Bx | x ∈ V (H)) a model of H in G. If H is not a minor of
G, then we say that G is H-minor-free. For a family H of graphs, we say that G is H-minor-free
if G is H-minor-free for every H ∈ H.

Note that if (Bx | x ∈ V (H)) is a model of H in G, and if (Cy | y ∈ V (A)) is a model of a
graph A in H , then (

⋃︁
x∈Cy

Bx | y ∈ V (A)) is a model of A in G. Hence the graph minor relation
is transitive.

An important operation when considering graph minors is the edge contraction. Let G be a
graph and let uv ∈ E(G). The graphG/uv is the graph with vertex setG\{u, v}∪{u⋆v} and edge
set
(︁
E(G)\

{︁
ww′ ∈ E(G) | {w,w′}∩{u, v} ≠ ∅

}︁)︁
∪
{︁
(u⋆v, w) | w ∈ (NG(u)∪NG(v))\{u, v}

}︁
,

where u⋆v denotes a fresh vertex. Less formally,G/uv is the graph obtained fromG by identifying
u and v. The crucial observation is that G/uv is a minor of G: for every w ∈ V (G) \ {u, v},
let Bw = {w}, and let Bu⋆v = {u, v}. Then (Bw | w ∈ V (G/uv)) is a model of G/uv
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B1
B5

B3

B3

B4 K5

Figure 1.3: A model of K5.

in G. To complete our basic operations, for every u ∈ V (G), we denote by G − u the graph
(V (G) \ {u}, E(G) \ {uv | v ∈ NG(u)}), and for every uv ∈ E(G), we denote by G \ uv the
graph (V (G), E(G) \ {uv}). The graph minor relation can be then defined inductively by the fact
that the graph minor relation is transitive, and that for every graph G,

(i) G is a minor of G, (reflexivity)

(ii) for every u ∈ V (G), G− u is a minor of G, (vertex deletion)

(iii) for every uv ∈ E(G), G \ uv is a minor of G, and (edge deletion)

(iv) for every uv ∈ E(G), G/uv is a minor of G. (edge contraction)

The graph minor relation is the less restrictive of the usual graph containment relations. In partic-
ular, every subgraph of a graph G is a minor of G. This thesis is devoted to the study of several
problems related to the notion of graph minors.

1.1 Graph minors

1.1.1 Minor-closed classes of graphs

A class of graphs C is minor-closed if for every G ∈ C, for every minor H of G, H ∈ C. When a
graphX does not belong to C, we say that C excludesX . Here are some examples of minor-closed
classes of graphs.

Forests. The class of forests is minor-closed. We saw earlier that a graph is a forest if and only
if it does not contain any cycle. A crucial observation is that a graph G has a cycle if and only if
K3 is a minor of G. Therefore, the forests can be characterized in terms of a forbidden minor as
follows.

Proposition 1.2. A graph G is a forest if and only if K3 is not a minor of G.

In other words, the class of forests is exactly the class of graphs that do not contain K3 as a
minor.
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Outer-planar graphs. A graph G is said to be outer-planar if it can be drawn on the plane
without any crossing, and so that every vertex of G lies on the outer face. Again, if G is outer-
planar, then every minor of G is outer-planar. There are two typical graphs which are not outer-
planar: K4 and K2,3, and so if a graph contains K4 or K2,3 as a minor, then it is not outer-planar.
See Figure 1.4. Actually, the reciprocal also holds.

Figure 1.4: The graphs K4 and K2,3 are not outer-planar.

Theorem 1.3 (Folklore). A graph G is outer-planar if and only if K4 and K2,3 are not minors of
G.

To prove it, we will use the celebrated Menger’s Theorems. Let G be a graph and let S, T ⊆
V (G). An (S, T )-path in G is a path (u1, . . . , uℓ) in G with u1 ∈ S, uℓ ∈ T , and u2, . . . , uℓ−1 ̸∈
S ∪ T . Let s, t ∈ V (G). An (s, t)-path in G is an ({s}, {t})-path in G. The interior of a path
(u1, . . . , uℓ) is the set {u2, . . . , uℓ−1}. Two paths (u1, . . . , uℓ) and (v1, . . . , vℓ′) are disjoint if their
vertex sets are disjoint, and internally-disjoint if their interiors are disjoint. In general, we say that
two graphs are disjoint when their vertex sets are disjoint. Note that a graph G is connected if
and only if V (G) ̸= ∅, and for every pair of distinct vertices s, t of G, there is an (s, t)-path in
G. The connected components of a graph G are the graphs of the form G[U ] where U ⊆ V (G)
is inclusion-wise maximal under the property that G[U ] is connected. We will use the celebrated
Menger’s Theorem in the following two versions.

Theorem 1.4 (Menger’s Theorem 1). Let G be a graph, and let s, t be distinct nonadjacent ver-
tices of G. For every positive integer d either

(1) there are d pairwise internally-disjoint (s, t)-paths in G, or

(2) there is a set Z of at most d − 1 vertices in V (G) \ {s, t} intersecting the interior of every
(s, t)-path in G.

Theorem 1.5 (Menger’s Theorem 2). Let G be a graph, and let S, T ⊆ V (G). For every positive
integer d either

(1) there are d pairwise disjoint (S, T )-paths in G, or

(2) there is a set Z of at most d− 1 vertices in G intersecting every (S, T )-path in G.

Also, given a graph G and a set F of pairs of vertices of G, we denote by G ∪ F the graph
(V (G), E(G) ∪ F ).

Proof of Theorem 1.3. As mentioned earlier, it is enough to show that if a graph G does not con-
tain K4 and K2,3 as a minor, then G is outer-planar. We will prove by induction on |V (G)| the
following stronger property.
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For every graph G, if K4 and K2,3 are not minors of G, then there is an embedding
of G in the plane such that

(i) every vertex of G lies on the outer face, and

(ii) for every uv ∈ E(G), if uv is not along the outer face, then there are three
internally disjoint (u, v)-paths in G, including the length one path (u, v).

See Figure 1.5 for an example of such an embedding.

u v

Figure 1.5: Illustration for the proof of Theorem 1.3. For every edge uv which is
not along the outer face, there are three internally-disjoint (u, v)-paths in G. The
edges of these paths are here depicted in red, blue, and green.

Let G be a graph that does not contain K4 nor K2,3 as a minor. If |V (G)| ⩽ 3, then the
property clearly holds. Now suppose that |V (G)| ⩾ 4 and that the property holds for smaller
graphs.

If G is a complete graph, then since K4 is not a minor of G, we have |V (G)| ⩽ 3, a contra-
diction. Therefore G is not complete. Let s, t ∈ V (G) distinct such that st ̸∈ E(G). Since K2,3
is not a minor of G, there are no three pairwise internally disjoint (s, t)-paths in G. Hence, by
Menger’s Theorem, there exists a set Z of at most two vertices in V (G) \ {s, t} intersecting the
interior of every (s, t)-path in G. Assume that Z has minimum size for this property. Let A be
the set of all the vertices u ∈ V (G) such that there is an (s, u)-path in G whose interior is disjoint
from Z, and let B = V (G) \ (A \ Z). Let G1 = G[A] ∪

(︁Z
2
)︁

and G2 = G[B] ∪
(︁Z

2
)︁
, where

(︁Z
2
)︁

denotes the set of all the unordered pairs of elements of Z.
First suppose that |Z| ⩽ 1. In particular,

(︁Z
2
)︁

= ∅. Hence G1 and G2 are induced subgraphs,
and so minors, of G. Therefore, K4 and K2,3 are not minors of G1 and G2. Then by applying
the induction hypothesis on both G1 and G2, and by combining the two obtained embeddings, we
obtain the desired embedding of G. Now suppose that |Z| = 2.

By minimality of Z, there are two ({s}, Z)-paths (resp. (Z, {t})-paths) in G whose vertex
sets intersect only in s (resp. t), and whose interiors are included in A (resp. B). These two paths
imply that there is a path P1 (resp. P2) between the two vertices in Z in G[A] (resp. G[B]) whose
interior is disjoint from Z. In particular, by contracting this path into a single edge we obtain that
G2 (resp. G1) is a minor of G.

Let i ∈ {1, 2}. Since Gi is a minor of G, K4 and K2,3 are not minors of G. Therefore, by
the induction hypothesis, there is an embedding of Gi such that every vertex lies on the outer face,
and if an edge uv ∈ E(Gi) is not along the outer face, then there are three internally disjoint
(u, v)-paths in Gi. Suppose that the edge Z in Gi is not along the outer face. Then there are two
internally disjoint paths in Gi between the vertices in Z which are not the edge Z itself. But then,
together with P3−i, this gives three internally disjoint paths in G of length at least 2 between the
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vertices in Z, and so K2,3 is a minor of G, a contradiction. Hence the edge Z is along the outer
face.

By gluing along the edge Z the embeddings of G1 and G2, we obtain an embedding of G such
that every vertex lies on the outer face. Moreover, for every edge uv ∈ E(G), if uv is not along
the outer face of the resulting embedding, then one of the two following cases occurs.

Case 1. There exists i ∈ {1, 2} such that uv ∈ E(Gi) and uv is not along the outer face in the
embedding of Gi. Then by hypothesis on this embedding, there are three internally disjoint
(u, v)-paths in Gi. If one of them uses the edge Z, we replace in the corresponding path the
edge Z by the path P3−i. This gives three internally disjoint (u, v)-paths in G.

Case 2. If {u, v} = Z, then (u, v), P1, and P2 are three internally disjoint (u, v)-paths in G.

In both cases, the desired property holds. This proves the theorem.

Planar graphs. Planar graphs are graphs that can be drawn on the plane without any crossing.
Since every minor of a planar graph is planar, the class of planar graphs is minor-closed. The
graphs K5 and K3,3 are not planar (see e.g. [Die17, Chapter 4]). Hence, if a graph G contains
one of them as a minor, then G is not planar. See Figure 1.6. The reciprocal is known as Wagner’s
Theorem.

Theorem 1.6 (Wagner’s Theorem). A graphG is planar if and only ifK5 andK3,3 are not minors
of G.

Figure 1.6: The graphs K5 and K3,3 are not planar.

Robertson-Seymour theorem. We saw several examples of minor-closed classes of graphs, and
all of them admitted a characterization in terms of a finite set of forbidden minors. The celebrated
Robertson-Seymour Theorem states that this is the case for every minor-closed class of graphs.

Theorem 1.7 (Robertson and Seymour [RS04]). For every minor-closed class of graphs C, there
exists a finite set X of graphs such that for every graph G, G ∈ C if and only if for every X ∈ X ,
X is not a minor of G.

This result is extremely general and is of great theoretical importance. Robertson and Sey-
mour [RS95] proved that for every fixed graph X , the problem of deciding whether X is a minor
of a given n-vertex graph can be solved in time O(n3). Together with Theorem 1.7, this implies
that for every fixed minor-closed class of graphs C, deciding whether a given n-vertex graph be-
longs to C can be solved in time O(n3). This running time was recently improved to n1+o(1) by
Korhonen, Pilipczuk, and Stamoulis [KPS24].

The proof of Robertson and Seymour Theorem required the introduction of numerous tools to
study graph minors, and had a huge impact on both Structural and Algorithmic Graph Theory. In
particular, it initiated the study of treewidth and pathwidth, two graph parameters that will play a
central role in this thesis.
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1.1.2 Minor-monotone graph parameters

A graph parameter is a function p taking as an input a graph G and returning an integer,
which is invariant under isomorphism, that is for every graph G and for every bijective func-
tion φ : V (G) → V ′, p(G) = p

(︁
(V ′, {φ(u)φ(v) | uv ∈ E(G)})

)︁
. Here are a few examples of

graph parameters.

• The number of vertices G ↦→ |V (G)|.

• The number of edges G ↦→ |E(G)|.

• The maximum degree ∆: G ↦→ maxu∈V (G) dG(u).

• The minimum degree δ : G ↦→ minu∈V (G) dG(u).

A graph parameter p is said to be minor-monotone if for every graph G and for every minor
H of G, p(H) ⩽ p(G). Among the aforementioned graph parameters, the number of vertices and
the number of edges are minor-monotone, and the two other are not. We now present some other
important minor-monotone graph parameters.

Vertex cover number. Let G be a graph. A vertex cover of G is a set X ⊆ V (G) such that for
every edge e of G, e∩X ̸= ∅. The minimum size of a vertex cover of G, denoted by vc(G), is the
vertex cover number of G. The vertex cover number is minor-monotone.

Given a minor-monotone graph parameter p, a classical problem is to characterize classes
of graphs C for which this parameter is bounded, that is maxG∈C p(G) < +∞. Since p is
minor-monotone, p is bounded in C if and only if p is bounded in ↓ C = {H | ∃G ∈
C, H is a minor of G}. As the later class is minor-closed, this reduces to the case where C is
minor-closed.

In the case of the vertex cover number, the answer to this problem is a classical observation.
Let ℓ be a positive integer. For every graph H , we denote by ℓ ·H the graph which is the union of
ℓ disjoint copies of H .

Proposition 1.8. A minor-closed class of graphs C has bounded vertex cover number if and only
if there exists a positive integer ℓ such that ℓ ·K2 ̸∈ C.

Proof. Let C be a minor-closed class of graphs. First, vc(ℓ · K2) = ℓ for every positive integer
ℓ. Hence, if C has bounded vertex cover number, then there exists a positive integer ℓ such that
ℓ ·K2 ̸∈ C. Reciprocally, suppose that there exists a positive integer ℓ such that ℓ ·K2 ̸∈ C. Let
G ∈ C. Since C is minor-closed, ℓ·K2 is not a minor ofG. Let e1, . . . , em be an inclusion maximal
family of pairwise disjoint edges in G. Since ℓ ·K2 is not a minor of G, we have m ⩽ ℓ− 1. On
the other hand, since e1, . . . , em is maximal, the set X =

⋃︁
i∈[m] ei is a vertex cover of G, and so

vc(G) ⩽ 2(ℓ− 1). This proves that C has bounded vertex cover number.

Feedback vertex set number. Let G be a graph. A feedback vertex set of G is a set X ⊆ V (G)
such that every cycle in G intersects X . In other words G−X is a forest. The feedback vertex set
number ofG, denoted by fvs(G), is the minimum size of a feedback vertex set ofG. The feedback
vertex set number is minor-monotone.

Let ℓ be a positive integer. If X is a feedback vertex set of ℓ · K3, then X intersect each of
the ℓ copies of K3. As a consequence, fvs(ℓ ·K3) ⩾ ℓ. See Figure 1.7. Therefore, if a graph G
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contains ℓ · K3 as a minor, then fvs(G) ⩾ ℓ. On the other hand, Erdős and Pósa [EP65] proved
that if a graph does not contain ℓ ·K3 as a minor, then its feedback vertex set number is bounded
by a function of ℓ.

Theorem 1.9 (Erdős-Pósa Theorem). A minor-closed class of graphs C has bounded feedback
vertex set number if and only if there exists a positive integer ℓ such that ℓ ·K3 ̸∈ C.

Figure 1.7: The graph 6 ·K3.

Treewidth. The treewidth is arguably the most important minor-monotone graph parameter,
both for its structural and algorithmic applications. Let G be a graph. A forest decomposition
of G is a pair

(︁
T, (Wx | x ∈ V (T ))

)︁
, where T is a forest and Wx ⊆ V (G) for every x ∈ V (T ),

such that

(tw1) for every u ∈ V (G), {x ∈ V (T ) | u ∈Wx} is nonempty and induces a connected subgraph
of T , and

(tw2) for every uv ∈ V (G), there exists x ∈ V (T ) such that u, v ∈Wx.

A tree is a connected forest. When T is a tree, we say that
(︁
T, (Wx | x ∈ V (T ))

)︁
is a tree

decomposition of G. See Figure 1.8. Most of the time, we will consider only tree decompositions.
The sets Wx for x ∈ V (T ) are called the bags of this tree decomposition, and the set Wx ∩Wy

for xy ∈ E(T ) is adhesions. The width of this tree decomposition is maxx∈V (T ) |Wx| − 1, and
its adhesion is maxxy∈E(T ) |Wx ∩Wy|. The treewidth of G, denoted by tw(G), is the minimum
width of a tree decomposition of G. See Figure 1.9 for examples of graphs of small treewidth.

TG

Figure 1.8: A tree decomposition of a graph G indexed by a tree T . The bag of a
vertex x of T is the set of vertices of G depicted with the same color.

tw = 0 tw = 1 tw = 2

Figure 1.9: Some graphs of small treewidth.
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The treewidth is minor-monotone. Indeed, if
(︁
T, (Wx | x ∈ V (T ))

)︁
is a tree decomposition

of a graph G of minimum width, and if (By | y ∈ V (H)) is a model of a graph H in G, then(︁
T, ({y ∈ V (H) | By ∩Wx ̸= ∅} | x ∈ V (T ))

)︁
is a tree decomposition of H of width at most

tw(G).
For every positive integer a, b, the a× b grid is the graph with vertex set [a]× [b] and edges all

the pairs (i, j)(i′, j′) such that |i− i′|+ |j− j′| = 1. See Figure 1.10. We will see in Section 1.1.3

Figure 1.10: The 5× 7 grid.

that for every positive integer ℓ, the ℓ×ℓ grid has treewidth at least ℓ. Hence, if a graphG contains
the ℓ × ℓ grid as minor, then tw(G) ⩾ ℓ. Robertson and Seymour [RS86b] proved that the other
direction also (approximately) holds. This fundamental result, known as the Grid-Minor Theorem,
will be used several times in this thesis.

Theorem 1.10 (Grid-Minor Theorem [RS86b]). There is a function f1.10 : N → N such that for
every positive integer ℓ, for every graph G, if the ℓ× ℓ grid is not a minor of G, then

tw(G) < f1.10(ℓ).

As a consequence, a minor-closed class of graphs has bounded treewidth if and only if there is
an integer ℓ such that the ℓ× ℓ grid does not belong to C.

Pathwidth. LetG be a graph. A path decomposition ofG is a tree decomposition
(︁
P, (Wx | x ∈

V (P ))
)︁

of G where P is a path graph. We will also write a path decomposition (W1, . . . ,Wm)
where m = |V (P )|, assuming that the vertices of P are 1, . . . ,m, in this order along P . The
pathwidth of G, denoted by pw(G), is the minimum width of a path decomposition of G. See
Figure 1.11. The same argument as for treewidth shows that pathwidth is minor-monotone.

pw = 0 pw = 1 pw = 2

Figure 1.11: Some graphs of small pathwidth.

Figure 1.12: The tree T4.
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Let ℓ be a positive integer. Let Tℓ be the complete ternary tree of depth ℓ, that is the tree
with vertex set

⋃︁ℓ−1
i=0{0, 1, 2}i and edge set

⋃︁ℓ−2
i=0

{︁
{w,wx} | w ∈ {0, 1, 2}i, x ∈ {0, 1, 2}

}︁
. See

Figure 1.12. The tree Tℓ has pathwidth at least ℓ − 1. The proof of this fact is by induction on ℓ.
This is clear for ℓ = 0 since T0 = K1 has pathwidth 0. Now suppose ℓ ⩾ 1 and pw(Tℓ−1) ⩾ ℓ−2.
Let (W1, . . . ,Wm) be a path decomposition of Tℓ of minimum width. Let Q be a (W1,Wm)-path
in Tℓ. Then V (Q) intersects Wi for every i ∈ [m]. Moreover, there exists x ∈ {0, 1, 2} such that
U = {x}×

⋃︁ℓ−2
i=0{0, 1, 2}i is disjoint from V (Q). Therefore, (W1 ∩V (U), . . . ,Wm ∩V (U)) is a

path decomposition of G[U ] of width at most pw(Tℓ)− 1. Since G[U ] is isomorphic to Tℓ−1, we
deduce by the induction hypothesis that

pw(Tℓ) ⩾ 1 + pw(Tℓ−1) ⩾ ℓ− 1.

Hence, if a graph contains Tℓ as a minor, then pw(G) ⩾ ℓ − 1. Robertson and Seymour [RS83]
proved that reciprocally, if a graph does not contains a forest F as a minor, then its pathwidth is
bounded by a function of F . The optimal such function was subsequently determined by Bien-
stock, Robertson, Seymour, and Thomas [BRST91].

Theorem 1.11 (Excluded Tree-Minor Theorem [BRST91, RS83]). Let F be a forest and let G be
a graph. If F is not a minor of G, then

pw(G) ⩽ |V (F )| − 2.

A short proof of this theorem was later found by Diestel [Die95]. Based on this work, we
prove a qualitative strengthening of this theorem in Chapter 4, Section 4.3. As a consequence of
Theorem 1.11, a minor-closed class of graphs C has bounded pathwidth if and only if there is a
positive integer ℓ such that Tℓ ̸∈ C.

Treedepth. The treedepth is a graph parameter denoted by td(·), defined inductively as follows.
For every graph G,

(td1) if G = ∅, then td(G) = 0;

(td2) if G ̸= ∅ and G is not connected, then td(G) = maxC td(C) where C ranges over all the
connected components of G; and

(td3) if G ̸= ∅ and G is connected, then td(G) = 1 + minu∈V (G) td(G− u).

See Figure 1.13. A direct consequence of the definition is that treedepth is minor-monotone.

td = 1 td = 2 td = 3

Figure 1.13: Some graphs of small treedepth.

Let k be a nonnegative integer. The path graph P2k has treedepth greater than k. Indeed,
td(P20) = 1, and if k > 0, then, since P2k is connected, there exists u ∈ V (P2k) such that
td(P2k) = 1+td(P2k−u). But since P2k−1 is a subgraph of P2k−u, we deduce by the induction
hypothesis that td(P2k) ⩾ 1 + td(P2k−1) > k. Hence, if a graph contains P2k as a minor, then its
treedepth is larger than k. Actually, the reciprocal also (approximately) holds.
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Proposition 1.12. Let ℓ be a positive integer and let G be a graph. If Pℓ is not a minor of G, then

td(G) ⩽ ℓ− 1.

Proof. Since td(G) = maxC td(C) where C ranges over all the connected components of G, we
can assume that G is connected. Therefore, it is enough to prove the following.

Let ℓ be a positive integer, let G be a connected graph, and let u ∈ V (G). If there
is no path on ℓ vertices starting at u, then td(G) ⩽ ℓ− 1.

We proceed by induction on ℓ. For ℓ = 1 the result is clear since then V (G) = {u}. Now
suppose ℓ > 1 and that the result holds for ℓ− 1. Suppose that there is no path on ℓ vertices in G
starting at u. Let C be a connected component of G− u, and let uC be a neighbor of u in V (C).
If there is a path (u1, . . . , uℓ−1) in C with u1 = uC , then (u, u1, . . . , uℓ−1) is a path on ℓ vertices
in G starting at u, a contradiction. Hence, there is no such path (u1, . . . , uℓ−1) in C, and so by the
induction hypothesis, td(C) ⩽ ℓ − 2. Then, by the definition of treedepth, td(G − u) ⩽ ℓ − 2,
and finally

td(G) ⩽ 1 + td(G− u) ⩽ ℓ− 1.

Hence, a minor-closed class of graphs C has bounded treedepth if and only if there exists a
positive integer ℓ such that Pℓ ̸∈ C.

2-treedepth. The 2-treedepth is a “2-connected” variant of treedepth defined by Huynh, Joret,
Micek, Seweryn, and Wollan [HJM+21]. To introduce it, we need a few definitions. A graph G
is 2-connected if G ̸= ∅ and for every u ∈ V (G), G− u is null or connected. Note that with this
definition, the graphs K1 and K2 are 2-connected. A block in a graph G is a maximal 2-connected
subgraph of G. The 2-treedepth is the graph parameter td2(·) defined inductively by, for every
graph G,

(i) if G = ∅, then td2(G) = 0;

(ii) if G ̸= ∅ and G is not 2-connected, then td2(G) = maxB td2(B) where B ranges over all
the blocks of G; and

(iii) if G is 2-connected, then td2(G) = 1 + minu∈V (G) td2(G− u).

See Figure 1.14. It is straightforward to show that 2-treedepth is minor-monotone. (See
Lemma 2.5, which is a generalization of this fact.)

td2 = 1 td2 = 2 td2 = 3

Figure 1.14: Some graphs of small 2-treedepth. Note that every block of the right-
most graph can be obtained from a tree by adding one vertex.

A standard example of graphs of large 2-treedepth are the 2× ℓ grids for ℓ ⩾ 1, which are also
known as the ladders. We denote by Lℓ the 2×ℓ grid, for every positive integer ℓ. See Figure 1.15.
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Let us prove by induction on k that td(L2k) > k. Observe that that td2(L1) = 1. Moreover, for
every positive integer k, L2k is 2-connected. Hence, by the definition of 2-treedepth, there exists a
vertex u ∈ V (G) such that td2(L2k) = 1 + td2(L2k − u). But since L2k − u contains a subgraph
isomorphic to L2k−1 , we conclude that td2(L2k) ⩾ td2(L2k−1) + 1, and so td2(L2k) > k by the
induction hypothesis.

Figure 1.15: The graph L10, that is the 2× 10 grid.

Huynh, Joret, Micek, Seweryn, and Wollan [HJM+21] proved that reciprocally, if a graph does
not contain the 2× ℓ grid as minor, then its 2-treedepth is bounded by a function of ℓ.

Theorem 1.13 (Huynh, Joret, Micek, Seweryn, and Wollan [HJM+21]). There is a function
f1.13 : N → N such that for every positive integer ℓ, for every graph G, if Lℓ is not a minor
of G, then td2(G) ⩽ f1.13(ℓ).

In other words, a minor-closed class of graphs C has bounded 2-treedepth if and only if there
exists a positive integer ℓ such that the 2×ℓ grid does not belong to C. To conclude this presentation
of these minor-monotone graph parameters, we state the inequalities between them. For every
graph G,

td(G) ⩽ vc(G) + 1, fvs(G) ⩽ vc(G), pw(G) ⩽ td(G)− 1,
td2(G) ⩽ fvs(G) + 1, td2(G) ⩽ td(G), tw(G) ⩽ pw(G), tw(G) ⩽ td2(G)− 1.

Each of these inequalities is a direct consequence of the definitions, and so we omit their proofs.
See Figure 1.16.

vc

fvs td

td2 pw

tw

Figure 1.16: The relationships between the parameters vc, fvs, td,pw, td2, and tw.
An arrow from a parameter p1 to a parameter p2 means that there is a function
f : N→ N such that p2(G) ⩽ f(p1(G)) for every graph G.

1.1.3 Tree decompositions and treewidth

Treewidth is often described as a way to measure how a graph is close to being to a forest. Indeed,
several properties of trees can be relaxed to characterize treewidth. One of the most important one
is the following.

Lemma 1.14 (Helly property of subtrees). Let T be a forest and let F be a family of connected
subgraphs of T . For every positive integer d, one of the following holds:
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(1) there are d members F1, . . . , Fd of F whose vertex sets are pairwise disjoint, or

(2) there is a set Z ⊆ V (T ) of size at most d− 1 intersecting every member of F .

Figure 1.17: Illustration for Lemma 1.14. There are no three disjoint subtrees
among the colored one. Therefore, there exists two vertices, here depicted in red,
intersecting all of them.

See Figure 1.17. Lemma 1.14 has many interesting consequence. One of the simplest one is
that tw(Kt) = t − 1 for every positive integer t. Taking a single bag V (Kt), we obtain a tree
decomposition of Kt of width t − 1. Hence it remains to show that tw(Kt) ⩾ t − 1. This is a
consequence of the following lemma.

Lemma 1.15. Let t be a positive integer and let
(︁
T, (Wx | x ∈ V (T ))

)︁
be a tree decomposition

of Kt. There exists x ∈ V (T ) such that V (Kt) ⊆Wx.

Proof. For every u ∈ V (Kt), consider the connected subgraph Tu of T induced by the vertices
x of T such that u ∈ Wx. Then, the subgraphs Tu for u ∈ V (Kt) pairwise intersect by (tw2).
Therefore, by Lemma 1.14 applied for d = 2, there exists x ∈

⋂︁
u∈V (Kt) V (Tu), and so V (Kt) ⊆

Wx.

Before proving Lemma 1.14, we introduce the notion of rooted tree. A rooted tree is a tree
with a marked vertex r called the root. In a such a rooted tree, we say that a vertex u is an ancestor
of a vertex v, if u lies on the path from the root r to v. Then we also say that v is a descendant
of u. Note that u is both an ancestor and descendant of itself. This gives a partial order on V (T ).
For every vertex u which is not the root, we call the neighbor of u closest to the root the parent of
u. If S is a subtree of T , then S inherited a root from T , which is the vertex in V (S) closest to the
root of T in T . For every vertex u of T , the subtree rooted at u is the subtree of T induced by the
set of all the descendant of u in T (including u itself).

Proof of Lemma 1.14. Let d be a positive integer. We proceed by induction on d. The result is
clear for d = 1: either F is empty or F is nonempty. Now suppose d > 1 and that the result holds
for d− 1.

We root T in an arbitrary vertex r. Among all the members of F , let F1 be one whose root r1
is at maximal distance from r. Hence no descendant of r1 distinct from r1 is the root of a member
of F .

Let U be the set of all the descendant of u in T , let T ′ = T − U , and let F ′ = {F ∈ F |
V (F ) ∩ U = ∅}. By the induction hypothesis, either
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(1) there are d− 1 members F2, . . . , Fd of F whose vertex sets are pairwise disjoint, or

(2) there is a set Z ′ ⊆ V (T ) of size at most d− 2 intersecting every member of F ′.

In the first case, F1, F2, . . . , Fd is a family of d pairwise disjoint members of F . In the second
case, we claim that Z = Z ′ ∪ {r1} intersects every member of F . Indeed, for every F ∈ F , if
V (F ) ∩ Z ′ = ∅, then V (F ) intersects U . But by the definition of F1 and r1, the root of F does
not belong to U \ {r1}. Hence r1 ∈ V (F ) and so V (F ) ∩ Z ̸= ∅. This proves the lemma.

Note that Lemma 1.14 characterizes forests. Indeed, if a graph G is not a forest, then it has
a cycle (u1, . . . , uℓ), and the family F =

{︁
G[{u1, u2}], G[{u2, u3}], G[{u3, . . . , uℓ, u1}]

}︁
has no

two disjoint members but no vertex of T is in every member of F . However, Lemma 1.14 can be
extended to graphs of bounded treewidth by relaxing the second possible outcome.

Lemma 1.16. Let t be a positive integer, let G be a graph with tw(G) < t, and let F be a family
of connected subgraphs of G. For every positive integer d, one of the following holds

(1) there are d members F1, . . . , Fd of F whose vertex sets are pairwise disjoint, or

(2) there is a set Z ⊆ V (G) of size at most t(d− 1) intersecting every member of F .

We actually prove the following.

Lemma 1.17 (Statement (8.7) in [RS86b]). Let t be a positive integer, let G be a graph, let D be
a tree decomposition of G, and let F be a family of connected subgraphs of G. For every positive
integer d, one of the following holds

(1) there are d members F1, . . . , Fd of F whose vertex sets are pairwise disjoint, or

(2) there is a set Z ⊆ V (G) which is a union of at most d−1 bags ofD such that V (F )∩Z ̸= ∅
for every F ∈ F .

Proof. Let
(︁
T, (Wx | x ∈ V (T ))

)︁
be a tree decomposition of G of width less than t. For every

F ∈ F , let π(F ) = T [{x ∈ V (T ) |Wx ∩ V (F ) ̸= ∅}]. By the definition of tree decompositions,
π(F ) is a connected subgraph of T for every F ∈ F . Hence, by Lemma 1.14 applied to T and
{π(F ) | F ∈ F}, for every positive integer d, either

(i) there are d members F1, . . . , Fd of F such that π(Fi) for i ∈ [d] are pairwise disjoint, and
so F1, . . . , Fd are pairwise disjoint; or

(ii) there is a set Z0 ⊆ V (T ) of size at most d − 1 intersecting V (π(F )) for every F ∈ F .
Then, the set

Z =
⋃︁
x∈Z0 Wx

is as desired.

A direct consequence of Lemma 1.16 is that for every positive integer ℓ, the ℓ × ℓ grid has
treewidth at least ℓ− 1. To see that, consider the family F of all the ℓ2 subgraphs induced by sets
of the form ({i} × [ℓ]) ∪ ([ℓ] × {j}) for i, j ∈ [ℓ]. Then F has no two disjoint members, but if
a set Z of vertices intersects every member of F , then |Z| ⩾ ℓ. Note that a slightly more careful
analysis shows that the ℓ× ℓ grid has treewidth ℓ.

Lemma 1.16 actually characterizes treewidth, up to a constant factor. The proof we present
here is due to Bruce Reed [Ree92].

Proposition 1.18. Let k be a positive integer and let G be a graph. If for every family F of
connected subgraphs of G, either
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(i) there are two disjoint members of F , or

(ii) there exists Z ⊆ V (G) of size at most k intersecting every member of F;

then
tw(G) < 3k.

Proof. We will prove by induction the following stronger property.

Let G be a graph satisfying the hypothesis of the lemma. For every R ⊆ V (G) of
size at most 2k, there exists a tree decomposition D =

(︁
T, (Wx | x ∈ V (T ))

)︁
of G

such that

(i) D has width less than 3k, and

(ii) there exists r ∈ V (T ) such that R ⊆Wr.

Let R ⊆ V (G) of size at most 2k. If R = V (G), then the tree decomposition of G with a
single bag V (G) will do. Now suppose V (G) \ R ̸= ∅, and that the result holds for instances
with smaller |V (G) \R|+ |V (G)|. If |R| < 2k, then add any vertex to R and apply the induction
hypothesis. Now assume |R| = 2k. Let F be the family of all the connected subgraphs F of G
such that |V (F ) ∩ R| > k. By construction, there are no two disjoint members of F . Hence, by
hypothesis, there exists Z ⊆ V (G) of size at most k such that every member of F intersects Z.
Let C be the family of all the connected components of G− Z.

Let C ∈ C, let GC = G[V (C) ∪ NG(V (C))], and let RC = NG(V (C)). Since GC −
(Z ∩ V (GC)) is connected and disjoint from Z, GC − (Z ∩ V (GC)) ̸∈ F and so |V (GC −
(Z ∩ V (GC))) ∩ R| ⩽ k. Therefore, since RC ⊆ (V (GC − (Z ∩ V (GC))) ∩ R) ∪ Z, we have
|RC | ⩽ 2k. Moreover, |V (GC)| < |V (G)|. Hence, by the induction hypothesis applied to GC
and RC , there exists a tree decomposition

(︁
TC , (WC,x | x ∈ V (TC))

)︁
of GC of width less than

3k and with RC ⊆WrC for some rC ∈ V (TC).
Without loss of generality, we assume that the trees TC forC ∈ C have pairwise disjoint vertex

sets. Let r be a fresh vertex, and let T be the tree defined by

V (T ) = {r} ∪
⋃︂
C∈C

V (TC),

E(T ) =
⋃︂
C∈C

(︁
{rrC} ∪ E(TC)

)︁
.

Then, for every x ∈ V (T ), let

Wx =
{︄
R ∪ Z if x = r,
WC,x if x ∈ V (TC), for C ∈ C.

It is then straightforward to check that D =
(︁
T, (Wx | x ∈ V (T ))

)︁
is a tree decomposition of G.

Moreover, by construction, R ⊆Wr andD has width less than max{3k, |Wr|} = 3k. This proves
the proposition.

To conclude this introduction to treewidth, we define the notion of clique-sum. Let k ∈
N>0 ∪ {+∞}. A (< k)-clique-sum of two graphs G1 and G2 is any graph G obtained from a
disjoint union of G1 and G2 by identifying a clique K1 in G1 with a clique K2 in G2, both of the
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same size which is less than k, and then possibly removing some edges. See Figure 1.18. More
formally, there exists two injective functions φ1 : V (G1) → V (G) and φ2 : V (G2) → V (G)
such that (i) E(G) ⊆ {φ1(u)φ1(v) | uv ∈ E(G1)} ∪ {φ2(u)φ2(v) | uv ∈ E(G2)}, and
(ii) K = φ1(V (G1)) ∩ φ2(V (G2)) has size less than k, and both G1[φ−1

1 (K)] and G2[φ−1
2 (K)]

are complete. For example, a (< 1)-clique-sum is a disjoint union. When k = +∞, we simply
say that G is a clique-sum of G1 and G2.

Figure 1.18: Illustration for the clique-sum operation.

The clique-sum operation is of great interest in the study of treewidth. Indeed, if G is a clique-
sum of G1 and G2, then tw(G) ⩽ max{tw(G1), tw(G2)}. Actually, this characterizes treewidth
in the following sense.

Proposition 1.19 (Halin [Hal76] 1). The treewidth is the largest graph parameter tw satisfying

(i) tw(∅) = −1,

(ii) tw(G) ⩽ 1 + tw(G− u) for every graph G and every u ∈ V (G), and

(iii) for all graphs G,G1, G2, if G is a clique-sum of G1 and G2, then

tw(G) ⩽ max{tw(G1), tw(G2)}.

Here, the word “largest” means that for every graph G, tw(G) = maxp p(G), where p ranges
over all graph parameters satisfying (i), (ii), and (iii), and that tw itself satisfies these three items.
To prove it, we will use of the following notation. Let T be a tree and let x, y be two adjacent
vertices of T . We denote by Tx|y the connected component of x in T \ xy.

Proof of Proposition 1.19. Let P be the class of all graph parameters p satisfying (i), (ii), and (iii).
We want to show that tw ∈ P , and that for every p ∈ P , for every graph G, p(G) ⩽ tw(G).

First, we claim that tw ∈ P . Observe that tw(∅) = −1. Moreover, if G is a graph, u ∈
V (G), and

(︁
T, (Wx | x ∈ V (T ))

)︁
is a tree decomposition of G − u of minimum width, then(︁

T, (Wx ∪ {u} | x ∈ V (T ))
)︁

is a tree decomposition of G, and so tw(G) ⩽ 1 + tw(G − u).
Finally, let G be a clique-sum of two graphs G1 and G2. By possibly relabelling the vertices, we
assume that G = G1 ∪ G2, and K = V (G1) ∩ V (G2) induces a clique in both G1 and G2. Let

1Halin’s articles [Hal76] and [Hal67] seem to be the first occurrences of treewidth in the litterature, before Robertson
and Seymour independently rediscovered it in [RS86a].
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i ∈ {1, 2}, and let
(︁
Ti, (W i

x | x ∈ V (Ti))
)︁

be a tree decomposition of Gi of width tw(Gi). Since
K induces a clique in Gi, by Lemma 1.15, there exists yi ∈ V (Ti) such that K ⊆ W i

yi
. Without

loss of generality, we assume that T1 and T2 have disjoint vertex sets. Let T be the tree defined by

V (T ) = V (T1) ∪ V (T2) and E(T ) = E(T1) ∪ E(T2) ∪ {y1y2},

and for every i ∈ {1, 2}, for every x ∈ V (Ti), letWx = W i
x. Then, the pair

(︁
T, (Wx | x ∈ V (T ))

)︁
is a tree decomposition of G of width at most max{tw(G1), tw(G2)}. Therefore, tw ∈ P .

Let p ∈ P , let G be a graph, and let
(︁
T, (Wx | x ∈ V (T ))

)︁
be a tree decomposition

of G of minimum width. We show by induction on |V (T )| that p(G) ⩽ tw(G). First, if
|V (T )| = 1, then tw(G) = |V (G)| − 1 ⩾ p(G) by (i) and (ii). Now suppose |V (T )| ⩾ 2
and that the result holds for smaller values of |V (T )|. Let x1x2 ∈ E(T ), and for each
i ∈ {1, 2}, let Gi = G[

⋃︁
z∈V (Txi|x3−i

)Wz] ∪
(︁Wx1 ∩Wx2

2
)︁
. Observe that for every i ∈ {1, 2},(︁

Txi|x3−i
, (Wx | x ∈ V (Txi|x3−i

))
)︁

is a tree decomposition of Gi, and so tw(Gi) ⩽ tw(G). By
the induction hypothesis, this implies p(Gi) ⩽ tw(Gi) ⩽ tw(G). Moreover, since V (G1)∩V (G2)
induces a clique in both G1 and G2, G is a clique-sum of G1 and G2. Therefore, by (iii),
p(G) ⩽ max{p(G1), p(G2)} ⩽ tw(G).

In the remaining sections of this introduction, we present the results proved in this thesis.

1.2 Excluding a rectangular grid

In a first part, we propose a family of graph parameters including treedepth, 2-treedepth, and
treewidth, and we characterize in terms of forbidden minors classes of graphs in which theses
parameters are bounded. Let k ∈ N ∪ {+∞}. We define the k-treedepth as the largest graph
parameter tdk satisfying

(i) tdk(∅) = 0,

(ii) tdk(G) ⩽ 1 + tdk(G− u) for every graph G and every vertex u ∈ V (G), and

(iii) tdk(G) ⩽ max{tdk(G1), tdk(G2)} ifG is a (< k)-clique-sum ofG1 andG2, for all graphs
G1, G2.

This gives a well-defined graph parameter because if P is the family of all the graph parameters
satisfying (i)-(iii), then tdk : G ↦→ maxp∈P p(G) also satisfies (i)-(iii). A more explicit definition,
in terms of tree decompositions, is given in Section 2.2.2. For k = 1, the k-treedepth coincides
with treedepth, for k = 2, it coincides with the homonymous 2-treedepth, and for k = +∞, it
coincides with treewidth plus 1 by Proposition 1.19. Therefore, for every graph G,

td(G) = td1(G) ⩾ td2(G) ⩾ . . . ⩾ td+∞(G) = tw(G) + 1.

In Chapter 2, we characterize classes of graphs having bounded k-treedepth in terms of ex-
cluded minors.

Theorem 1.20. Let k be a positive integer. A class C of graphs has bounded k-treedepth if and
only if there exists an integer ℓ such that for every tree T on k vertices, no graph in C contains
T□Pℓ as a minor.
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Here, □ denotes the Cartesian product, defined as follows. For all graphs G1, G2, the graph
G1□G2 has vertex set V (G1) × V (G2) and edge set {(u1, u2)(v1, v2) | (u1 = v1 and u2v2 ∈
E(G2)) or (u1v1 ∈ E(G1) and u2 = v2)}. See Figure 1.19.

For k = 1, sinceK1 is the only tree on one vertex, and becauseK1□Pℓ = Pℓ for every positive
integer ℓ, we recover the fact that a minor-closed class of graphs has bounded treedepth if and only
if it excludes a path. For k = 2, sinceK2 is the only tree on two vertices, and becauseK2□Pℓ is the
2× ℓ grid, we recover Huynh, Joret, Micek, Seweryn, and Wollan’s [HJM+21] characterization of
classes of graphs having bounded 2-treedepth (Theorem 1.13). However, for every integer k larger
than 2, no such characterization was known. For example, Theorem 1.20 applied to k = 5 implies
that for every fixed positive integer ℓ, graphs excluding T1□Pℓ, T2□Pℓ, and T3□Pℓ as minors have
bounded 5-treedepth, where T1, T2, T3 are the three trees on five vertices up to isomorphism (see
Figure 1.19). This is optimal since each of the three families {T1□Pℓ | ℓ ⩾ 1}, {T2□Pℓ | ℓ ⩾
1}, {T3□Pℓ | ℓ ⩾ 1} has unbounded 5-treedepth.

T1

T2

T3

T1□P16

T2□P16

T3□P16

Figure 1.19: The three families of obstructions for 5-treedepth given by Theo-
rem 1.20.

Furthermore, it is rather easy to show that for every large enough tree T and for every long
enough path P , T□P contains the ℓ×ℓ grid as a minor. Therefore, Theorem 1.20 implies the Grid-
Minor Theorem (Theorem 1.10). Actually, a more careful analysis yields the following corollary.

Corollary 1.21. There is a function f : N2 → N such that for all positive integers k, ℓ, for every
graph G, if the k × ℓ grid is not a minor of G, then

td2k−1(G) ⩽ f(k, ℓ).

Less formally, Corollary 1.21 says that in the Grid-Minor Theorem, the minimum between
the height and the width of the excluded grid determines the minimum integer k such that the
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k-treedepth is bounded (up to a constant factor). Note that the proof of Theorem 1.20 uses the
Grid-Minor Theorem as a black box, and so this work does not give a new proof of the latter.

We also investigate the variant of k-treedepth for path decompositions, instead of tree decom-
positions, that we call k-pathdepth and denote by pdk(·). Informally, the k-pathdepth pdk is the
largest graph parameter satisfying (i) and (ii) of the definition of k-treedepth, and an analog of
(iii) ensuring that the clique-sums are made in the way of a path. See Section 2.1 for a formal
definition. This gives a family of parameters satisfying for every graph G

td(G) = pd1(G) ⩾ pd2(G) ⩾ . . . ⩾ pd+∞(G) = pw(G) + 1

and
pdk(G) ⩾ tdk(G)

for every positive integer k. Hence, if a class of graphs has bounded k-pathdepth, then it has
bounded k-treedepth and bounded pathwidth. Quite surprisingly, these two necessary conditions
are also sufficient.

Theorem 1.22. Let k be a positive integer and let C be a class of graphs. The following are
equivalent.

(1) C has bounded k-pathdepth.

(2) C has bounded pathwidth and bounded k-treedepth.

(3) There is an integer ℓ such that for every G ∈ C, pw(G) ⩽ ℓ, and for every tree T on k
vertices, T□Pℓ is not a minor of G.

Our proof actually shows the equivalence between (1) and (3), while the equivalence between
(2) and (3) follows from Theorem 1.20.

1.3 Excluding a rooted minor and applications

In a second part, we investigate a notion of “rooted minors” through multiple applications. Let
G be a graph and let S ⊆ V (G). A model (Bx | x ∈ V (H)) of a graph H in G is S-rooted if
Bx ∩ S ̸= ∅ for every x ∈ V (H). Variants of this notion were investigated by many authors, see
for example [RS95, Wol08, FMW13, MSW17]. Many results mentioned so far in this introduction
can be extended to this setting, but most importantly, this is a rather versatile tool in the study of
graph minors. In this section, we present several results obtained using this notion. See Chapter 3
for an introduction to the technique of rooted minors.

1.3.1 Layered parameters

The Grid-Minor Theorem (Theorem 1.10) characterizes classes of graphs having bounded
treewidth. A natural problem arising from this result is to determine in which minor-closed classes
of graphs the treewidth is locally-bounded, meaning that the treewidth is bounded by a function of
the diameter. Eppstein [Epp00] proved that it is the case if and only if the class excludes an apex
graph, that is a graphX which is planar or such thatX−u is planar for some u ∈ V (X) (see Fig-
ure 1.20). This condition is clearly necessary since, for every positive integer ℓ, the graph obtained
from the ℓ × ℓ grid by adding a universal vertex has treewidth at least ℓ − 1 but diameter at most
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2, while it is apex by construction. Therefore, the difficult part in the result of Eppstein [Epp00]
is that for every apex graph X , X-minor-free graphs have locally-bounded treewidth. This result
was later generalized by Dujmović, Morin, and Wood [DMW17] using the concept of layered
treewidth.

Figure 1.20: An apex graph.

A layering of a graph G is a sequence L0, L1, . . . of pairwise disjoint subsets of V (G) whose
union is V (G) such that for every edge uv of G, if u ∈ Li and v ∈ Lj , then |i − j| ⩽ 1.
We call the sets Li for i ⩾ 0 the layers of this layering. A layered tree decomposition of a
graph G is a pair (D,L) where D =

(︁
T, (Wx | x ∈ V (T ))

)︁
is a tree decomposition of G, and

L = (Li | i ⩾ 0) is a layering of G. If moreover T is a path, then (D,L) is a layered path
decomposition of G. See Figure 1.21 for an example of a layered path decomposition. The width
of (D,L) is maxx∈V (T ),i⩾0 |Wx∩Li|. This gives a natural notion of layered treewidth and layered
pathwidth as the minimum width of respectively a layered tree decomposition and a layered path
decomposition of G. We denote by ltw(G) and lpw(G) respectively the layered treewidth and
layered pathwidth of G.

L1

L0

L2

L3

L4

P

Figure 1.21: A layered path decomposition of width 2. The layering is given by the
sets of vertices L0, L1, L2, L3 (with Li = ∅ for every i ⩾ 4), and the bags of the
path decomposition are given by the colored sets. The path P indexing this path
decomposition is depicted at the bottom of the figure. It is actually a general fact
that outer-planar graphs have layered pathwidth at most 2.
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Since in a graph G of diameter d, the number of nonempty layers is at most d + 1, we have
tw(G) ⩽ (d+1) ltw(G) and pw(G) ⩽ (d+1) lpw(G), and every class of graphs having bounded
layered treewidth also has locally-bounded treewidth.

Dujmović, Morin, and Wood [DMW17] proved that a minor-closed class of graphs has
bounded layered treewidth if and only if it excludes an apex graph, thus generalizing Eppstein’s
result [Epp00].

Similarly, Dujmović, Eppstein, Joret, Morin, and Wood proved in [DEJ+20a] that a minor-
closed class of graphs has bounded layered pathwidth if and only if it excludes an apex-forest, that
is a graphX which is a forest, or such thatX−u is a forest for some u ∈ V (X) (see Figure 1.22).
This condition is necessary since there are apex-forests with large pathwidth but diameter 2, and
so large layered pathwidth. In Chapter 4, we show Dujmović, Eppstein, Joret, Morin, and Wood’s
theorem [DEJ+20a] with a much simpler proof and an almost tight bound.

Theorem 1.23. Let X be an apex-forest with at least two vertices. For every graph G, if G is
X-minor-free, then

lpw(G) ⩽ 2|V (X)| − 3.

Figure 1.22: An apex-forest.

We also propose a natural counterpart for treedepth, the layered treedepth, denoted by ltd(·),
and we show in Chapter 4 that a minor-closed class of graphs has bounded layered treedepth if
and only if it excludes a fan, that is a graph X which is a path, or such that X − u is a path
for some u ∈ V (X) (see Figure 1.23). Again, this condition is clearly necessary since there
are fans with diameter 2 and arbitrarily long paths, and so arbitrarily large treedepth. Therefore,
the aforementioned characterization of minor-closed classes of graphs having bounded layered
treedepth is implied by the following theorem.

Theorem 1.24. For every fan X with at least three vertices, and for every graph G, if G is X-
minor-free, then

ltd(G) ⩽
(︁|V (X)|−1

2
)︁
.

Figure 1.23: A fan.

Since in a layering of a graph G, at most diam(G) + 1 layers are nonempty, it follows that

tw(G) ⩽ ltw(G) · (diam(G) + 1),
pw(G) ⩽ lpw(G) · (diam(G) + 1),
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and

td(G) ⩽ ltd(G) · (diam(G) + 1).

Hence, we obtain the following corollaries.

Corollary 1.25. For every apex-forestX with at least two vertices, and for every connected graph
G, if G is X-minor-free, then pw(G) ⩽ (2|V (X)| − 3)(diam(G) + 1)− 1.

Corollary 1.26. For every fan X with at least two vertices, and for every connected graph G, if
G is X-minor-free, then td(G) ⩽

(︁|V (X)|−1
2

)︁
(diam(G) + 1).

Note that Corollaries 1.25 and 1.26 are both optimal in the following sense: there are fans of
diameter 2 and arbitrarily large treedepth, and there are apex-forests of diameter 2 and arbitrarily
large pathwidth.

1.3.2 Product structure

Let A,B be two graphs. The strong product of A and B is the graph A ⊠ B with vertex set
V (A)× V (B) and edges all the pairs (a, b)(a′, b′) such that

(i) a = a′ or aa′ ∈ E(A), and

(ii) b = b′ or bb′ ∈ E(B).

See Figure 1.24.

Figure 1.24: The strong product of a tree and a path.

In 2019, Dujmović, Joret, Micek, Morin, Ueckerdt, and Wood [DJM+20] proved the following
structural property for planar graphs, now known as the Product Structure Theorem.

Theorem 1.27 (Product Structure Theorem [DJM+20]). For every planar graph G, there exists a
graph H of treewidth at most 8 such that

G ⊆ H ⊠ P

for some path P .
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Ueckerdt, Wood, and Yi [UWY22] subsequently showed that, in this statement, H can be
chosen to have treewidth at most 6. The Product Structure Theorem and its variants had a large
impact on graph theory, and were used to solve many problems concerning planar graphs. Here
are a few examples:

• planar graphs have bounded queue-number [DJM+20],

• planar graphs have bounded nonrepetitive chromatic number [DEJ+20b],

• planar graphs have q-centered colorings in O(q3 log q) [DMSF21],

• planar graphs have adjacency labelling schemes of size (1 + o(1)) log2(n) [DEG+21] (see
also [EJM23]),

• planar graphs have ℓ-vertex-rankings using Oℓ
(︂

logn
log log logn

)︂
colors [BDJM20],

• the clustered Hadwiger Conjecture holds [DEMW23].

In most of the applications, the following version of Theorem 1.27 is more accurate.

Theorem 1.28 (Second Product Structure Theorem [DJM+20]). For every planar graph G, there
exists a graph H of treewidth at most 3 such that

G ⊆ H ⊠ P ⊠K3

for some path P .

In their original paper, Dujmović, Joret, Micek, Morin, Ueckerdt, and Wood [DJM+20] ex-
tended Theorem 1.27 to minor-closed classes of graphs that excludes an apex graph.

Theorem 1.29 (Product Structure Theorem for apex-minor-free classes [DJM+20]). Let X be an
apex graph. There exists a positive integer c such that, for every X-minor-free graph G, there
exists a graph H of treewidth at most c such that

G ⊆ H ⊠ P

for some path P .

Since admitting such a product structure implies having bounded layered treewidth, this can be
seen as a refinement of Dujmović, Morin, and Wood’s result [DMW17] stating that minor-closed
classes of graphs excluding an apex graph have bounded layered treewidth. Note that there are
apex graphs with unbounded layered treewidth, and so the hypothesis X apex is necessary in such
a statement.

In this context, a natural question is to what extent Theorem 1.28 can be generalized to X-
minor-free graph, for an apex graph X . More precisely, given an apex graph X , what is the
smallest integer integer k such that for some positive integer c, every X-minor-free graph is a
subgraph of H⊠P ⊠Kc for some graph H of treewidth at most k and some path P . In Chapter 5,
we answer this question by showing that td(X) − 2 ⩽ k ⩽ 2td(X) − 2. The lower bound
k ⩾ td(X)− 2 follows from a construction of Ossona de Mendez, Oum, and Wood [OdMOW19]
(see [DHH+24] for the details).
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Theorem 1.30. Let X be a nonnull apex graph. There exists a positive integer c such that, for
every X-minor-free graph G, there exists a graph H of treewidth at most 2td(X) − 2 such that

G ⊆ H ⊠ P ⊠Kc

for some path P .

We also show that when X is planar, the path factor can be removed.

Theorem 1.31. Let X be a nonnull planar graph. There exists a positive integer c such that the
following holds. For every X-minor-free graph G, there exists a graph H of treewidth at most
2td(X) − 2 such that

G ⊆ H ⊠Kc.

See Figure 1.25. Since for every graph H and for every positive integer c, tw(H ⊠ Kc) ⩽
c(tw(H)+1)−1, this result can be seen as a qualitative strengthening of the Grid-Minor Theorem
(Theorem 1.10).

H

Figure 1.25: A subgraph of H ⊠K4 where H has treewidth 2.

1.3.3 Centered colorings and weak coloring numbers

Nešetřil and Ossona de Mendez [NOdM12] introduced the concepts of bounded expansion and
nowhere denseness of classes of graphs. These notions cover many well-studied classes of graphs,
such as planar graphs, graphs of bounded treewidth, graphs excluding a fixed minor, graphs of
bounded book-thickness, or graphs that admit drawings with a bounded number of crossings per
edge as proved by Nešetřil, Ossona de Mendez, and Wood [NOdMW12]. See also the recent
lecture notes of Pilipczuk, Pilipczuk, and Siebertz [PPS20]. Weak coloring numbers and centered
chromatic numbers are key families of parameters capturing these concepts. In Chapter 6, we
study these parameters in minor-closed classes of graphs.

Let G be a graph, let q be a positive integer, and let C be a set of colors. A coloring
φ : V (G) → C of G is q-centered if for every connected subgraph H of G, either φ uses more
than q colors on V (H), or there is a color that appears exactly once on V (H). The q-centered
chromatic number of G, denoted by cenq(G)2, is the least nonnegative integer k such that G
admits a q-centered coloring using k colors. This is well-defined since any injective function

2The q-centered chromatic number is traditionally denoted by χq(·), but we prefer here the notation cenp(·) for the
sake of consistency with the q-th weak coloring number wcolq(·), and to avoid confusion with other kinds of colorings.
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φ : V (G) → [|V (G)|] is a q-centered coloring of G. The following statement is one of the sim-
plest and most important outcomes of our work.

Theorem 1.32. Let t be an integer with t ⩾ 2. There exists an integer c such that, for every
Kt-minor-free graph G, and for every positive integer q,

cenq(G) ⩽ c · qt−1.

This improves upon the work of Pilipczuk and Siebertz [PS21] who proved that for every fixed
integer t with t ⩾ 2, Kt-minor-free graphs have q-centered chromatic number upper bounded by a
polynomial function in q. Contrary to Theorem 1.32, the degree of their polynomial is not explic-
itly given and arises from an application of the graph minor structure theorem by Robertson and
Seymour [RS03]. On the other hand, Dębski, Micek, Schröder, and Felsner [DMSF21] showed
that there exist Kt-minor-free graphs with q-centered chromatic number in Ω(qt−2). Hence, The-
orem 1.32 is tight, up to an O(q) factor.

Let G be a graph, let Π(G) be the set of all vertex orderings of G, let σ ∈ Π(G), and let q be
a nonnegative integer. For all u and v vertices of G, we say that v is weakly q-reachable from u
in (G, σ), if there exists a path P between u and v in G of length at most q such that, for every
w ∈ V (P ), v ⩽σ w. Let WReachq[G, σ, u] be the set of vertices that are weakly q-reachable
from u in (G, σ). The q-th weak coloring number of G is defined as

wcolq(G) = min
σ∈Π(G)

max
u∈V (G)

|WReachq[G, σ, u]|.

The state of the art for weak coloring numbers already includes a result analogous to Theorem 1.32.
Namely, Van den Heuvel, Ossona de Mendez, Quiroz, Rabinovich, and Siebertz [vdHOQ+17]
showed that, for every positive integer t with t ⩾ 2, there exists an integer c such that for every
Kt-minor-free graph G, and for every positive integer q, we have

wcolq(G) ⩽ c · qt−1.

In order to show the robustness of our framework, we include another family of param-
eters, introduced by Dvořák and Sereni [DS20], also connected to concepts of sparsity, see
Dvořák [Dvo16]. For a set S, we say that λ : Y → [0, 1] is a probability distribution on Y if∑︁
Y ∈Y λ(Y ) = 1. Let G be a graph and let q be a positive integer. The q-th fractional treedepth-

fragility rate of G is the minimum positive integer k such that there exists a family Y of subsets
of V (G) such that

(i) td(G− Y ) ⩽ k for every Y ∈ Y; and

(ii) there exists a probability distribution λ on Y such that for every u ∈ V (G), we have∑︁
u∈Y ∈Y λ(Y ) ⩽ 1

q .

We denote the q-th fractional treedepth-fragility rate by ftdfrq(G).

Theorem 1.33. Let t be an integer with t ⩾ 2. There exists an integer c such that, for every
Kt-minor-free graph G and for every positive integer q,

ftdfrq(G) ⩽ c · qt−1.
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Dvořák and Sereni [DS20] gave bounds on the fractional treedepth-fragility rates for planar
graphs and graphs of bounded treewidth. However, we are not aware of any previously known
bound for Kt-minor-free graphs.

Centered colorings and weak coloring numbers are crucial tools in designing parameterized
algorithms in classes of graphs of bounded expansion. For example, Pilipczuk and Siebertz [PS21]
showed that if C is a class of graphs excluding a fixed minor, then it can be decided whether a given
q-vertex graphH is a subgraph of a given n-vertex graphG in C in time 2O(q log q) ·nO(1) and space
nO(1). This algorithm relies on the fact that the union of any q color classes in a q-centered color-
ing induces a subgraph of treedepth at most q. Therefore, finding a q-centered coloring using qO(1)

colors allows us to reduce the problem to graphs of bounded treedepth, on which the subgraph iso-
morphism problem can be solved efficiently. The running times of algorithms based on q-centered
colorings heavily depend on the number of colors used. Weak coloring numbers characterization
of sparse graphs was also used to solve algorithmic problems. Dvořák showed a constant-factor ap-
proximation for distance versions of domination number and independence number [Dvo13], with
further applications in fixed-parameter algorithms and kernelization by Eickmeyer, Giannopoulou,
Kreutzer, Kwon, Pilipczuk, Rabinovich, and Siebertz [EGK+17]. Grohe, Kreutzer, and Siebertz
proved that deciding first-order properties is fixed-parameter tractable in nowhere dense graph
classes [GKS17]. Reidl and Sullivan presented an algorithm counting the number of occurrences
of a fixed induced subgraph in sparse graphs [RS23]. The time complexities of all these algorithms
depend heavily on the asymptotics of wcolq in the respective graph classes.

The growth rates of centered chromatic numbers and weak coloring numbers have been ex-
tensively studied. Grohe, Kreutzer, Rabinovich, Siebertz, and Stavropoulos [GKR+18] proved
that if tw(G) ⩽ t, then wcolq(G) ⩽

(︁q+t
t

)︁
. This is tight as for all nonnegative integers q, t they

constructed a graph Gq,t with tw(Gq,t) = t and wcolq(Gq,t) =
(︁q+t
t

)︁ 3. Similarly, Pilipczuk and
Siebertz [PS21] proved that if tw(G) ⩽ t, then cenq(G) ⩽

(︁q+t
t

)︁
, which is again tight as proved

by Dębski, Micek, Schröder, and Felsner [DMSF21]. Also, Dvořák and Sereni [DS20] proved that
if tw(G) ⩽ t, then ftdfrq(G) = O(qt). In the class of planar graphs, Dębski, Felsner, Micek, and
Schröder [DMSF21] proved that cenq(G) = O(q3 log q), van den Heuvel, Ossona de Mendez,
Quiroz, Rabinovich, and Siebertz [vdHOQ+17] proved that wcolq(G) = O(q3), and Dvořák and
Sereni [DS20] proved that ftdfrq(G) = O(q3 log q), while the best known lower bounds are in
Ω(q2 log q) [DMSF21, JM22, DS20]. Interestingly, all these lower bound constructions in the
planar case have bounded treewidth.

More generally, fix an arbitrary nonnull graph X and let par ∈ {cen,wcol, ftdfr}. What is the
growth rate with respect to q of the maximum of parq(G) over all X-minor-free graphs G? Most
research was done for par = wcol. Van den Heuvel, Ossona de Mendez, Quiroz, Rabinovich, and
Siebertz [vdHOQ+17] showed that wcolq(G) = O

(︂
q|V (X)|−1

)︂
. Subsequently, van den Heuvel

and Wood [vdHW18] proved that wcolq(G) = O
(︂
qvc(X)+1

)︂
. Dujmović, Hickingbotham, Hodor,

Joret, La, Micek, Morin, Rambaud, and Wood [DHH+24] proved that there exists an exponential
function g such that wcolq(G) = O

(︂
qg(td(X))

)︂
. For par = cen, we only have cenq(G) =

O(qh(|V (X)|)) for some large and non-explicit function h, see again [PS21]. For par = ftdfr, we
are not aware of any polynomial bound on ftdfrq(G).

3We recall the construction in Appendix A.1.
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All of this can be seen as an effort to understand the following graph parameter. For a given
nonnull graph X and par ∈ {cen,wcol, ftdfr}, let

fpar(X) = inf{α ∈ R | there exists c > 0 such that for every X-minor-free graph G

and for every positive integer q, parq(G) ⩽ c · qα}.

The question is whether fpar is tied to4 some other well-established graph parameters. In simpler
words, what is the property ofX that governs the growth rate of parq(G) forX-minor-free graphs
G? Recall that for every graph X ,

tw(X) ⩽ pw(X) ⩽ td(X)− 1 ⩽ vc(X) ⩽ |V (X)| − 1.

The aforementioned results imply that tw(X)−1 ⩽ fwcol(X) ⩽ g(td(X)). However, fwcol is not
tied to any of these parameters. Indeed, neither pathwidth nor treedepth can lower bound fwcol.
For every positive integer k, let Tk be a complete ternary tree of vertex-height5 k. By Robertson-
Seymour Excluded Tree-Minor Theorem [RS83], there is a constant depending on k bounding the
pathwidth of Tk-minor-free graphs. Also, it is easy to show that wcolq(G) ⩽ 1 + pw(G)(2q + 1)
for every graph G6. Thus, fwcol(Tk) ⩽ 1 while pw(Tk) = k and td(Tk) = k + 1. Next, we
argue that neither treewidth nor pathwidth can upper-bound fwcol. Let k be a positive integer.
Recall that Lk denotes the graph K2□Pk. There is a graph Gq,t (constructed in [GKR+18]) such
that wcolq(Gq,t) = Ω(qt), and if k = Ω(2t), then Gq,t excludes Lk as a minor. Therefore,
fwcol(Lk) = 2Ω(k), and tw(Lk) ⩽ pw(Lk) ⩽ 2.

Surprisingly, the 2-treedepth is tied to each fpar by a linear function. Actually, we determine
fpar up to ±1 by introducing two ‘rooted’ versions of 2-treedepth. They will be called rooted
2-treedepth and simple rooted 2-treedepth, denoted respectively by rtd2(·) and srtd2(·), and they
will differ only in the base cases of their definitions. We continue with the definitions of these two
graph parameters.

A linear forest is a disjoint union of paths. A rooted forest is a forest where every connected
component is a rooted tree. When F is a rooted forest, for every x ∈ V (F ) which is not a root, let
p(F, x) be the parent of x in F . A forest decomposition

(︁
F, (Wx | x ∈ V (F ))

)︁
is rooted if F is a

rooted forest.
Let X be a class of graphs. We define T(X ) as the class of all the graphsG such that there is a

rooted forest decomposition
(︁
F, (Wx | x ∈ V (F ))

)︁
of G of adhesion at most 1 such that for every

x ∈ V (F ), G[Wx \Wp(F,x)] ∈ X if x is not a root, and |Wx| ⩽ 1 if x is a root. See Figure 1.26.
Observe that X ⊆ T(X ). The operator T is monotone in the sense that for all classes of graphs
X and Y with X ⊆ Y , we have T(X ) ⊆ T(Y). We define, for every nonnegative integer t, the

4Two graph parameters p1, p2 are said to be tied if there are two functions α, β such that p1(G) ⩽ α(p2(G)) and
p2(G) ⩽ β(p1(G)) for every graph G.

5The vertex-height of a rooted tree T is the maximum number of vertices in a root-to-leaf path in T . If T is a
non-rooted tree, then the vertex-height of T is the minimum vertex-height over every possible choice of roots.

6Proceed by induction on pw(G). We may assume that G is connected. If pw(G) = 0, then G has no edge
and so wcolq(G) ⩽ 1. If pw(G) > 0, let Q be a shortest path from the first bag to the last bag of an optimal path
decomposition of G. Then pw(G−V (Q)) < pw(G) and so by induction wcolq(G−V (Q)) ⩽ 1+(pw(G)−1)(2q+
1). Let σ0 be an ordering of V (G) witnessing this fact. Now, let σ be an ordering of V (G) extending σ0 such that the
vertices in V (Q) appear first. Since any ball of radius q intersects a shortest path in at most 2q + 1 vertices, it follows
that σ witnesses wcolq(G) ⩽ 1 + (pw(G) − 1)(2q + 1) + (2q + 1) = 1 + pw(G)(2q + 1).



1.3 – 1.3.3 Centered colorings and weak coloring numbers 29

∈ X

F

∈ T(X )

Figure 1.26: An example of a graph in T(X ), and a forest decomposition witness-
ing this fact indexed by the tree F .

classesRt and St by

Rt =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
only the null graph if t = 0,
all edgeless graphs if t = 1,
all forests if t = 2,
T(Rt−1) if t ⩾ 3,

and St =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
only the null graph if t = 0,
all edgeless graphs if t = 1,
all linear forests if t = 2,
T(St−1) if t ⩾ 3.

See Figure 1.27 for typical examples of graphs inRt and St for small values of t. In the definition
of Rt, the base cases for t ∈ {1, 2} are redundant, that is, T applied to the class consisting only
of the null graph is the class of all edgeless graphs, and T applied to all the edgeless graphs is the
class of all forests. However, we write these base cases explicitly for a clear comparison with St. It
is easy to check that S3 contains all forests. We are ready to define the two key parameters, namely,
rooted 2-treedepth (denoted by rtd2(·)) and simple rooted 2-treedepth (denoted by srtd2(·)). For
every graph G, let7

rtd2(G) = min{t ∈ N | G ∈ Rt},
srtd2(G) = min{t ∈ N | G ∈ St}.

Since T is a monotone operator, we obtain that for every nonnegative integer t,

Rt+1 ⊇ St+1 ⊇ Rt.

Therefore, for every graph G, we have

rtd2(G) ⩽ srtd2(G) ⩽ rtd2(G) + 1.

It is straightforward to show that moreover td2(G) ⩽ rtd2(G) ⩽ 2 td2(G)−2. See Appendix A.2,
Lemma A.17. Now, we are ready to present the main contributions of Chapter 6. We give one
statement for each of the three families of parameters cen, wcol, and ftdfr. However, the proofs
will follow from a single abstract framework.

7We denote by N the set of the nonnegative integers and by N>0 the set of the positive integers.
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R1 = S1

S2

R2

S3

R3

T

T

T

Figure 1.27: Typical graphs inR1 = S1, S2,R2, S3, andR3.

Theorem 1.34. For every integer t with t ⩾ 2, for every graph X , there exists an integer c such
that, for every X-minor-free graph G, for every integer q with q ⩾ 2, if srtd2(X) ⩽ t, then

cenq(G) ⩽ c · qt−1,

cenq(G) ⩽ c · (tw(G) + 1) · qt−2;

and if rtd2(X) ⩽ t and t ⩾ 3, then

cenq(G) ⩽ c · qt−1 log q,
cenq(G) ⩽ c · (tw(G) + 1) · qt−2 log q.

Theorem 1.35. For every integer t with t ⩾ 2, for every graph X , there exists an integer c such
that, for every X-minor-free graph G, for every integer q with q ⩾ 2, if srtd2(X) ⩽ t, then

wcolq(G) ⩽ c · qt−1,

wcolq(G) ⩽ c · (tw(G) + 1) · qt−2;

and if rtd2(X) ⩽ t, then

wcolq(G) ⩽ c · qt−1 log q,
wcolq(G) ⩽ c · (tw(G) + 1) · qt−2 log q.
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Theorem 1.36. For every integer t with t ⩾ 2, for every graph X , there exists an integer c such
that, for every X-minor-free graph G, for every integer q with q ⩾ 2, if srtd2(X) ⩽ t, then

ftdfrq(G) ⩽ c · qt−1,

ftdfrq(G) ⩽ c · (tw(G) + 1) · qt−2;

and if rtd2(X) ⩽ t, then

ftdfrq(G) ⩽ c · qt−1 log q,
ftdfrq(G) ⩽ c · (tw(G) + 1) · qt−2 log q.

Our bounds are tight up to an O(q) or O(tw(G)) factor. There are two setups for the lower
bound constructions: a first one for X-minor-graphs when rtd2(X) = t, and second one for X-
minor-graphs when srtd2(X) = t. Both of them were already present in the literature though
not stated in terms of our new parameters. When rtd2(X) = t, this relates to a construction for
graphs of bounded treewidth. This was first published in [GKR+18] where they presented a fam-
ily of graphs (Gq,t | q, t ∈ N) such that wcolq(Gq,t) ⩾

(︁q+t
t

)︁
and the treewidth of Gq,t at most t.

The key observation is that Gq,t−2 ∈ Rt−1, and so Gq,t−2 is X-minor-free when rtd2(X) = t.
When srtd2(X) = t, the lower bound relates to a construction given for graphs of bounded sim-
ple treewidth. This was presented first by Dębski, Felsner, Micek, and Schröder [DMSF21] to
show that there are graphs G of simple treewidth at most t and with cenq(G) = Ω(qt−1 log q).
Both constructions are basically the same and just differ in the base case. See more details in Ap-
pendix A.1.

Our main theorems and the aforementioned lower bounds give the following general statement,
which shows how to determine up to a linear factor, given the minimal excluded minors of a minor-
closed class of graphs C, the growth rates of the centered chromatic numbers, weak coloring
numbers, and fractional treedepth-fragility rates in C.

Corollary 1.37. Let par ∈ {cen,wcol, ftdfr}, let X be a nonempty family of nonnull graphs,
and let C be the class of all graphs G such that X is not a minor of G for all X ∈ X . Let
s = min{srtd2(X) | X ∈ X} and t = min{rtd2(X) | X ∈ X}. For every integer q with q ⩾ 2,

• if t ⩽ 1 or (s, t) = (2, 2), then

max
G∈C

parq(G) = Θ(1),

• if (s, t) = (2, 3), then

max
G∈C

parq(G) =
{︄

Θ(q) if par = cen,
Θ(log q) if par ∈ {wcol, ftdfr},

• if 3 ⩽ t = s, then for every integer q with q ⩾ 2,

Ω(qt−2) ⩽ max
G∈C

parq(G) ⩽ O(qt−1),

and moreover maxG∈C parq(G) = Θ(qt−2) if X contains a planar graph,
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• if 3 ⩽ t = s− 1, then for every integer q with q ⩾ 2,

Ω(qt−2 log q) ⩽ max
G∈C

parq(G) ⩽ O(qt−1 log q),

and moreover maxG∈C parq(G) = Θ(qt−2 log q) if X contains a planar graph.

See Table 1.1 for a summary when X contains a planar graph. Note that, in this statement, it
follows from the definitions of rtd2 and srtd2 that t ⩽ s ⩽ t + 1, and so this case distinction is
exhaustive. In particular, for every nonnull graph X and for each par ∈ {cen,wcol, ftdfr}, the
value of fpar(X) is tied to rtd2(X) as follows

rtd2(X)− 2 ⩽ fpar(X) ⩽ rtd2(X)− 1.

(cenq | q ∈ N>0) (wcolq | q ∈ N>0) (ftdfrq | q ∈ N>0)

t ⩽ 1 or (t, s) = (2, 2) Θ(1) Θ(1) Θ(1)

(t, s) = (2, 3) Θ(q) Θ(log q) Θ(log q)

3 ⩽ t = s Θ(qt−2) Θ(qt−2) Θ(qt−2)

3 ⩽ t = s− 1 Θ(qt−2 log q) Θ(qt−2 log q) Θ(qt−2 log q)

Table 1.1: For each par ∈ {cen,wcol, ftdfr}, Corollary 1.37 gives a complete
classification of the growth rates of parq(·) in minor-closed classes of graphs
with bounded treewidth: for X a finite list of graphs, at least one of them be-
ing planar, the asymptotics of maxG X -minor-free parq(G) is determined by t =
min{rtd2(X) | X ∈ X} and s = min{srtd2(X) | x ∈ X}. When no graph
in X is planar, the upper bounds are multiplied by O(q), which gives an estimation
of maxG X -minor-free parq(G) within a O(q) factor.

There is a number of interesting corollaries coming from the general statement of Corol-
lary 1.37. We present some of them below. See also Tables 1.2 and 1.3. First of all, we have
rtd2(G) ⩽ td(G) for every graph G (see Appendix A.2), which yields the following.

Corollary 1.38. For every par ∈ {wcol, cen, ftdfr}, for every positive integer t, for every graph
X with td(X) ⩽ t, there exists an integer c such that, for every X-minor-free graph G, for every
integer q with q ⩾ 2,

parq(G) ⩽ c · qt−1 log q,
parq(G) ⩽ c · (tw(G) + 1) · qt−2 log q.

Corollary 1.39. For every par ∈ {wcol, cen, ftdfr}, for every positive integers s, t with s ⩾ 3,
there exists an integer c such that, for every Ks,t-minor-free graph G, for every integer q with
q ⩾ 2,

parq(G) ⩽ c · qs log q,
parq(G) ⩽ c · (tw(G) + 1) · qs−1 log q.
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Since, for every nonnegative integer g, graphs of Euler genus at most g are K3,2g+3-minor-
free, we deduce the following corollary.

Corollary 1.40. For every par ∈ {wcol, cen, ftdfr}, for all nonnegative integers g, w, there exists
an integer c such that, for every graph G of Euler genus at most g and with tw(G) ⩽ w, for every
integer q with q ⩾ 2,

parq(G) ⩽ c · q2 log q.

Class C lower bound upper bound

planar Ω(q2 log q) [DMSF21] O(q3 log q) [DMSF21]

planar and tw ⩽ k Ω(q2 log q) [DMSF21] O(q2 log q)

Euler genus ⩽ g Ω(q2 log q) [DMSF21] O(q3 log q) [DMSF21]

Euler genus ⩽ g and tw ⩽ k Ω(q2 log q) [DMSF21] O(q2 log q)

outer-planar Ω(q log q) [DMSF21] O(q log q) [DMSF21]

K2,t-minor-free Ω(q log q) [DMSF21] O(q log q)

tw ⩽ k
(︁q+k
k

)︁
[DMSF21]

(︁q+k
k

)︁
[PS21]

Kt-minor-free Ω(qt−2) [DMSF21] O(qt−1)

Ks,t-minor-free Ω(qs−1 log q) [DMSF21] O(qs log q)

Ks,t-minor-free and tw ⩽ k Ω(qs−1 log q) [DMSF21] O(qs−1 log q)

Table 1.2: The state-of-the-art lower and upper bounds on maxG∈C cenq(G) for
some minor-closed classes of graphs C. In red are the new bounds obtained from
our results. The variables g, k, s, t are fixed positive integers with s+ 3 ⩽ t ⩽ k.
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Class C lower bound upper bound

planar Ω(q2 log q) [JM22] O(q3) [vdHOQ+17]

planar and tw ⩽ k Ω(q2 log q) [JM22] O(q2 log q)

Euler genus ⩽ g Ω(q2 log q) [JM22] O(q3) [vdHOQ+17]

Euler genus ⩽ g and tw ⩽ k Ω(q2 log q) [JM22] O(q2 log q)

outer-planar Ω(q log q) [JM22] O(q log q) [JM22]

K2,t-minor-free Ω(q log q) [JM22] O(q log q)

tw ⩽ k
(︁q+k
k

)︁
[GKR+18]

(︁q+k
k

)︁
[GKR+18]

Kt-minor-free Ω(qt−2) [GKR+18] O(qt−1) [vdHOQ+17]

Ks,t-minor-free Ω(qs−1 log q) [JM22] O(qs log q)

Ks,t-minor-free and tw ⩽ k Ω(qs−1 log q) [JM22] O(qs−1 log q)

Table 1.3: The state-of-the-art lower and upper bounds on maxG∈C wcolq(G) for
some minor-closed classes of graphs C. In red are the new bound deduced from our
results. The variables g, k, s, t are fixed positive integers with s+ 3 ⩽ t ⩽ k.
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The main goal of this chapter is to prove Theorem 1.20.

Theorem 1.20. Let k be a positive integer. A class C of graphs has bounded k-treedepth if and
only if there exists an integer ℓ such that for every tree T on k vertices, no graph in C contains
T□Pℓ as a minor.

In Section 2.1 are presented the main ideas behind the proof of Theorem 1.20, and in particular
a proof of the implication (3)⇒(1) of Theorem 1.22. In Section 2.2, we introduce some notation
and basic tools to study graph minors and tree decompositions. Section 2.3 contains the proof
that graphs of the form T□Pℓ have unbounded k-treedepth as ℓ → +∞, for every tree T on k
vertices. This constitutes the easy direction in Theorem 1.20. Sections 2.4 to 2.6 are devoted to
the proof of technical lemmas used in the final proof of Theorem 1.20, which is in Section 2.7.
Then, in Section 2.8, we show that every graph of the form T□PL for some tree T on 2k − 1
vertices contains the k × ℓ grid as a minor, if L is large enough compared to ℓ. Together with
Theorem 1.20, this gives Corollary 1.21.

37
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2.1 Outline of the proof

In this section, we present the main ideas behind the proof of Theorem 1.20. First, we give an
alternative definition of k-treedepth of a graph G, as the minimum width (plus one) of a “k-
dismantable” tree decomposition of G. Recall that a tree decomposition of a graph G is a pair
D =

(︁
T, (Wx | x ∈ V (T ))

)︁
where T is a tree and Wx ⊆ V (G) for every x ∈ V (T ) satisfying

(i) for every u ∈ V (T ), {x ∈ V (T ) | u ∈ Wx} induces a non-empty connected subtree of T ,
and

(ii) for every uv ∈ E(G), there exists x ∈ V (T ) such that u, v ∈Wx.

More generally, when no graph is specified, we call tree decomposition any pair
(︁
T, (Wx | x ∈

V (T ))
)︁

satisfying (i). A tree decomposition
(︁
T, (Wx | x ∈ V (T ))

)︁
is k-dismantable if one of the

following holds.

(i) T has a single vertex x and Wx = ∅; or

(ii) there is a vertex v ∈ V (G) such that v ∈Wx for every x ∈ V (T ), and
(︁
T, (Wx \ {v} | x ∈

V (T ))
)︁

is k-dismantable; or

(iii) there is an edge xy ∈ E(T ) such that |Wx ∩ Wy| < k and the tree decompositions(︁
Tx|y, (Wz | z ∈ V (Tx|y))

)︁
and

(︁
Ty|x, (Wz | z ∈ V (Ty|x))

)︁
are k-dismantable.

Recall that Tx|y denotes the connected component of x in T \ xy, for every edge xy of T . A
straightforward induction shows the following observation. See Section 2.2.2 for a proof.

Observation. Let k be a positive integer, let G be a graph, and let t be a nonnegative integer. The
k-treedepth of G is 1 plus the minimum width of a k-dismantable tree decomposition of G.

This definition of k-treedepth based on tree decompositions will be useful in particular to show
that tdk(T□Pℓ)→ +∞ as ℓ→ +∞ for every tree T on k vertices. This proof does not represent
any particular difficulty, see Section 2.3.

Hence, to prove Theorem 1.20, it remains to show that there is a function f : N2 → N such
that for every graph G and every positive integer ℓ, if T□Pℓ is not a minor of G for every tree
T on k vertices, then tdk(G) ⩽ f(k, ℓ). A first ingredient is the following lemma, which shows
how to extract a minor of the form T□Pℓ for some tree T on k vertices, from k disjoint paths
Q1, . . . , Qk and sufficiently many pairwise disjoint connected subgraphs each intersecting Qi for
every i ∈ [k].

Lemma 2.1. There exists a function f2.1 : N2 → N such that the following holds. Let k be
a positive integer. For every graph G, for all k disjoint paths Q1, . . . , Qk in G, if there exist
f2.1(k, ℓ) pairwise disjoint connected subgraphs of G each of them intersecting V (Qi) for every
i ∈ [k], then there is a tree T on k vertices such that T□Pℓ is a minor of G.

The proof of this lemma is given in Section 2.4. The fact that trees on k vertices appear
in this statement, and so in Theorem 1.20, can be easily explained. The proof of Lemma 2.1
actually yields a minor H of G with vertex set [k] × [kk−2(ℓ − 1) + 1] such that each “row”
{(i, 1), . . . , (i, kk−2(ℓ−1)+1)} for i ∈ [k] is a path inH , and each “column” {(1, j), . . . , (k, j)}
for j ∈ [kk−2(ℓ − 1) + 1] induces a connected subgraph of H . Now, each of these columns
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contains a spanning tree. By Cayley’s formula and the pigeonhole principle, at least ℓ of these
columns have the same spanning tree T when projecting on the first coordinate. By ignoring the
other columns, we deduce that H contains T□Pℓ as a minor.

To illustrate how Lemma 2.1 can be used, we prove Theorem 1.22. The k-pathdepth of a graph
G, noted pdk(G), is 1 plus the minimum width of a k-dismantable path decomposition of G, that
is a k-dismantable tree decomposition

(︁
T, (Wx | x ∈ V (T ))

)︁
ofG for which T is a path. Together

with the following unpublished result of Robertson and Seymour [RS] (see [Erd18] for a proof),
Lemma 2.1 provides a simple proof of Theorem 1.22.

Lemma 2.2 (Robertson and Seymour [RS]). For every graphG, there exists a path decomposition
D =

(︁
P, (Wx | x ∈ V (P ))

)︁
ofG of width at most pw(G) such that for every distinct x, y ∈ V (P ),

either

(1) there are k pairwise disjoint (Wx,Wy)-paths in G, or

(2) there is an edge zz′ in P [x, y] with |Wz ∩Wz′ | < k.

Again, knowing that pdk(T□Pℓ) ⩾ tdk(T□Pℓ) and tdk(T□Pℓ) → +∞ as ℓ → +∞ for
every tree T on k vertices, and pdk(G) ⩾ pw(G) + 1 for every graph G, it remains to show the
following.

Theorem 2.3. There is a function f2.3 : N3 → N such that for every positive integer ℓ and every
graph G, if T□Pℓ is not a minor of G for every tree T on k vertices, then

pdk(G) ⩽ f2.3(k, ℓ, pw(G)).

Proof. Let k, ℓ be positive integers. For every nonnegative integer p, let

f2.3(k, ℓ, p) =
{︄
k if p < k,
f(k, ℓ, p− 1) + (f2.1(k, ℓ)− 1)(p+ 1) + 2(k − 1) if p ⩾ k.

We proceed by induction on pw(G). Suppose that T□Pℓ is not a minor of G for every tree T on k
vertices. If pw(G) < k, then every path decomposition ofG of width less than k is k-dismantable,
and so pdk(G) ⩽ k = f2.3(k, ℓ, pw(G)). Now assume pw(G) ⩾ k. Then, by Lemma 2.2, there
exists a path decomposition D =

(︁
P, (Wx | x ∈ V (P ))

)︁
of G of width at most pw(G) satisfying

(1) and (2) for every distinct x, y ∈ V (P ). Let P 1, . . . , Pm be the connected components of
P \ {xy ∈ E(P ) | |Wx ∩Wy| < k}, in this order along P .

Fix some h ∈ [m], and let xh and yh be respectively the first and last vertex of
P h. Let Ah be the union of the at most two adhesions neighboring P h, that is the set⋃︁
zz′∈E(P ),z∈V (Ph),z′ ̸∈V (Ph)Wz ∩ Wz′ . Note that |Ah| ⩽ 2(k − 1). Finally, let Gh =

G[
⋃︁
z∈V (Ph)Wz] ∪

(︁Ah
2
)︁
. Since G is a (< k)-clique-sum of G1, . . . , Gm, we want to bound

pdk(Gh). If xh = yh, then |V (Gh)| = |Wxh
| and so the path decomposition of Gh consisting of a

single bag has width less than pw(G)+1 ⩽ f2.3(k, ℓ, pw(G)) and is k-dismantable. Now suppose
that xh ̸= yh. By the properties of D, there are k pairwise vertex-disjoint paths Q1, . . . , Qk from
Wxh

toWyh
inG. See Figure 2.1. LetF be the family of all the connected subgraphsH ofGh−Ah

such that V (H) ∩ V (Qi) ̸= ∅ for every i ∈ [k]. By Lemma 2.1, there are no f2.1(k, ℓ) pairwise
disjoint members ofF . Now, by Lemma 1.17, there are f2.1(k, ℓ)−1 bags ofD whose union inter-
sects every member ofF . Hence there is a setXh

0 of at most (f2.1(k, ℓ)−1)(pw(G)+1) vertices in
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G that intersects every member ofF . LetXh
1 = (Xh

0 ∩V (Gh))∪Ah. For every connected compo-
nent C of Gh−Xh

1 , V (C) is disjoint from Xh
0 , and so C ̸∈ F . This implies that one the the paths

in {Q1, . . . , Qk} is disjoint from V (C), and so there is a path inG fromWxh
toWyh

disjoint from
V (C). Since this path intersects Wz for all z ∈ P h,

(︁
P h, (Wz ∩ V (C) | z ∈ V (P h))

)︁
is a path

decomposition of C of width at most pw(G)− 1. By induction, pdk(C) ⩽ f2.3(k, ℓ, pw(G)− 1)
and so

pdk
(︂
Gh −Xh

1

)︂
⩽ max

C connected component of Gh−X1
pdk(C)

⩽ f2.3(k, ℓ, pw(G)− 1).

Consider now a k-dismantable path decomposition Dh =
(︁
Rh, (W h

0,x | x ∈ V (Rh))
)︁

of
Gh − Xh

1 of width at most f2.3(k, ℓ, pw(G) − 1). Then
(︁
Rh, (W h

0,x ∪ Xh
1 | x ∈ V (Rh))

)︁
is a

k-dismantable path decomposition of Gh of width less than f2.3(k, ℓ, pw(G)− 1) + (f2.1(k, ℓ)−
1)(pw(G) + 1) + 2(k − 1) = f2.3(k, ℓ, pw(G)) such that Ah is included in every bag. In both
cases (xh = yh and xh ̸= yh), we obtained a k-dismantable path decomposition

(︁
Rh, (W h

x |
x ∈ V (Rh))

)︁
of Gh whose bags have size at most f2.3(k, ℓ, pw(G)), and with Ah included in

every bag. Let R be the path obtained from the disjoint union of R1, . . . , Rm, and adding an edge
between the last vertex ofRh and the first vertex ofRh+1, for every h ∈ [m−1], and letW ′

x = W h
x

for every x ∈ V (Rh), for every h ∈ [m]. Then
(︁
R, (W ′

x | x ∈ V (R))
)︁

is a k-dismantable path
decomposition ofGwhose bags have size at most f2.3(k, ℓ, pw(G)). This proves the theorem.

< k< k ⩾ k ⩾ k ⩾ k

Wxh
Wyh

Ah

Qi

Figure 2.1: Illustration for the proof of Theorem 2.3.

This proof already contains several of the main ideas behind the proof of Theorem 1.20. The
general approach to bound the k-treedepth of a graph G is to decompose G as a (< k)-clique-sum
of graphs G1, . . . , Gm such that for every i ∈ [m], there exists Xi ⊆ Gi of bounded size such that
we can bound the k-treedepth of Gi −Xi (typically by induction). Hence a first step is to identify
these graphs Gi. In the bounded pathwidth case, this was done using Lemma 2.2, the clique-sums
being then given by the adhesions of size less than k in the obtained path decomposition. In the
case k = 2, there is a very natural way to find these clique-sums: G is a (< 2)-clique-sum of
its blocks1, as used in [HJM+21]. For the general case, we will use a version of Lemma 2.2 for
tree decompositions, which is inspired by a classical result by Thomas [Tho90] on the existence
of “lean” tree decompositions. This initial tree decomposition will be built in Section 2.6. The
techniques used in this section are inspired by a simple proof of Thomas’ result by Bellenbaum
and Diestel [BD02].

1The blocks of a graph G are the maximal subgraphs of G which consists in either a single vertex, a graph consisting
of a single edge, or a 2-connected subgraph.
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An issue arising from this approach when considering tree decompositions instead of path
decompositions is the following. When we say that G is a (< k)-clique-sums of G1, . . . , Gm, the
graphs Gi are not necessarily minors of G, and so they may contain a graph of the form T□Pℓ
for some tree T on k vertices. In the bounded pathwidth case, the graphs Gh for h ∈ [m] had
just two additional cliques, corresponding to the right and left adhesions, and so we just removed
these cliques (the set Ah) to obtain a subgraph of G. This is not possible in the general case
since we can have arbitrarily many such cliques. To solve this issue, we will build G1, . . . , Gm
with V (Gh) ⊆ V (G) for every i ∈ [m], such that, while Gh might not be a minor of G, the
“connectivity” in Gh is not higher than in G, meaning that for every Z1, Z2 ⊆ V (Gh) both of size
i, if there are i pairwise disjoint paths between Z1 and Z2 in Gh, then there are i pairwise disjoint
paths between Z1 and Z2 inG. Hence, in the main proof, we will work on such an “almost minor”
of G, and every time we will need the assumption that there is no minor of the form T□Pℓ for
a tree T on k vertices, we will come back to the original graph using this connectivity property.
This notion is developed in Section 2.5.

Another important idea in the proof of Theorem 2.3 is the induction on pw(G). For the general
case, we want to proceed by induction on tw(G), which is bounded by the Grid-Minor Theorem.
However, it is in practice harder to decrease the treewidth than the pathwidth. To circumvent
this issue, we need a notion of “partial tree decompostion”, which was already recently used
in [HLMR24b] to prove some other excluded-minor results.

Let G be a graph and let S ⊆ V (G). A tree decomposition of (G,S) is a tree decomposition(︁
T, (Wx | x ∈ V (T ))

)︁
of G[S] such that for every connected component C of G− S, there exists

x ∈ V (T ) such that NG(V (C)) ⊆ Wx (the notation NG(V (C)) refers to the set {u ∈ V (G) \
V (C) | ∃v ∈ V (C), uv ∈ E(G)}). Now, we will just assume that there is a tree decomposition of
(G,S) of small width, and build by induction on this tree decomposition (actually on its adhesion)
a k-dismantable tree decomposition of (G,S′) of bounded width, for some S′ ⊆ V (G) containing
S. The point of reinforcing this way the induction hypothesis is that it is much easier to decrease
the width or adhesion of a tree decomposition of a subset of V (G) than for the full V (G). A
crucial example is the following: let G be a graph, let D =

(︁
T, (Wx | x ∈ V (T ))

)︁
be a tree

decomposition of G, let u ∈ V (G), and let S =
⋃︁
x∈V (T ),u∈Wx

Wx \ {u}. Now, for T ′ = T [{x ∈
V (T ) | u ∈ Wx}],

(︁
T ′, (Wx \ {u} | x ∈ V (T ′))

)︁
is a tree decomposition of (G − u, S) whose

width (resp. adhesion) is smaller than the width (resp. adhesion) of D. See Figure 2.2. We can
now call the induction hypothesis on (G − u, S), and thus decompose a superset of NG(u) in
G− u. This idea is used in the final proof of Theorem 1.20, which is presented in Section 2.7.

2.2 Preliminaries

2.2.1 Notation

We will use the following standard notation. Let k be a positive integer and let X be a set. We
denote by [k] the set {1, . . . , k}, and by

(︁X
k

)︁
the family of all the subsets of X of size k.

Let G be a graph. If U ⊆ V (G), we say that U is connected in G if there is a connected
component of G containing U . If F ⊆

(︁V (G)
2
)︁
, we denote by G ∪ F is the graph obtained from G

by adding an edge between every pair of vertices in F , and by G \ F is the graph obtained from
G by removing every edge in F ∩ E(G). A path partition of G is a sequence of (V0, . . . , Vℓ) of
pairwise disjoint nonempty subsets of V (G), such that

⋃︁
0⩽i⩽ℓ Vi = V (G), and for every edge



42 CHAPTER 2 — Excluding a rectangular grid

Figure 2.2: A tree decomposition of (G − u, S) of width at most tw(G) − 1. The
blue vertex depicts u, the tree T ′ = T [{x ∈ V (T ) | u ∈Wx}] is depicted in green,
and S =

⋃︁
x∈V (T ′)Wx \ {u} is the union of the red sets.

uv of G, if i, j ∈ {0, . . . , ℓ} are the indices such that u ∈ Vi and v ∈ Vj , then |i − j| ⩽ 1. Let
P = (p1, . . . , pℓ) be a path in G. We denote by init(P ) its initial vertex p1, and by term(P ) its
terminal vertex pℓ. If p1 ∈ U and pℓ ∈ U ′ for some U,U ′ ⊆ V (G), we say that P is a (U,U ′)-
path, or a path from U to U ′. Note that paths are thus oriented, but we will sometimes identify
such a path P with the subgraph (V (P ), {pipi+1 | i ∈ [ℓ − 1]}). A (U,U ′)-cut is a set X of
vertices in G such that every (U,U ′)-path intersects X . Recall that Menger’s Theorem asserts that
the minimum size of a (U,U ′)-cut is equal to the maximum number of pairwise vertex-disjoint
(U,U ′)-paths.

Let T be a tree and let u, v ∈ V (T ). We denote by T [u, v] the (unique) path from u to v in T .
Similarly, T ]u, v] = T [u, v]−{u}, T [u, v[= T [u, v]−{v}, T ]u, v[= T [u, v]−{u, v}. Moreover,
recall that, if uv is an edge of T , then we denote by Tu|v the connected component of u in T \{uv}.

Let G be a graph and let S be a non empty subset of V (G). A tree decomposition of (G,S) is
a pair D =

(︁
T, (Wx | x ∈ V (T ))

)︁
such that

(i) D is a tree decomposition of G[S], and

(ii) for every connected component C of G−S, there exists x ∈ V (T ) such that NG(V (C)) ⊆
Wx.

We denote by tw(G,S) the minimum width of a tree decomposition of (G,S).

2.2.2 k-dismantable tree decompositions

In this section, we prove some properties on k-dismantable tree decompositions. We start with the
following straightforward observation.

Observation 2.4. A graph G has k-treedepth at most t if and only if G admits a k-dismantable
tree decomposition of width less than t.
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Proof. Let td′
k(G) be 1 plus the minimum width of a k-dismantable tree decomposition of G, for

every graph G. We want to prove that td′
k(G) = tdk(G) for every graph G. First we show that

td′
k(G) ⩽ tdk(G). It is enough to show that (i) td′

k(∅) = 0; (ii) td′
k(G) ⩽ 1+td′

k(G−u) for every
u ∈ V (G); and (iii) td′

k(G) ⩽ max{td′
k(G1), td′

k(G2)} if G is a (< k)-clique-sum of G1 and
G2. The first point is clear. The second one comes from the fact that if

(︁
T, (Wx | x ∈ V (T ))

)︁
is a

k-dismantable tree decomposition of G−u, then
(︁
T, (Wx ∪{u} | x ∈ V (T ))

)︁
is a k-dismantable

tree decomposition of G. For the third point, suppose that G is obtained from the union of two
graphs G1 and G2 with C = V (G1) ∩ V (G2) inducing a clique of size at most k − 1 in both G1
and G2. Let

(︁
Ti, (Wx | x ∈ V (Ti))

)︁
is a k-dismantable tree decomposition of Gi, for i ∈ {1, 2}.

Then, since C is a clique in Gi, the projections of Gi[{u}] for u ∈ C pairwise intersect. Hence
by the Helly property, there exists xi ∈ V (Ti) intersecting all these projections, that is C ⊆ Wxi .
Now,

(︁
T1 ∪ T2 ∪ {x1x2}, (Wx | x ∈ V (T1) ∪ V (T2))

)︁
is a k-dismantable tree decomposition of

G. This proves that td′
k(G) ⩽ tdk(G) for every graph G.

Now we show by induction on |V (G)| + |V (T )| that tdk(G) ⩽ td′
k(G) for every graph

G. Let
(︁
T, (Wx | x ∈ V (T ))

)︁
be a k-dismantable tree decomposition of G of width t − 1 for

t = td′
k(G). If T has a single vertex x and Wx = ∅, then t = 0 and tdk(G) = 0 ⩽ t. If

v ∈ V (G) is such that v ∈ Wx for every x ∈ V (T ), and
(︁
T, (Wx \ {v} | x ∈ V (T ))

)︁
is

k-dismantable, then tdk(G − v) ⩽ td′
k(G − v) ⩽ t − 1 by the induction hypothesis, and so

tdk(G) ⩽ 1 + tdk(G − v) ⩽ t. If there is an edge xy ∈ E(T ) such that |Wx ∩ Wy| < k
and the tree decompositions

(︁
Tx|y, (Wz | z ∈ V (Tx|y))

)︁
and (Ty|x, (Wz | z ∈ V (Ty|x))

)︁
are

k-dismantable, then let G1 = G
[︂⋃︁

z∈V (Tx|y)Wz

]︂
∪
(︁Wx∩Wy

2
)︁

and G2 = G
[︂⋃︁

z∈V (Ty|x)Wz

]︂
∪(︁Wx∩Wy

2
)︁
. Observe that Wx ∩ Wy = V (G1) ∩ V (G2) induces a clique of size less than k in

both G1 and G2, and G is a (< k)-clique-sum of G1 and G2. Moreover, the k-dismantable tree
decompositions

(︁
Tx|y, (Wz | z ∈ V (Tx|y))

)︁
,
(︁
Ty|x, (Wz | z ∈ V (Ty|x))

)︁
witness the fact that

td′
k(G1), td′

k(G2) ⩽ t. Hence, since by the induction hypothesis td′
k(G1), td′

k(G2) ⩽ t, we have
tdk(G) ⩽ max{tdk(G1), tdk(G2)} ⩽ t. This proves that tdk(G) ⩽ td′

k(G).

We now prove that k-treedepth is monotone for the graph minor relation.

Lemma 2.5. Let k be a positive integer and let G,H be two graphs. If H is a minor of G, then

tdk(H) ⩽ tdk(G).

Proof. Given a class of graphs C, we denote by A(C) the class of all the graphsG such thatG ∈ C
or there exists u ∈ V (G) such that G− u ∈ C. We claim that

if C is minor-closed, then A(C) is minor-closed.

Indeed, if G is a graph and u ∈ V (G) such that G − u ∈ C, then for every minor H of G, if
(Bx | x ∈ V (H)) is a model of H in G, then either u ̸∈

⋃︁
x∈V (H)Bx, and so (Bx | x ∈ V (H))

is a model of H in G − u, which implies H ∈ C ⊆ A(C); or u ∈
⋃︁
x∈V (H)Bx, and then

(Bx | x ∈ V (H − x0)) is a model of H − x0 in G − u, where x0 is the unique vertex of V (H)
such that u ∈ Bx0 , which implies H − x0 ∈ C and so H ∈ A(C).

Let k be a positive integer. We denote by Sk(C) the class of all the graphs G such that G is a
(< k)-clique-sum of two graphs in C. We claim that

if C is minor-closed, then Sk(C) is minor-closed.
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To see that, consider a graph G which is a (< k)-clique-sums of two graphs G1 and G2 in C. We
can assume that V (G) = V (G1)∪V (G2),E(G) ⊆ E(G1)∪E(G2), and V (G1)∩V (G2) induces
a clique of size at most k−1 in bothG1 andG2. LetH be a minor ofG, and let (Bx | x ∈ V (H))
be a model of H in G. For i ∈ {1, 2}, let Xi = {x ∈ V (H) | Bx ∩ V (G1) ̸= ∅}, and let
Hi = H[Xi] ∪

(︁X1∩X2
2

)︁
. Then, for each i ∈ {1, 2}, (Bx ∩ V (Gi) | x ∈ Xi) is a model of Hi in

Gi, and so Hi is a minor of Gi. In particular, Hi ∈ C. Finally, H is a (< k)-clique-sum of H1 and
H2, and so H ∈ Sk(C).

For every nonnegative integer i, let

Sik(C) =
{︄
C if i = 0
Sk(Si−1

k (C)) if i > 0.

By induction on i, Sik(C) is minor-closed if C is minor-closed. Then
(︁
Sik(C)

)︁
i⩾0 is an inclusion-

wise monotone sequence of minor-closed classes of graphs, and so its union Sk(C) is minor-
closed.

We can now show by induction that for every nonnegative integer t, the class {tdk ⩽ t} of
all the graphs of k-treedepth at most t is minor-closed. Indeed, when t = 0, {tdk ⩽ 0} = {∅}
is clearly minor-closed. Moreover, if t ⩾ 1 and {tdk ⩽ t − 1} is minor-closed, then the class
Sk
(︁
A({tdk ⩽ t − 1})

)︁
is also minor-closed by the previous observations. To conclude, it is

enough to show that
{tdk ⩽ t} = Sk

(︁
A({tdk ⩽ t− 1})

)︁
. (2.1)

The inclusion Sk
(︁
A({tdk ⩽ t−1})

)︁
⊆ {tdk ⩽ t} follows from the definition of k-treedepth.

We now prove the other inclusion. Let G be a graph of k-treedepth at most t and let
(︁
T, (Wx |

x ∈ V (T ))
)︁

be a k-dismantable tree decomposition of G, which exists by Observation 2.4. We
want to show that G ∈ Sk

(︁
A({tdk ⩽ t − 1})

)︁
. We proceed by induction on |V (G)| + |V (T )|.

If V (G) = ∅, then the result is clear. Now assume V (G) ̸= ∅. By the definition of k-dismantable
tree decompositions, one of the following holds.

Case 1. There is a vertex v ∈ V (G) such that v ∈ Wx for every x ∈ V (T ), and
(︁
T, (Wx \ {v} |

x ∈ V (T ))
)︁

is k-dismantable. Then by Observation 2.4, tdk(G − u) ⩽ t − 1 and so
G ∈ A({tdk ⩽ t− 1}) ⊆ Sk

(︁
A({tdk ⩽ t− 1})

)︁
.

Case 2. There is an edge xy ∈ E(T ) such that |Wx ∩ Wy| < k and the tree decompositions
Dx|y =

(︁
Tx|y, (Wz | z ∈ V (Tx|y))

)︁
and Dy|x =

(︁
Ty|x, (Wz | z ∈ V (Ty|x))

)︁
are

k-dismantable. Let Gx|y (resp. Gy|x) be the graph G[
⋃︁
z∈V (Tx|y)Wz] ∪

(︁Wx∩Wy

2
)︁

(resp.

G[
⋃︁
z∈V (Ty|x)Wz]∪

(︁Wx∩Wy

2
)︁
). The k-dismantable tree decompositions Dx|y and Dy|x wit-

ness the fact that respectively Gx|y and Gy|x have k-treedepth at most t. By the induction
hypothesis, we deduce thatGx|y, Gy|x ∈ Sk

(︁
A({tdk ⩽ t−1})

)︁
. SinceG is a (< k)-clique-

sum of Gx|y and Gy|x, this implies that G ∈ Sk
(︁
A({tdk ⩽ t− 1})

)︁
. This proves (2.1), and

concludes the proof of the lemma.

For every positive integer k, for every graph G and for every nonempty set S ⊆ V (G), we
define the k-treedepth of (G,S), denoted by tdk(G,S) the integer 1 plus the minimum width of a
k-dismantable tree decomposition of (G,S).

Lemma 2.6. Let m, t, k be positive integers. For every graph G and for every S1, . . . , Sm ⊆
V (G), if S =

⋃︁
i∈[m] Si, then
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(a) tw(G,S) + 1 ⩽
∑︁
i∈[m](tw(G,Si) + 1), and

(b) tdk(G,S) ⩽
∑︁
i∈[m] tdk(G,Si).

Proof. Since for every S ⊆ V (G), td|V (G)|(G,S) = tw(G,S) + 1, it is enough to show the
second item. We proceed by induction on m. The result is clear for m = 1. Now suppose m > 1
and tdk(G,

⋃︁
i∈[m−1] Si) ⩽

∑︁
i∈[m−1] tdk(G,Si). Let D =

(︁
T, (Wx | x ∈ V (T ))

)︁
be a k-

dismantable tree decomposition of (G,
⋃︁
i∈[m−1] Si) of width less than

∑︁
i∈[m−1] tdk(G,Si). For

every connected component C of G−
⋃︁
i∈[m−1] Si, we have tdk(C, Sm ∩ V (C)) ⩽ tdk(G,Sm).

Let xC ∈ V (T ) be such that NG(V (C)) ⊆WxC . Hence there is a k-dismantable tree decomposi-
tion

(︁
TC , (WC

x | x ∈ V (TC))
)︁

of (C, Sm ∩ V (C)) of width at most tdk(G,Sm)− 1. We suppose
that the trees TC for C connected component of G−

⋃︁
i∈[m−1] Si and T are pairwise disjoint. Let

T ′ be the tree obtained from the union of T with all the TC , by adding an edge between xC and an
arbitrary vertex in TC , for each connected component C ofG−

⋃︁
i∈[m−1] Si. For every x ∈ V (T ),

let W ′
x = Wx, and for every x ∈ V (TC), let W ′

x = WC
x ∪WxC , for each connected component

C of G −
⋃︁
i∈[m−1] Si. See Figure 2.3. Then

(︁
T ′, (W ′

x | x ∈ V (T ′))
)︁

is a k-dismantable tree
decomposition of (G,S) of width less than tdk(G,Sm) +

∑︁
i∈[m−1] tdk(G,Si). This proves the

lemma.

WxC

W ′
x = WC

x ∪WxC

WxC

T

C
TC

T ′

Figure 2.3: Illustration for the proof of Lemma 2.6.
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2.3 {T□Pℓ | ℓ ⩾ 1} has unbounded k-treedepth

In this section, we prove that graphs of the form T□Pℓ for some tree T on k vertices have un-
bounded k-treedepth when ℓ tends to +∞. This proves the “only if” part of Theorem 1.20.

Proposition 2.7. For every tree S, for every positive integer N , there is a positive integer ℓ such
that

tdk(S□Pℓ) > N.

Proof. Fix a tree S on k vertices. Suppose for a contradiction that there exists a positive integer
N such that tdk(S□Pℓ) ⩽ N for every positive integer ℓ. By taking N minimal, we can assume
that, for some positive integer ℓ0,

tdk(S□Pℓ) = N

for every ℓ ⩾ ℓ0.
Consider G = S□P(2ℓ0+2)N . We denote by R1, . . . , Rk the copies of P(2ℓ0+1)N in G, that

is the subgraphs G
[︁
{(x, i) | i ∈ [(2ℓ0 + 2)N ]}

]︁
for x ∈ V (S); and by C1, . . . , C(2ℓ0+2)N the

copies of S in G, that is the subgraphs G
[︁
{(x, i) | x ∈ V (S)}

]︁
for i ∈ [(2ℓ0 + 2)N ]. By

hypothesis tdk(G) = N , and so by Observation 2.4,G admits a k-dismantable tree decomposition
D =

(︁
T, (Wx | x ∈ V (T ))

)︁
of width N − 1.

For every x ∈ V (T ), the bag Wx has size at most N , and so intersects at most N of the
subgraphs Ci for i ∈ [(2ℓ0 + 2)N ]. Therefore, by Lemma 1.17, there are indices 1 ⩽ i1 <
· · · < i2ℓ0+2 ⩽ (2ℓ0 + 2)N such that Ci1 , . . . , Ci2ℓ0+2 have pairwise vertex disjoint projections
on T , that is for every distinct j, j′ ∈ [2ℓ0 + 2], Tj = T

[︁
{x ∈ V (T ) | Wx ∩ Cij ̸= ∅}

]︁
and

Tj′ = T
[︁
{x ∈ V (T ) | Wx ∩ Cij′ ̸= ∅}

]︁
are vertex-disjoint. For every a ∈ [k] and j ∈ [2ℓ0 + 1],

let Ra,j be the subpath of Ra with first vertex in Cij and last vertex in Cij+1 . Moreover, let ua,j be
the last vertex belonging to

⋃︁
x∈V (Tj)Wx ∩V (Ra,j) along Ra,j . Note that for every j ∈ [2ℓ0 + 1],

C ′
j = {ua,j | a ∈ [k]} is included in a bag of D, namely Wzj where zj is the first node of

the (unique) path from V (Tj) to V (Tj+1) in T . Moreover, the vertices ua,j for a ∈ [k] and
j ∈ [2ℓ0 + 1] are pairwise distinct.

Let F be the forest obtained from T by removing every edge xy ∈ E(T ) such that |Wx ∩
Wy| < k. We claim that {zj | j ∈ [2ℓ0 + 1]} is in a single connected component of F . Indeed,
otherwise there is a cut of size less than k between Wzj and Wzj′ in G, for some distinct j, j′ ∈
[2ℓ0 + 1]. But this is a contradiction since R1, . . . , Rk induce k vertex-disjoint paths from C ′

j ⊆
Wzj to C ′

j′ ⊆Wzj′ . Let T ′ be this connected component.
Let Ĝ be the graph with vertex set

⋃︁
z∈V (T ′)Wz and edge set

⋃︁
z∈V (T ′)

(︁Wz

2
)︁
. For every a ∈ [k],

let ra,1, . . . , ra,ma be the vertices of V (Ra) ∩ V (Ĝ), in this order along Ra. Observe that R̂a =
(ra,1, . . . , ra,ma) is a path in Ĝ. Moreover, for every a ∈ [k], R̂a intersects each of C ′

1, . . . , C
′
2ℓ0+1

in this order along R̂a. Since C ′
j induces a clique in Ĝ for every j ∈ [2ℓ0 + 1], we deduce that

there is a model of a Kk□P2ℓ0+1 in Ĝ. Moreover, Ĝ has a k-dismantable tree decomposition
D′ =

(︁
T ′, (Wx | x ∈ V (T ′))

)︁
of width less than N and such that every adhesion has size at

least k. It follows that there is a vertex v ∈ V (Ĝ) such that v ∈ Wx for every x ∈ V (T ′)
and

(︁
T ′, (Wx \ {v} | x ∈ V (T ′))

)︁
is a k-dismantable tree decomposition. This implies that

tdk(Ĝ − v) < N . But since Ĝ contains a model of Kk□P2ℓ0+1, Ĝ − v contains a model of
Kk□Pℓ0 . By Lemma 2.5, we deduce that

tdk(S□Pℓ0) ⩽ tdk(Kk□Pℓ0) ⩽ tdk(Ĝ− v) < N,
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contradicting the definition of ℓ0. This proves the lemma.

2.4 Finding a k-ladder

In this section, we show how to extract a graph of the form T□Pℓ with T a tree on k vertices,
from a graph having k disjoint paths Q1, . . . , Qk, and sufficiently many pairwise vertex-disjoint
connected subgraphs intersecting all the Qis.

Let k, ℓ be two positive integers. A k-ladder of length ℓ − 1 is a graph H with vertex set
[k]× [ℓ] such that

(i) for every i ∈ [k], Ri = H
[︁
{(i, j) | j ∈ [ℓ]}

]︁
is a path with ordering (i, 1), . . . , (i, ℓ), and

(ii) for every j ∈ [ℓ], Cj = H
[︁
{(i, j) | i ∈ [k]}

]︁
is connected.

See Figure 2.4. We call R1, . . . , Rk the rows of H , and C1, . . . , Cℓ its columns.

C1 C2 C3 C4 C5 C6 C7 C8 C9 C10 C11

R1

R2

R3

R4

R5

Figure 2.4: A 5-ladder of length 10.

Since every Ci is connected, we can assume without loss of generality that they are trees.
Then, using Cayley’s formula stating that there are kk−2 labelled trees on k vertices, we deduce
the following observation.

Observation 2.8. For every k, ℓ, if H is a k-ladder of length kk−2(ℓ− 1) + 1, then there is a tree
T on k vertices such that T□Pℓ is a minor of H .

Hence it suffices to find a long enough k-ladder as a minor to find a minor of the form T□Pℓ
for some tree T on k vertices. Our main tool to do so is the following lemma, which is the main
result of this section.

Lemma 2.9. There is a function f2.9 : N2 → N such that the following holds. Let k be a positive
integer, let G be a graph, and let Q1, . . . , Qk be k vertex-disjoint paths in G. If there exists
f2.9(k, ℓ) pairwise vertex-disjoint connected subgraphs in G each intersecting V (Qi) for every
i ∈ [k], then G has a k-ladder of length ℓ as a minor.

Together with Observation 2.8, this lemma implies Lemma 2.1. To core of the proof of
Lemma 2.9 is the following intermediary result.

Lemma 2.10. There is a function f2.10 : N2 → N such that the following holds. Let G be a graph,
let t, ℓ be positive integers, let P be a path in G, and let A1, . . . , Af2.10(t,ℓ) be pairwise vertex-
disjoint connected subgraphs of G such that for every i ∈ [f2.10(t, ℓ)], 1 ⩽ |V (Ai) ∩ V (P )| ⩽
2t − 1. Then there are subgraphs B1, . . . , Bℓ in {Ai}i∈[f2.10(t,ℓ)], a subpath of P of the form
P [init(P ), b], and for every j ∈ [ℓ] a subpath P [aj , bj ] of P [init(P ), b], such that
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(a) V (Bj) ∩ V (P [init(P ), b]) ̸= ∅ for every j ∈ [ℓ],

(b) V (Bj) ∩ V (P [init(P ), b]) ⊆ V (P [aj , bj ]) for every j ∈ [ℓ], and

(c) V (P [aj , bj ]) ∩ V (P [aj′ , bj′ ]) = ∅ for every distinct j, j′ ∈ [ℓ].

Figure 2.5 gives an illustration for the outcome of this lemma.

P

B1
B2

B3 B4

P [a1, b1] P [a2, b2] P [a3, b3] P [a4, b4]

P [init(P ), b]

Figure 2.5: Illustration for Lemmas 2.10 and 2.12 with ℓ = 4. There is a sub-
path P [init(P ), b] such that each Bj has a “private” interval P [aj , bj ] that contains
V (Bj) ∩ V (P [init(P ), b]) and is disjoint from V (P [aj′ , bj′ ]) for every j′ ̸= j.

Proof. Let f2.10(t, ·) be the function defined inductively by f2.10(t, 1) = 1 and f2.10(t, ℓ) =
1 + (2t− 1)f2.10(t, ℓ− 1) for every ℓ ⩾ 2. We proceed by induction on ℓ. If ℓ = 1, then take for
B1 = A1 and P [init(P ), b] = P [a1, b1] = P .

Now suppose ℓ > 1. Without loss of generality A1 is such that the first vertex along P in⋃︁
i∈[f2.10(t,ℓ)] V (Ai) belongs to A1. Let x1, . . . , xr be the vertices in V (A1) ∩ V (P ), in this order

along P . Note that r ⩽ 2t − 1 by hypothesis. Let xr+1 be the last vertex of P . For every
s ∈ [r], let Is be the set of indices j ∈ {2, . . . , f2.10(k, ℓ)} such that the first vertex in V (Aj)
along P belongs to P [xs, xs+1]. By the pigeonhole principle, there is an integer s ∈ [r] such that
|Is| ⩾ f2.10(t,ℓ)−1

2t−1 = f2.10(t, ℓ− 1).
Hence by the induction hypothesis applied to any family {A′

1, . . . , A
′
f2.10(k,ℓ−1)} ⊆ {Aj}j∈Is

and

P ′ =
{︄
P ]xs, xs+1[ if s < r,
P ]xs, xs+1] if s = r,

there are subgraphs B2, . . . , Bℓ′ in {A′
i}i∈[f2.10(t,ℓ′)] and a subpath P ]xs, b′] of P ′ such that for

every j ∈ {2, . . . , ℓ′}, there is a subpath P [aj , bj ] of P ]xs, b′] such that

(a’) V (Bj) ∩ V (P [init(P ), b]) ̸= ∅, and

(b’) V (Bj) ∩ V (P [init(P ), b]) ⊆ V (P [aj , bj ]), and

(c’) V (P [aj′ , bj′ ]) ∩ V (P [aj′′ , bj′′ ]) = ∅ for every distinct j′, j′′ ∈ {2, . . . , ℓ} \ {j}.

Then for B1 = A1, P [init(P ), b] = P [init(P ), b′] and P [a1, b1] = P [init(P ), xs], this proves the
lemma.

The following simple lemma will be useful.

Lemma 2.11. For every positive integer k, and for every tree T of at least (k − 1)(k − 2) + 2
vertices, at least one of the following holds
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(1) T has at least k leaves, or

(2) T has a path on k vertices.

Proof. If k = 1 then the result is clear. Now assume k ⩾ 2. Root T on an arbitrary vertex r,
and suppose that T has at most k − 1 leaves. Then for every leaf x, consider the path T [x, r[ be
the path from x to r in T , minus r. Since

⋃︁
x leaf V (T [x, r[) covers V (T − r), by the pigeon hole

principle, there is a leaf x such that |V (T [x, r[)| ⩾ k − 1 and so |V (T [x, r])| ⩾ k.

We now show that the condition |V (Ai) ∩ V (P )| ⩽ 2t − 1 in Lemma 2.10 can be removed,
assuming that G has bounded treewidth.

Lemma 2.12. There is a function f2.12 : N2 → N such that the following holds. Let t, ℓ be positive
integers, and let G be a graph with tw(G) < t. If P is a path in G, and if {A1, . . . , Af2.12(t,ℓ)}
is a family of pairwise vertex-disjoint connected subgraphs of G, all intersecting V (P ), then
there exists ℓ subgraphs B1, . . . , Bℓ among {A1, . . . , Af2.12(t,ℓ)} and a subpath of P of the form
P [init(P ), b] such that for every j ∈ [ℓ], there is a subpath P [aj , bj ] of P [init(P ), b] such that

(a) V (Bj) ∩ V (P [init(P ), b]) ⊆ V (P [aj , bj ]), and

(b) V (P [aj , bj ]) ∩ V (P [aj′ , bj′ ]) = ∅ for every j′ ∈ [ℓ] \ {j}.

Proof. Let f2.12(t, ℓ) = tmax{2, f2.10(t, ℓ)}2 where f2.10 is as in Lemma 2.10. We can assume
that if u, v ∈ V (P ) ∩ V (Ai) are distinct and in this order along P , then P [u, v] intersect Aj for
some j ̸= i, for every i ∈ [f2.12(t, ℓ)]. Otherwise we just contract P [u, v] into a single vertex.

Consider now a tree decomposition
(︁
T, (Wx | x ∈ V (T ))

)︁
of G of width less than t. Since

A1, . . . , Af2.12(t,ℓ) are pairwise vertex-disjoint, every set of vertices intersecting all of them must
have size at least f2.12(t, ℓ). Consider now for every i ∈ [f2.12(t, ℓ)] the projection Ti of Ai on
T . By Lemma 1.17, the family (Ti)i∈[f2.12(t,ℓ)] contains N = f2.12(t,ℓ)

t = max{2, f2.10(k, ℓ)}2
pairwise vertex-disjoint subtrees Ti1 , . . . , TiN .

Consider now the tree T ′ obtained from T by contracting every vertex outside
⋃︁
j∈[N ] V (Tij )

with one of its closest vertex in
⋃︁
j∈[n] V (Tij ), and by contracting Tij into a single node xj for

each j ∈ [N ]. Hence V (T ′) = {xj | j ∈ [N ]}. By Lemma 2.11, T ′ has either
√
N = f2.10(k, ℓ)

leaves or a path with
√
N = f2.10(k, ℓ) vertices. Let I be a subset of [N ] of size

√
N such that xj

for j ∈ I is a leaf in T ′, or such that a permutation of (xj)j∈I is a path in T ′. We claim that

for every j ∈ I , the number of pairs u, v ∈ V (P ) in this order along P such that
u ∈ V (Aij ), V (P ]u, v[) ∩

(︂⋃︁
j′∈I V (Aij′ )

)︂
= ∅, and v ∈

⋃︁
j′∈I\{j} V (Aij′ ), is at

most 2(t− 1).
(2.2)

Indeed, if xj is a leaf, then every time P leaves Aij , P crosses the adhesion between the root of
Tij and its unique neighbor out of V (Tij ), which have size at most t − 1. And if a permutation
of (xj′)j′∈I is a path in T ′, then every time P leaves Aij , P must cross one of the at most two
adhesions neighboring Tij and leading to another Tij′ for some j′ ∈ I \{j}. Since these adhesions
have size at most t− 1, this proves (2.2).

Then contract repeatedly every edge of P that intersect at most one of the sets V (Aij ) for
j ∈ I . Let G′ be the resulting minor of G, let P ′ be the path in G′ induced by P , and for every
j ∈ I , let A′

j be the connected subgraph of G′ inherited from Aij . Then |V (P ′) ∩ A′
j | ⩽ 2t − 1
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for every j ∈ I . Hence we can apply Lemma 2.10 to G′, P ′, {Aij | j ∈ I}. This is possible since
|I| =

√
N = g(t, ℓ). We obtain subgraphs B′

1, . . . , B
′
ℓ of G′ and a subpath P ′[init(P ′), b′] of

P ′ corresponding respectively to subgraphs B1, . . . , Bℓ of G and a subpath P [init(P ), b] of P as
desired. This proves the lemma.

To deduce Lemma 2.9, we will use the celebrated Erdős-Szekeres Theorem.

Theorem 2.13 (Erdős Szekeres [ES35]). For every integers r, s, for every permutation σ of [(r −
1)(s− 1) + 1], either there is a set I ⊆ [(r − 1)(s− 1) + 1] of size r such that σ|I is increasing,
or there is a set D ⊆ [(r − 1)(s− 1) + 1] of size s such that σ|D is decreasing.

Proof of Lemma 2.9. Let t = max{2, f1.10(max{k, ℓ})}. If tw(G) ⩾ t, then the k × ℓ grid is a
minor of G by Theorem 1.10, and so G contains a k-ladder of length ℓ as a minor. Now assume
that tw(G) < t. For every i ∈ {0, . . . , k}, let

fi,k(ℓ) =
{︄
ℓ2

k−1
if i = 0,

f2.12(t, fi−1,k(ℓ)) if i ⩾ 1,

where f2.12 is as in Lemma 2.12, and take f2.9(k, ℓ) = fk,k(ℓ).
Let G be a graph, Let Q1, . . . , Qk in G be k disjoint paths in G, and let A1, . . . , Af2.9(k,ℓ)

be pairwise disjoint connected subgraphs in G each intersecting V (Qi) for every i ∈ [k], By
applying Lemma 2.12 successively on the paths Q1, . . . , Qk and contracting the subpaths of the
form Qi[aj , bj ], we obtain a minor G′ of G, connected subgraphs B′

1, . . . , B
′
ℓ2k−1 of G′, and paths

Q′
1, . . . , Q

′
k in G′ such that

|V (Bj) ∩ V (Q′
a)| = 1

for every j ∈
[︁
ℓ2

k−1]︁
and a ∈ [k]. For every j ∈

[︁
ℓ2

k−1]︁
and a ∈ [k], let uj,a be the unique vertex

in V (Bj) ∩ V (Q′
a). Finally, by applying Theorem 2.13 (Erdős-Szekeres Theorem) k − 1 times,

there are ℓ distinct indices j1, . . . , jℓ in
{︁
1, . . . , ℓ2k−1}︁

such that the orderings of (uji,a)i∈[ℓ] along
Q′
a for a ∈ [k] are pairwise identical or reverse of each other. By possibly replacing Q′

ij
by its

reverse for every j ∈ [ℓ], and by contracting some edges, we obtain a k-ladder of length ℓ as a
minor of G′ with rows inherited from Q′

1, . . . , Q
′
k and columns inherited from Bj1 , . . . , Bjℓ . This

proves the lemma.

2.5 Nice pairs

In order to show that every graphG excluding all the k-ladders of length ℓ as minors have bounded
k-treedepth, we need to find a decomposition ofG into graphsG1, . . . , Gm, such thatG is a (< k)-
clique-sum of G1, . . . , Gm. Typically, Gi is the “torso” of a bag in a suitable tree decomposition.
The main issue with this approach is that we then need to decompose each Gi, while Gi is not
necessarily a minor of G (since we possibly added some cliques). The solution we develop in this
section is to force Gi to be “nice” in G, which roughly means that the cliques added to G[V (Gi)]
to obtain Gi do not increase the connectivity between any two subsets of V (Gi). In this section,
we define this notion of “nice” sets, and we prove several properties on them. In the following
section, we will find tree decompositions that will enable us to decompose our graph into nice sets
in the final proof.

Let G be a graph. A good pair in G is a pair (U,B) where U is a non-empty subset of V (G),
and B is a family of subsets of V (G) such that
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(g1) G =
⋃︁
B∈B∪{U}G[B], and

(g2) the sets B \ U for B ∈ B are pairwise disjoint.

Equivalently, B ∪ {U} is the family of the bags of a tree decomposition indexed by a star whose
center bag is U . Then, we say that (U,B) is a nice pair in G if it is a good pair in G and

(g3) for every B ∈ B, for every i ⩾ 0, for every Z1, Z2 ⊆ U ∩ B both of size i, there are i
disjoint (Z1, Z2)-paths in G[B] \

(︁B∩U
2
)︁
.

See Figure 2.6.

U

B ∈ B

Z1

Z2

Figure 2.6: A good pair (U,B) in G is nice if for every B ∈ B, for every i ⩾ 0,
for every Z1, Z2 ⊆ U ∩ B both of size i, there are i disjoint (Z1, Z2)-paths in
G[B]\

(︁U∩B
2
)︁
. This property implies that the maximum number of pairwise disjoint

paths between two given subsets of U is the same in G and in torsoG(U,B). See
Lemma 2.17.

In practice, we will build good pairs from tree decompositions as follows. If
(︁
T, (Wx | x ∈

V (T ))
)︁

is a tree decomposition of a graph G, and if R is a subtree of T , then (U,B) for U =⋃︁
x∈V (R)Wx and B = {

⋃︁
x∈V (S)Wx | S connected component of T − V (R)} is a good pair in

G. To ensure that (U,B) is a nice pair, we will need further assumptions on the tree decomposition.
Finding such decompositions will be the goal of Section 2.6, but for now, we prove some properties
on nice pairs.

First we give some notation. Let G be a graph and let (U,B) be a good pair in G. The torso
of U in G with respect to B, denoted by torsoG(U,B), is the graph with vertex set U and edge set
E(G[U ]) ∪

⋃︁
B∈B

(︁U∩B
2
)︁
.

Lemma 2.14. Let G be a graph and let (U,B) be a nice pair in G. Then for every X ⊆ U , there
exists a nice pair inG−X of the form (U \X,B′) with torsoG−X(U \X,B′) = torsoG(U,B)−X .



52 CHAPTER 2 — Excluding a rectangular grid

Proof. We claim that (U \ X, {B \ X | B ∈ B}) is nice in G − X . First, (g1) and (g2) of the
definition of good pair clearly hold, and so (U \X, {B \X | B ∈ B}) is a good pair.

Consider nowB ∈ B, a positive integer i, and two setsZ1, Z2 ⊆ (U \X)∩(B\X) both of size
i. Let Z0 = B ∩U ∩X . Since (U,B) is a nice pair, there are i+ |Z0| disjoint (Z0 ∪Z1, Z0 ∪Z2)-
paths in G[B] \

(︁B∩U
2
)︁
. Note that B ∩ U = (U \X) ∩ (B \X) ∪ Z0. Hence there are i disjoint

(Z1, Z2)-paths inG
[︁
(U\X)∩(B\X)

]︁
\
(︁(U\X)∩(B\X)

2
)︁
. This proves that

(︁
U\X, {B\X | B ∈ B}

)︁
is a nice pair in G − X . Finally, by definition of torso, torsoG

(︁
U \ X, {B \ X | B ∈ B}

)︁
=

torsoG(U,B)−X .

Lemma 2.15. Let G be a graph and let (U,B) be a nice pair in G. For every B ∈ B, (V (G) \
(B \ U), {B}) is a nice pair in G.

Proof. Clearly, (V (G) \ (B \ U), {B}) is a good pair in G. Moreover, for every i ⩾ 0, for
every Z1, Z2 ⊆ U ∩ B both of size i, there are i disjoint (Z1, Z2)-paths in G[B] \

(︁B∩U
2
)︁
. Hence

(V (G) \ (B \ U), {B}) is a nice pair in G.

Lemma 2.16. Let k′ be a positive integer. Let G be a graph and let (U,B) be a good pair in
G. For every Z1, Z2 ⊆ U with |Z1| = |Z2| = k′ such that there are k′ disjoint (Z1, Z2)-paths
Q1, . . . , Qk′ in G, there are k′ disjoint (Z1, Z2)-paths Q̂1, . . . , Q̂k′ in torsoG(U,B). Moreover⋃︁
i∈[k′] V (Qi) ∩ U =

⋃︁
i∈[k′] V (Q̂i).

Proof. Let Z1, Z2 ⊆ U with |Z1| = |Z2| = k′ and let Q′
1, . . . , Q

′
k′ be k′ disjoint (Z1, Z2)-paths

in G. Let a ∈ [k′] and let qa,1, . . . , qa,ℓa be the vertices in V (Qa) ∩ U in this order along Qa.
Then, for every i ∈ [ℓa − 1], either qa,iqa,i+1 is an edge of G, or there exists B ∈ B such that
qa,iqa,i+1 ∈ B. In both cases qa,iaa,i+1 is an edge in torsoG(U,B). Hence Q̂a = (qa,1, . . . , qa,ℓa)
is a path in torsoG(U,B) with V (Q̂a) = V (Qa) ∩ U , and so (Q̂1, . . . , Q̂k′) is as claimed.

The following lemma, which is the key property of nice pairs, informally says that if (U,B) is
nice, then the reciprocal of the previous lemma also holds.

Lemma 2.17. Let k′ be a positive integer. Let G be a graph and let (U,B) be a nice pair in
G. For every Z1, Z2 ⊆ U with |Z1| = |Z2| = k′ such that there are k′ disjoint (Z1, Z2)-paths
Q1, . . . , Qk′ in torsoG(U,B), there are k′ disjoint (Z1, Z2)-paths Q′

1, . . . , Q
′
k′ in G. Moreover⋃︁

i∈[k′] V (Q′
i) ∩ U ⊆

⋃︁
i∈[k′] V (Qi).

Proof. We proceed by induction on |B|. If B = ∅, then torsoG(U,B) = G and the result is clear.
Now assume that B ̸= ∅ and consider some B ∈ B. Note that (U,B \ {B}) is a nice pair in
G′ = torsoG(V (G) \B, {B}). Hence by the induction hypothesis applied to (U,B \ {B}) in G′,
there are k′ disjoint (Z1, Z2)-paths Q′′

1, . . . , Q
′′
k′ in G′ with

⋃︁
i∈[k′] V (Q′′

i ) ∩ U ⊆
⋃︁
i∈[k′] V (Qi).

Without loss of generality, assume that amongQ′′
1, . . . , Q

′′
k′ , the paths intersecting U∩B in at least

one vertex are Q′′
1, . . . , Q

′′
r . By taking these paths induced in G′, we can assume that V (Q′′

i ) ∩
NG(V (C)) = {zi1, zi2} for some possibly equal zi1, z

i
2 ∈ U ∩ B, for every i ∈ [r]. Moreover, we

assume that if zi1 ̸= zi2, then z1
i is in the connected component of the end point of Q′′

i belonging to
Z1 in Q′′

i − zi1zi2 (and so z2
i is in the connected component of the end point of Q′′

i belonging to Z2
in Q′′

i − u). Let Z ′
1 = {zi1 | i ∈ [r]}, Z ′

2 = {zi2 | i ∈ [r]}, and Z ′
0 = (U ∩ B) \ (Z ′

1 ∪ Z ′
2). By

hypothesis, there are r + |Z ′
0| pairwise disjoint (Z ′

0 ∪ Z ′
1, Z

′
0 ∪ Z ′

2)-paths Q′
1, . . . , Q

′
r, ({u})u∈Z′

0

in G[B] \
(︁B∩U

2
)︁
. Hence the union of Q′

1, . . . , Q
′
r with Q′′

1 − z1
1z

1
2 , . . . , Q

′′
r − zr1zr2, together with

Q′′
r+1, . . . , Q

′′
k′ , yields k′ pairwise vertex-disjoint (Z1, Z2)-paths in G. Moreover

⋃︁
i∈[k′] V (Q′

i) ∩
U ⊆

⋃︁
i∈[k′] V (Qi). This proves the lemma.
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The following lemma informally says that a nice pair in the torso of a nice pair in G, is itself
a nice pair in G.

Lemma 2.18. Let G be a graph and let (U,B) be a nice pair in G. If (U ′,B′) is a nice pair in
torsoG(U,B), then there exists B′′ such that (U ′,B′′) is a nice pair in G, and torsoG(U ′,B′′) =
torsotorsoG(U,B)(U ′,B′).

Proof. We proceed by induction on |B|. If B is empty, then torsoG(U,B) = G and so (U ′,B′) is
a nice pair in G with torsoG(U ′,B′) = torsotorsoG(U,B)(U ′,B′). Now suppose that B ̸= ∅.

Consider a memberB ofB. LetG′ = torsoG(V (G)\(B\U), {B}). Observe that (U,B\{B})
is a nice pair in G′. Hence, by the induction hypothesis, there is a nice pair in G′ of the form
(U ′,B′′

0) with torsoG′(U ′,B′′
0) = torsotorsoG′ (U,B\{B})(U ′,B′). By definition of G′, the set B∩U

induces a clique in G′. As {U ′} ∪ B′′
0 is the family of the bags of a tree decomposition of G′, this

implies that there exists B′′
0 ∈ B′′

0 ∪ {U ′} such that B ∩ U ⊆ B′′
0 .

First suppose that B′′
0 ̸= U . Let

B′′
1 = B ∪B′′

0

and

B′′ = B′′
0 \ {B′′

0} ∪ {B′′
1}.

By construction, torsoG(U ′,B′′) = torsoG′(U ′,B′′
0) = torsotorsoG(U,B)(U ′,B′). It remains to

show that (U ′,B′′) is a nice pair in G. Observe that (g1) holds since G′ =
⋃︁
B′∈B′′

0 ∪{U ′}G
′[B′].

Moreover, (g2) holds since B is disjoint from B′ \ U for all B′ ∈ B′′
0 \ {B′′

0}. We now prove
(g3). Let B′′ ∈ B′′, i ⩾ 0, and Z1, Z2 ⊆ B′′ ∩ U ′ both of size i. By possibly replacing Za by
Za ∪ (B′′ ∩ U ′ \ (Z1 ∪ Z2)) for each a ∈ {1, 2} and increasing i accordingly, we now assume
that Z1 ∪ Z2 = B′′ ∩ U ′. If B′′ ̸= B′′

1 , then there are i disjoint (Z1 ∩ B′′
0 , Z2 ∩ B′′

0 )-paths in
G′[B′′] \

(︁B′′∩U
2
)︁

= G[B′′] \
(︁B′′∩U

2
)︁

since (U ′,B′′
0) is a nice pair in G′. If B′′ = B′′

1 , then there
are |Z1 ∩B′′

0 | disjoint (Z1, Z2)-paths Q1, . . . , Qi in G′[B′′
1 ] \

(︁B′′
1 ∩U
2
)︁

since (U ′,B′′
0) is a nice pair

in G′. Without loss of generality, suppose that among Q1, . . . , Qi, the paths Q1, . . . , Qj , are the
ones intersectingB. We can assume that these paths are induced inG′[B′′

1 ]\
(︁B′′

1 ∩U
2
)︁
. In particular,

for every a ∈ [j], Qa intersects B in at most two vertices (because Z1∪Z2 = B′′
1 ∩U ′). For every

a ∈ [j], let za1 , z
a
2 be respectively the first and last vertex of Qa in U ∩ B. Since (U,B) is a nice

pair in G, there are j disjoint ({za1 | a ∈ [j]}, {za2 | a ∈ [j]})-paths in G[B] \
(︁U∩B

2
)︁
. Combining

theses paths with Q1, . . . , Qi, we obtain i disjoint (Z1, Z2)-paths in G[B ∪B′′
0 ] \

(︁(B∪B′′
0 )∩U)
2

)︁
.

Now assume B′′
0 = U . Let

B′′ = B′′
0 ∪ {B}.

By construction of G′, torsoG(U ′,B′′) = torsoG′(U ′,B′′
0) = torsotorsoG(U,B)(U ′,B′). It remains

to show that (U ′,B′′) is a nice pair in G. Observe that (g1) holds since G ⊆ G′ ∪ G[B] and
G′ =

⋃︁
B′∈B′∪{U ′}G

′[B′]. Moreover, (g2) holds since B is disjoint from all B′′ \U for B′′ ∈ B′′
0 .

We now prove (g3). Let B′′ ∈ B′′, i ⩾ 0, and Z1, Z2 ⊆ B′′ ∩ U ′ both of size i. If B′′ ̸= B, then
there are i disjoint (Z1∩B′

0, Z2∩B′
0)-paths inG′[B′′]\

(︁B′′∩U
2
)︁

= G[B′′]\
(︁B′′∩U

2
)︁

since (U ′,B′′
0)

is a nice pair in G′. If B′′ = B, then there are |Z1 ∩ B′′
0 | disjoint (Z1, Z2)-paths Q1, . . . , Qi in

G[B] \
(︁B∩U

2
)︁

since (U,B) is a nice pair in G. Hence (g3) holds. This concludes the proof of the
lemma.
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2.6 Finding a suitable tree decomposition

In this section, we prove the existence of “well connected” tree decompositions, that will be used
to decompose a graph into nice pairs in the final proof of Theorem 1.20. This is inspired by the
seminal result of Thomas [Tho90], which asserts that every graph G admits a tree decomposition(︁
T, (Wx | x ∈ V (T ))

)︁
of width tw(G) which is lean, that is such that for every x1, x2 ∈ V (T ),

for every Z1 ⊆ Wx1 and Z2 ⊆ Wx2 of same size i, either there are i disjoint (Z1, Z2)-paths in G,
or there exists z1z2 ∈ E(T [x1, x2]) such that |Wz1 ∩Wz2 | < i. Hence the connectivity between
two bags is witnessed by the smallest adhesion between them. Here we prove analogous results
for tree decompositions of (G,S), with some additional properties. The techniques we use are
strongly inspired by the short proof of Thomas’ theorem by Bellenbaum and Diestel [BD02].

First we start by defining a potential function on a tree decomposition. Let k be a positive
integer, let G be a graph, and let S ⊆ V (G). Let D =

(︁
T, (Wx | x ∈ V (T ))

)︁
be a tree

decomposition of (G,S). For every positive integer i, let ni(D) = |{x ∈ V (T ) | |Wx| = i}|, that
is the number of bags of size i in D, and let

n
(k)
i (D) =

{︄
|{x ∈ V (T ) | |Wx| = i}| if i > 3

2(k − 1),
|{x ∈ V (T ) | |Wx| = i and ∃y ∈ NT (x), |Wx ∩Wy| ⩾ k}| if i ⩽ 3

2(k − 1).

Then, let

n(D) =
(︁
n|V (G)|(D), . . . , n0(D)

)︁
and

n(k)(D) =
(︁
n

(k)
|V (G)|(D), . . . , n(k)

0 (D)
)︁
.

We will consider these tuples in the lexicographic order. The following lemma shows how to
improve D by reducing n(D) or n(k)(D) if some connectivity property is not satisfied. Its proof
follows step by step Bellenbaum and Diestel’s argument [BD02].

Lemma 2.19. Let a be a positive integer. Let G be a graph and let S be a nonempty subset of
V (G). Let D =

(︁
T, (Wx | x ∈ V (T ))

)︁
be a tree decomposition of (G,S) of adhesion at most a.

If there exists a positive integer i, two vertices x1, x2 ∈ V (T ), and two sets Z1 ⊆Wx1 , Z2 ⊆Wx2

with |Z1| = |Z2| = i such that there are no i disjoint (Z1, Z2)-paths in G, but |Wz ∩Wz′ | ⩾ i
for every zz′ ∈ E(T [x1, x2]), then there exist S′ ⊆ V (G) with S ⊆ S′ and a tree decomposition
D′ =

(︁
T ′, (W ′

z | z ∈ V (T ′))
)︁

of (G,S′) of adhesion at most max{a, i − 1} such that n(D′) is
smaller than n(D) for the lexicographic order. More precisely, there exist z ∈ V (T [x1, x2]) and
j0 ∈ {|Wz|, . . . , |V (G)|} such that

(a) nj(D′) ⩽ nj(D) for every j ∈ {j0, . . . , |V (G)|};

(b) nj0(D′) < nj0(D); and

(c) if x1 = x2, then there are adjacent vertices z1, z2 in T ′ such that Z1 ⊆ W ′
z1 , Z2 ⊆ W ′

z2 ,
and W ′

z1 ∩W
′
z2 is a minimum (Z1, Z2)-cut in G. In particular |W ′

z1 ∩W
′
z2 | < i.

Moreover, for every positive integer k, if |Wz| > 3
2(k− 1) or ∃z′ ∈ NT (z), |Wz ∩Wz′ | ⩾ k, then

there exists j1 ∈ {|Wz|, . . . , |V (G)|} such that
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(d) n(k)
j (D′) ⩽ n

(k)
j (D) for every j ∈ {j1, . . . , |V (G)|}; and

(e) n(k)
j1

(D′) < n
(k)
j1

(D).

Proof. Let x1, x2 ∈ V (T ) and let Z1 ⊆ Wx1 , Z2 ⊆ Wx2 with |Z1| = |Z2| = i such that there are
no i disjoint (Z1, Z2)-paths inG but |Wz∩Wz′ | ⩾ i for every zz′ ∈ E(T [x1, x2]). Let (x′

1, x
′
2) be

such a pair of vertices in V (T [x1, x2]) with distT (x′
1, x

′
2) minimum. For simplicity, assume that

x′
1 = x1 and x′

2 = x2. For every u ∈ V (G), let zu ∈ V (T ) be such that u ∈ Wzu if u ∈ S, and
otherwise such that Wzu contains the neighborhood of the connected component of u in G − S.
In both cases, pick such a zu with distT (zu, V (T [x1, x2])) minimum. Since there are no i disjoint
(Z1, Z2)-paths inG, by Menger’s Theorem, there exists a setX ⊆ V (G) of size at most i−1 such
that every (Z1, Z2)-path in G intersects X . Take such a set X of minimum size, and if equality,
take the one minimizing

∑︁
u∈X du, where

du =
{︄

distT
(︁
zu, V (T [x1, x2])

)︁
if u ∈ S,

distT
(︁
zu, V (T [x1, x2])

)︁
+ 1 otherwise,

for every u ∈ X .
Let C1 be the union of all the connected components of G − X that intersect Z1, and let

C2 = G − (X ∪ V (C1)). Let G1 = G[V (C1) ∪ X] and G2 = G[V (C2) ∪ X]. By Menger’s
Theorem, there is a family (Pu | u ∈ X) of pairwise disjoint (Z1, Z2)-paths in G such that
u ∈ V (Pu) for every u ∈ X . For every u ∈ X , Pu is the union of two paths P 1

u ⊆ G − V (C1)
and P 2

u ⊆ G − V (C2) meeting in exactly one vertex, namely u. For each a ∈ {1, 2}, let T a

be a copy of T with vertex set {za | z ∈ V (T )} and edge set {za1za2 | z1z2 ∈ E(T )}, and let
Da =

(︁
T a, (W a

za | za ∈ V (T a))
)︁

be the tree decomposition of (Ga, (S ∩ V (Ga)) ∪X) defined
by

W a
za =

(︁
Wz ∩ V (Ga)

)︁
∪
{︁
u ∈ X | z ∈ V (T [zu, x3−a])

}︁
for every z ∈ V (T ).

Finally, let S′ = S ∪ X , T ′ = T 1 ∪ T 2 ∪ {x2
1x

1
2}, and let W ′

za = W a
za for every z ∈ V (T )

and for every a ∈ {1, 2}. We claim that D′ =
(︁
T ′, (W ′

z | z ∈ V (T ′))
)︁

satisfies the outcome of the
lemma. First, observe that D′ is a tree decomposition of (G,S′). Then, we claim that following
property holds.

For all z ∈ V (T ) and a ∈ {1, 2}, |W a
za | ⩽ |Wz|. (2.3)

To see this, observe that for every u ∈ W a
za \Wz , we have u ∈ X and Wz ∩ V (Pu) ̸= ∅. By

mapping u to a vertex in Wz ∩ V (Pu), we obtain an injection from W a
za \ Wz to Wz \ W a

za .
This shows that |W a

za \ Wz| ⩽ |Wz \ W a
za | and so |W a

za | = |W a
za \ Wz| + |W a

za ∩ Wz| ⩽
|Wz \W a

za |+ |W a
za ∩Wz| = |Wz|.

The same argument also proves the following.

For all z1z2 ∈ E(T ) and a ∈ {1, 2}, |W a
za

1
∩W a

za
2
| ⩽ |Wz1 ∩Wz2 |. (2.4)

In particular, D′ has adhesion at most max{a, i − 1}. We now investigate the equality case in
(2.3).

For all z ∈ V (T ) and a ∈ {1, 2}, if |W a
za | = |Wz|, then W 3−a

z3−a ⊆ X . (2.5)



56 CHAPTER 2 — Excluding a rectangular grid

Suppose for a contradiction that |W a
za | = |Wz| and W 3−a

z3−a ̸⊆ X for some z ∈ V (T ) and a ∈
{1, 2}. Then Wz intersects V (C3−a), and every in Wz ∩ V (C3−a) corresponds to a vertex v ∈ X
such that z ∈ V (T [zv, x3−a]). Let Y = W a

za \Wz be the set of all these vertices. Then let

X ′ = (X \ Y ) ∪
(︁
Wz ∩ V (C3−a)

)︁
.

Note that |X ′| = |X| < i. We claim that X ′ intersects every (Za ∪Wz, Z3−a)-path in G. Let
Q be a (Za ∪ Wz, Z3−a)-path in G. Suppose for a contradiction that V (Q) ∩ X ′ = ∅. Since
V (Q) ∩ (X ∪ (Wz ∩ V (C3−a))) ̸= ∅, we have V (Q) ∩X ̸= ∅, and so V (Q) ∩ Y ̸= ∅ . Let u0
be the last vertex of Y ∩ V (Q) along Q. Then the subpath Q]u0, term(Q)] of Q is included in
C3−a, andQ[u0, term(Q)] is a (Wzu0

,Wx3−a)-path. Since z ∈ V (T [zu0 , x3−a]),Q[u0, term(Q)]
intersects Wz . As u0 ̸∈ Wz , Q intersects Wz in V (C3−a), and so V (Q) ∩ X ′ ̸= ∅. This proves
that X ′ intersects every (Za ∪Wz, Z3−a)-path in G.

If z ∈ V (T ]xa, x3−a]), then take any Z ⊆ Wz of size i. Then X ′ intersects every (Z,Z3−a)-
path in G, and so there are no i disjoint (Z,Z3−a)-paths in G. Therefore, the pair (z, x3−a)
contradicts the minimality of distT (x1, x2). Now suppose z ̸∈ V (T ]xa, x3−a]). We claim that
du′ < du for every u′ ∈ X ′ \ X and for every u ∈ X \ X ′ = Y . Indeed, z ∈ V (T [zu, x3−a])
by definition of W a

za , and as z ̸∈ V (T ]xa, x3−a]), z lies on the path from zu to x3−a in T . For
both cases u ∈ S and u ̸∈ S, this implies that du > distT (z, V (T [x1, x2])). On the other hand,
since u′ ∈ Wz and zu′ is such that u′ ∈ Wzu′ and distT (zu′ , V (T [x1, x2])) is minimum, we have
du′ ⩽ dist(z, V (T [x1, x2])). It follows that du > distT (z, V (T [x1, x2])) ⩾ du′ as claimed. Since
X ′ \X and X \X ′ are nonempty, this contradicts the minimality of

∑︁
u∈X du. This proves (2.5).

We now prove the following property.

There exists z ∈ V (T [x1, x2]) such that |W 1
z1 |, |W 2

z2 | < |Wz|. (2.6)

By (2.5), it is enough to find z ∈ V (T [x1, x2]) such that Wz intersects both V (C1) and
V (C2). Suppose for a contradiction that for every z ∈ V (T [x1, x2]), Wz \ X ⊆ V (C1) or
Wz \ X ⊆ V (C2). Then there is an edge zz′ in T [x1, x2] such that Wz \ X ⊆ V (C1) and
Wz′ \X ⊆ V (C2). It follows that Wz ∩Wz′ ⊆ X and so |Wz ∩Wz′ | < i, a contradiction. This
proves (2.6).

To conclude, fix z as in (2.6). Let j0 ∈ {|Wz|, . . . , |V (G)|} be maximum such that there exists
z′ ∈ V (T ) satisfying |Wz′ | = j0 and |W 1

z′1 |, |W 2
z′2 | < |Wz′ |. Then, since |Wz| ⩾ |X| + 1, (2.3)

and (2.5) imply that nj(D′) ⩽ nj(D) for every j ∈ {j0, . . . , |V (G)|}, and nj0(D′) ⩽ nj0(D).
This proves (a) and (b). Finally, if x1 = x2, then (c) follows from the definition of D′ for z1 = x2

1
and z2 = x1

2. This proves the first part of the lemma.

We now prove the “moreover” part. Suppose that |Wz| > 3
2(k − 1) or ∃z′ ∈ NT (z), |Wz ∩

Wz′ | ⩾ k. Then let j1 ∈ {|Wz|, . . . , |V (G)|} be maximum such that there exists z′′ ∈ V (T )
satisfying |Wz′′ | = j1, |W 1

z′′1 |, |W 2
z′′2 | < |Wz′′ |, and |Wz′′ | > 3

2(k − 1) or ∃z′ ∈ NT (z′′), |Wz′′ ∩
Wz′ | ⩾ k. Just as before, (2.3), (2.4) and (2.5) imply that n(k)

j (D′) ⩽ n
(k)
j (D) for every j ∈

{j1, . . . , |V (G)|}, and n(k)
j1

(D′) < n
(k)
j1

(D). This proves (d) and (e).

As a first application of this lemma, we show the following version of a result of Cygan,
Komosa, Lokshtanov, Pilipczuk, Pilipczuk, Saurabh, and Wahlström [CKL+20].

Theorem 2.20. Let k be a positive integer and let G be a graph. There is a tree decomposition(︁
T, (Wx | x ∈ V (T ))

)︁
of G of adhesion at most k − 1 such that
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(a) for every integer i with 1 ⩽ i ⩽ k, for every x ∈ V (T ), for every Z1, Z2 ⊆ Wx with
|Z1| = |Z2| = i, there are i pairwise disjoint (Z1, Z2)-paths in G; and

(b) if G is connected, then for every edge x1x2 ∈ E(T ),
⋃︁
z∈V (Tx2|x1 )Wz induces a connected

subgraph of G.

Proof. Let D =
(︁
T, (Wx | x ∈ V (T ))

)︁
be a tree decomposition of G of adhesion less than k.

Note that such a tree decomposition always exists since the tree decomposition of G with a single
bag V (G) has adhesion less than k. We take such a tree decomposition D such that n(D) is
minimum for the lexicographic order.

First we show (a). Suppose for a contradiction that there exists i with 1 ⩽ i ⩽ k, x ∈ V (T ),
and Z1, Z2 ⊆ Wx with |Z1| = |Z2| = i, such that there are no i pairwise disjoint (Z1, Z2)-paths
in G. Then by Lemma 2.19 applied for S = V (G), there exists D′ a tree decomposition of G
of adhesion at most max{k − 1, i − 1} = k − 1 such that n(D′) is smaller than n(D) for the
lexicographic order. This contradicts the minimality of n(D) and so (a) holds.

Now suppose that (b) does not hold. Then G is connected and there is an edge x1x2 ∈ E(T )
such that G′ = G

[︂⋃︁
z∈V (Tx2|x1 )Wz

]︂
is not connected. Let C1 be a connected component of G′

and let C2 = G′ − V (C1). For each a ∈ {1, 2}, let T a be a copy of Tx2|x1 with vertex set
{za | z ∈ V (Tx2|x1)} and edge set {za1za2 | z1z2 ∈ E(Tx2|x1)}. Then, for every z ∈ V (Tx2|x1),
let W ′

za = Wz ∩ V (Ca), and for every z ∈ V (Tx1|x2), let W ′
z = Wz . Finally, for T ′ = Tx1|x2 ∪

T 1 ∪ T 2 ∪ {x1x
1
2, x1x

2
2}, D′ =

(︁
T ′, (W ′

z | z ∈ V (T ′))
)︁

is a tree decomposition of G of adhesion
at most k−1. We now prove that n(D′) is smaller than n(D), which contradicts the minimality of
n(D) and so proves the theorem. To do so, consider z0 ∈ V (Tx2|x1) be such that Wz0 intersects
both V (C1) and V (C2), and |Wz0 | is maximum under this property. This is well-defined because
Wx2 intersects both V (C1) and V (C2) since G is connected. Now, for every z ∈ V (Tx2|x1), if
|Wz| > |Wz0 |, then by maximality of |Wz0 |, one of W ′

z1 and W ′
z2 is empty, and the other one is

Wz . Moreover, if |Wz| = |Wz0 |, then either one ofW ′
z1 andW ′

z2 is empty, and the other one isWz;
or Wz intersects both V (C1) and V (C2), and it follows that |W ′

z1 |, |W ′
z2 | < |Wz| = |Wz0 |. This

second case occurs at least once for z = z0. Altogether, this implies that nj(D′) ⩽ nj(D) for every
j ∈ {|Wz0 | + 1, . . . , |V (G)|}, and n|Wz0 |(D′) < n|Wz0 |(D). Therefore, n(D′) is smaller than
n(D) for the lexicographic order. This contradicts the minimality of n(D) and so (b) holds.

We can now show the main result of this section.

Lemma 2.21. Let k, a, t be positive integers with a ⩾ k. Let G be a graph and let S ⊆ V (G). If
there exists a tree decomposition of (G,S) of width less than t and adhesion at most a, then there
exists S′ ⊆ V (G) with S ⊆ S′ and D =

(︁
T, (Wx | x ∈ V (T ))

)︁
a tree decomposition of (G,S′)

such that

(a) D has adhesion at most a;

(b) D has width less than max
{︁
t, 3

2(k − 1)
}︁

;

(c) for every x1, x2 ∈ V (T ), for every Z1 ⊆Wx1 and Z2 ⊆Wx2 both of size k, either

(i) there are k disjoint (Z1, Z2)-paths in G,

(ii) there exists z1, z2 ∈ E(T [x1, x2]) with |Wz1 ∩Wz2 | < k, or

(iii) x1 = x2, |Wx1 | ⩽ 3
2(k − 1), and |Wx1 ∩Wy| < k for every y ∈ NT (x1);
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(d) for every x1x2 ∈ E(T ) with |Wx1 ∩ Wx2 | < k, if there exists x3 ∈ NT (x2) such that
|Wx2 ∩Wx3 | ⩾ k, then for every positive integer i, for every Z1, Z2 ⊆ Wx1 ∩Wx2 both of
size i, there are i disjoint (Z1, Z2)-paths in

G

⎡⎢⎣ ⋃︂
z∈V (Tx2|x1 )

Wz ∪
⋃︂

C∈C(x2|x1)
V (C)

⎤⎥⎦ \ (︄Wx1 ∩Wx2

2

)︄

where C(x2 | x1) is the family of all the connected components C of G − S′ such that
NG(V (C)) ⊆

⋃︁
z∈V (Tx2|x1 )Wz and NG(V (C)) ̸⊆Wx1 ∩Wx2 .

See Figure 2.7 for an illustration of (d).

Wx1

Wx2

Wx3

< k

⩾ k

Z1 Z2

CWxC

Figure 2.7: Illustration for Item (d) in Lemma 2.21.

Proof. Let S′ ⊆ V (G) containing S and D′ =
(︁
T, (Wx | x ∈ V (T ))

)︁
be a tree decomposition of

(G,S′) of adhesion at most a and width less than max{t, 3
2(k−1)}. Consider such a pair (S′,D′)

such that n(k)(D′) =
(︁
n

(k)
|V (G)|(D

′), . . . , n(k)
0 (D′)

)︁
is minimum for the lexicographic order. We

claim that D′ satisfies (a)-(d). By definition, (a) and (b) hold.
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Now suppose that (c) does not hold: there exist x1, x2 ∈ V (T ), Z1 ⊆ Wx1 and Z2 ⊆ Wx2

both of size k, such that

(i) there are no k disjoint (Z1, Z2)-paths in G;

(ii) for every z1, z2 ∈ E(T [x1, x2]), |Wz1 ∩Wz2 | ⩾ k; and

(iii) x1 ̸= x2, or |Wx1 | > 3
2(k − 1), or there exists y ∈ NT (x1) such that |Wx1 ∩Wy| ⩾ k.

Then by Lemma 2.19, there exists a set S′′ ⊆ V (G) containing S′ (and so S) and a tree decompo-
sition D′′ of (G,S′′) of adhesion at most max{a, k − 1} = a such that 2.19.(a)-2.19.(e) hold. If
x1 ̸= x2, then, since z ∈ V (T [x1, x2]), this implies that z has a neighbor z′ with |Wz′ ∩Wz′ | ⩾ k.
Hence, by 2.19.(d) and 2.19.(e), n(k)(D′′) is smaller than n(k)(D′) for the lexicographic order, a
contradiction. Now suppose x1 = x2. If |Wx1 | > 3

2(k − 1), then again by 2.19.(d) and 2.19.(e),
n(k)(D′′) is smaller than n(k)(D′) for the lexicographic order, a contradiction. Now suppose
|Wx1 | ⩽ 3

2(k − 1). This implies that there exists y ∈ NT (x1) such that |Wx1 ∩Wy| ⩾ k. Then
again by 2.19.(d) and 2.19.(e), n(k)(D′′) is smaller than n(k)(D′) for the lexicographic order, a
contradiction. This proves that (c) holds.

Now suppose that (d) does not hold. Hence there exist x1x2 ∈ E(T ) with |Wx1 ∩
Wx2 | < k, x3 ∈ NT (x2) with |Wx2 ∩ Wx3 | ⩾ k, a positive integer i, and two sets
Z1, Z2 ⊆ Wx1 ∩ Wx2 both of size i, such that there are no i disjoint (Z1, Z2)-paths in
G0 = G

[︂⋃︁
z∈V (Tx2|x1 )Wz ∪

⋃︁
C∈C(x2|x1) V (C)

]︂
\
(︁Wx1 ∩Wx2

2
)︁
. By possibly replacing Za by

Za ∪ ((Wx1 ∩Wx2) \ (Z1 ∪ Z2)) for every a ∈ {1, 2}, and i by i+ |(Wx1 ∩Wx2) \ (Z1 ∪ Z2)|,
we assume that Z1 ∪ Z2 = Wx1 ∩Wx2 .

We call Lemma 2.19 on G0, S0 = V (G0) ∩ S′, the tree decomposition D0 =
(︁
Tx2|x1 , (Wz |

x ∈ V (Tx2|x1))
)︁
, x2, x2, Z1, Z2. We deduce that there exists S′

0 ⊆ V (G0) with S0 ⊆ S′
0 and a

tree decomposition D′
0 =

(︁
T0, (W ′

z | z ∈ V (T ′))
)︁

of (G0, S
′
0) of adhesion at most max{a, i− 1}

such that

2.19.(c) there are adjacent vertices z1, z2 in T ′ such that Z1 ⊆W ′
z1 , Z2 ⊆W ′

z2 , and W ′
z1 ∩W

′
z2 is a

minimum (Z1, Z2)-cut in G. In particular |W ′
z1 ∩W

′
z2 | < i.

Moreover, there exists j1 ∈ {|Wx2 |, . . . , |V (G)|} such that

2.19.(d) n(k)
j (D′

0) ⩽ n
(k)
j (D0) for every j ∈ {j1, . . . , |V (G)|}; and

2.19.(e) n(k)
j1

(D′
0) < n

(k)
j1

(D0).

Now let T1 be obtained from T0 by subdividing once the edge z1, z2. Let z0 be the resulting
new vertex. Then letW ′

z0 = Z1∪Z2∪(W ′
z1∩W

′
z2). SinceW ′

z1∩W
′
z2 is a minimum (Z1, Z2)-cut,

we have
|(W ′

z1 ∩W
′
z2) \ (Z1 ∩ Z2)| ⩽ min{|Z1 \ Z2|, |Z2 \ Z1|} ⩽

k − 1
2 .

This implies that |W ′
z0 | ⩽

3
2(k − 1). Moreover,

|W ′
z0 ∩W

′
za
| = |(W ′

z1 ∩W
′
z2) ∪ Za|

⩽ |(W ′
z1 ∩W

′
z2) \ (Z1 ∩ Z2)|+ |Za|

⩽ |Z3−a \ Za|+ |Za|
= |Z1 ∪ Z2| < k
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for every a ∈ {1, 2}. Then let S′′ = (S′ \ V (G0)) ∪ S′
0, and let D′′ =

(︁
T ′′, (W ′′

z | z ∈ V (T ′′))
)︁

where V (T ′′) = V (Tx1|x2) ∪ V (T1), E(T ′′) = E(Tx1|x2) ∪ E(T1) ∪ {x1z0}, W ′′
z = Wz for

every z ∈ V (Tx1|x2), and W ′′
z = W ′

z for every z ∈ V (T1). See Figure 2.8. Then D′′ is a tree
decomposition of (G,S′′) of adhesion at most max{a, i − 1} and width less than max

{︁
t, 3

2(k −
1)
}︁

. Moreover, since every neighbor z of z0 is such that |W ′′
z0 ∩W

′′
z | < k, the bag W ′′

z0 will not be

counted in n(k)(D′′), and it follows that n(k)
j (D′′) ⩽ n

(k)
j (D′) for every j ∈ {j1, . . . , |V (G)|} and

n
(k)
j1

(D′′) < n
(k)
j1

(D′). Therefore, n(k)(D′′) is smaller than n(k)(D′) for the lexicographic order, a
contradiction. This proves that (d) holds.

W ′
z1 W ′

z2W ′
z0

Wx1

Z1 Z2

W ′
z1 ∩W ′

z2

< k < k

< k

Figure 2.8: Construction of D′′ in the proof of Lemma 2.21.

2.7 Graphs excluding all k-ladders of length ℓ have bounded k-
treedepth

In this section, we prove the “if” part of Theorem 1.20, that is the fact that graphs excluding all
k-ladders of length ℓ as minors have bounded k-treedepth. To do so, we will prove the following
statement by induction.

Theorem 2.22. There is a function f2.22 : N4 → N such that the following holds. Let k, ℓ, a, t
be positive integers. For every graph G that does not contain any k-ladder of length ℓ as a
minor, for every nice pair (U,B) in G, if S ⊆ U is such that there is a tree decomposition of
(torsoG(U,B), S) of adhesion at most a and width less than t, then there exists S′ with S ⊆ S′ ⊆
U such that

tdk(torsoG(U,B), S′) ⩽ f2.22(k, ℓ, t, a).

To deduce Theorem 1.20, observe that Proposition 2.7 implies that every minor-closed class
of graphs of bounded k-treedepth excludes T□Pℓ for every tree T on k vertices, for some integer
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ℓ. For the other direction, if C is a minor-closed class of graphs that does not contain T□Pℓ
for every tree T on k vertices, then Observation 2.8 implies that no graph in C contains a k-
ladder of length kk−2(ℓ − 1) + 1 as a minor, and Theorem 1.10 implies that every graph in G
has treewidth less than f1.10(max{k, ℓ}). Hence Theorem 2.22 applied for U = S = V (G)
and B = ∅ implies that a graph in such a class has k-treedepth at most f2.22

(︁
k, kk−2(ℓ − 1) +

1, f1.10(max{k, ℓ}), f1.10(max{k, ℓ})
)︁
.

Before showing Theorem 2.22, we give some notation and prove a key lemma. Let G be a
graph, let X ⊆ V (G) and let u ∈ V (G). The projection of u on X is the set

ΠG(X,u) =
{︄
{u} if u ∈ X
NG(V (C)) if u ̸∈ X and C is the connected component of u in G−X .

Moreover, for every A ⊆ V (G), let ΠG(X,A) =
⋃︁
u∈A ΠG(X,u). Observe that for every con-

nected subgraph H of G−ΠG(X,A) intersecting X , V (H) is disjoint from A.
The following lemma is inspired by Huynh, Joret, Micek, Seweryn, Wollan’s proof for the

case k = 2 [HJM+21].

Lemma 2.23. There is a function f2.23 : N3 → N such that the following holds. Let k, ℓ, c be
positive integers. Let G be a connected graph that does not contain any k-ladder of length ℓ as
a minor, let (U,B) be a nice pair in G, and let R ⊆ U with |R| ⩽ c. There is a set Z ⊆ U with
R ⊆ Z such that

(a) for every connected component C of torsoG(U,B)− Z, R is connected in torsoG(U,B)−
V (C); and

(b) tdk(torsoG(U,B), Z) ⩽ f2.23(k, ℓ, c).

Proof. Let

f2.23(k, ℓ, c) = c+ (c− 1) ·max
{︁
2(k − 1) + (2k − 1)(k − 1),
2(k − 1) + t ·

(︁
f2.9(k, ℓ) · f1.10(max{k, ℓ}) + 2k

)︁}︁
.

Let G be a connected graph that does not contain any k-ladder of length ℓ, let (U,B) be a nice
pair in G, and let R ⊆ U with |R| ⩽ c. Fix an ordering r1, . . . , r|R| of R. Note that since G is
connected, torsoG(U,B) is connected by Lemma 2.17. By Theorem 2.20 applied to torsoG(U,B),
there is a tree decomposition

(︁
T, (Wx | x ∈ V (T ))

)︁
of torsoG(U,B) of adhesion at most k − 1

such that

2.20.(a) for every integer i with 1 ⩽ i ⩽ k, for every x ∈ V (T ), for every Z1, Z2 ⊆ Wx with
|Z1| = |Z2| = i, there are i pairwise disjoint (Z1, Z2)-paths in torsoG(U,B); and

2.20.(b) for every edge x1x2 ∈ E(T ), the set
⋃︁
z∈V (Tx1|x2 )Wz induces a connected subgraph of

torsoG(U,B).

Fix some i ∈ [|R| − 1]. We will build a set Zi ⊆ V (G) containing ri and ri+1 such that

(a1) for every connected component C of G− Zi, ri and ri+1 are connected in torsoG(U,B)−
V (C); and

(a2) tdk(torsoG(U,B), Zi) ⩽ max{2(k − 1) + (2k − 1)(k − 1), 2(k − 1) + t ·
(︁
f2.9(k, ℓ) ·

f1.10(max{k, ℓ}) + 2k
)︁
}.

Let x1, x2 ∈ V (T ) be such that ri ∈Wx1 and and ri+1 ∈Wx2 . Consider some y ∈ V (T [x1, x2]).
We will build a set Zi,y ⊆Wy such that
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(b1) for every connected component C of torsoG(U,B) − Zi,y intersecting Wy, ri and ri+1 are
connected in torsoG(U,B)− V (C);

(b2) |Zi,y| ⩽ max
{︁
2(k−1)+(2k−1)(k−1), 2(k−1)+t·

(︁
f2.9(k, ℓ)·f1.10(max{k, ℓ})+2k

)︁}︁
;

and

(b3) Zi,y contains the adhesions of y with its neighbors in T [x1, x2], that is Wy ∩Wy′ ⊆ Zi,y for
every y′ ∈ NT [x1,x2](y).

Let A1 be the adhesion of Wy with its predecessor in T [x1, x2] if y ̸= x1, and let A1 = {ri} if
y = x1. Similarly, let A2 be the adhesion of Wy with its successor in T [x1, x2] if y ̸= x2, and let
A2 = {ri+1} if y = x2. Let Q be a path from A1 to A2 in torsoG(U,B). Such a path exists by
2.20.(a).

If |V (Q) ∩Wy| < 2k, then let

Zi,y = A1 ∪A2 ∪ΠtorsoG(U,B)(Wy, V (Q)).

Note that |Zi,y| ⩽ 2(k − 1) + (2k − 1)(k − 1), and for every connected component C of
torsoG(U,B) − Zi,y intersecting Wy, V (C) is disjoint from V (Q). Hence (b1), (b2), and (b3)
hold by construction.

Now suppose that |V (Q) ∩Wy| ⩾ 2k. Let B1 be the vertex set of the shortest prefix of Q
containing k vertices of Wy, and let B2 be the vertex set of the shortest suffix of Q containing k
vertices in Wy. By 2.20.(a), there are k pairwise vertex-disjoint (B1 ∩Wy, B2 ∩Wy)-paths in
torsoG(U,B). By Lemma 2.17, there are k pairwise vertex-disjoint (B1, B2)-paths Q1, . . . , Qk
in G. Let F be the family of all the connected subgraphs H of G such that V (H) ∩ Qj ̸=
∅ for every j ∈ [k]. By Lemma 2.9, there are no f2.9(k, ℓ) pairwise vertex-disjoint members
of F . Hence by Lemma 1.17 and Theorem 1.10, there is a set Z0

i,y ⊆ V (G) of size at most
f2.9(k, ℓ) · f1.10(max{k, ℓ}) that intersects every member of F . Then let

Zi,y = A1 ∪A2 ∪ΠG(Wy, Z
0
i,y ∪B1 ∪B2).

See Figure 2.9.
Note that (b3) holds by construction, and Zi,y ⊆ Wy. Moreover, for every vertex u of G,

|ΠG(Wy, u)| ⩽ t since t ⩾ 1 and for every connected component C of G − U , NG(V (C))
induces a clique in torsoG(U,B), and so has size at most t. It follows that

|Zi,y| ⩽ 2(k − 1) + t ·
(︁
f2.9(k, ℓ) · f1.10(max{k, ℓ}) + 2k

)︁
,

which proves (b2). Consider now a connected component C of torsoG(U,B) − Zi,y intersecting
Wy. LetC ′ be the connected component ofG−Zi,y containing V (C). Then V (C ′) is disjoint from
Z0
i,y ∪B1∪B2. In particular, C ′ ̸∈ F and so V (C ′) is disjoint from Q′

j for some j ∈ [k]. Fix such
a j ∈ [k]. By Lemma 2.16, there exists a path Q̂j from init(Qj) to term(Qj) in torsoG(U,B) with
vertex set V (Qj) ∩ U . Hence Q̂j is a path from B1 to B2 in torsoG(U,B) − V (C). Extending
it using G[B1] and Q[B2], we obtain a path from A1 to A2 in torsoG(U,B) − V (C). If y =
x1, then recall that A1 = {ri}. If y ̸= x1, let y′ the predecessor of y along T [x1, x2]. Then⋃︁
z∈V (Ty′|y)Wz induces a connected subgraph of torsoG(U,B), and this subgraph is disjoint from

V (C) and contains ri. In both cases, there is path from ri to every vertex in A1 in torsoG(U,B)−
V (C). Similarly, there is a path between ri+1 and every vertex in A2 in torsoG(U,B) − V (C).
We deduce that there is a path from ri to ri+1 in torsoG(U,B)− V (C). This proves (b1).



2.7 – Graphs excluding all k-ladders of length ℓ have bounded k-treedepth 63

Wx1
Wx2Wy

A1
A2

Q

B1 B2

Z0
i,y

Zi,y

ri ri+1

Qj

Figure 2.9: Illustration for the proof of Lemma 2.23. For sake of clarity, we assume
here that U = V (G), and Q, B1, and B2 are drawn inside Wy, but in general this
is not the case, and so Zi,y contains only the projection of B1 ∪B2 on Wy.

Now let
Zi =

⋃︂
y∈V (T [x1,x2])

Zi,y.

By (b3),
(︁
T [x1, x2], (Zi,y | y ∈ V (T [x1, x2]))

)︁
is a tree decomposition (and even a path de-

composition) of (torsoG(U,B) − R,Zi) of adhesion at most k − 1 and of width less than
max

{︁
2(k− 1) + (2k− 1)(k− 1), 2(k− 1) + (k− 1) ·

(︁
f2.9(k, ℓ) · f1.10(max{k, ℓ}) + 2k− 1

)︁}︁
.

Hence

tdk(torsoG(U,B)−R,Zi) ⩽ max
{︁
2(k − 1) + (2k − 1)(k − 1),
2(k − 1) + t ·

(︁
f2.9(k, ℓ) · f1.10(max{k, ℓ}) + 2k

)︁}︁
,

and so (a1) holds. Moreover, for every connected component C of torsoG(U,B) − R − Zi, if
V (C) intersects Wy for some y ∈ V (T [x1, x2]), then by (b1), there is a path from ri to ri+1
in torsoG(U,B) − V (C). Otherwise, there is an edge yy′ ∈ E(T ) with y ∈ V (T [x1, x2]) and
y′ ̸∈ V (T [x1, x2]) such that V (C) ⊆

⋃︁
z∈V (Ty′|y)Wz \Wy. Then, since

⋃︁
z∈V (Ty|y′ )Wz induces a

connected subgraph of torsoG(U,B) which contains ri and ri+1 and is disjoint from V (C), there
is a path from ri to ri+1 in torsoG(U,B)− V (C). Therefore, (a1) holds.
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Finally, let
Z = R ∪

⋃︂
i∈[|R|−1]

Zi.

Then for every connected component C of torsoG(U,B)−Z for every i ∈ [|R| − 1], C is disjoint
from Zi and so by (a1), there is a path from ri to ri+1 in torsoG(U,B) − V (C). Therefore, R is
connected in torsoG(U,B)− V (C), which proves (a). Moreover, by Lemma 2.6,

tdk(torsoG(U,B), Z) ⩽ |R|+ (|R| − 1) ·max
{︁
2(k − 1) + (2k − 1)(k − 1),
t · f2.9(k, ℓ) · f1.10(max{k, ℓ}) + 2k

}︁
⩽ f2.23(k, ℓ, c),

and so (b) holds. This proves the lemma.

We can now give the proof of Theorem 2.22.

Proof of Theorem 2.22. Let k, ℓ be fixed positive integers. We proceed by induction on a. If
a ⩽ k − 1, then (torsoG(U,B), S) has a tree decomposition of width less than t and adhesion
at most k − 1, and so tdk(torsoG(U,B), S) ⩽ t ⩽ f2.22(k, ℓ, t, a) for f2.22(k, ℓ, t, a) = t. Now
suppose a ⩾ k, and that the result holds for a− 1.

First, we prove the following claim.

Claim 2.22.1. There is a function f2.22.1 : N4 → N such that the following holds. Let ℓ′, c, c′

be positive integers. Let G be a graph that does not contain any k-ladder of length ℓ as a mi-
nor. Let (U,B) be a nice pair in G. Let S ⊆ U be such that there is a tree decomposition of
(torsoG(U,B), S) of adhesion at most a and width less than t. Let (V0, . . . , Vℓ′) be a path parti-
tion of torsoG(U,B) such that

(a) NtorsoG(U,B)(Vi) ∩ Vi−1 is connected in torsoG(U,B)[(NtorsoG(U,B)(Vi) ∩ Vi−1) ∪ Vi], for
every i ∈ [ℓ′ − 1];

(b) |NtorsoG(U,B)(Vℓ′)| ⩽ c; and

(c) for every W ⊆ Vℓ′ , either

(i) there are k disjoint (V0,W )-paths in torsoG(U,B), or

(ii) tdk(torsoG(U,B)[W ], S ∩W ) ⩽ c′.

Then there exists S′ ⊆ Vℓ′ with S ∩ Vℓ′ ⊆ S′ such that

tdk(torsoG(U,B)[Vℓ′ ], S′) ⩽ f2.22.1(t, ℓ′, c, c′).

Before proving it, we motivate the statement of this claim. Its proof will consists in a down-
ward induction on ℓ′. The path partition (V0, . . . , Vℓ′) will ensure that the induction will eventually
stop: if this path partition is long enough, and if we have k disjoint paths from V0 to Vℓ′ , then we
will find a long k-ladder by Lemma 2.9, since each part is morally connected by (a). The problem
with this approach is that there are graphs, even with large k-treedepth, that have no path partition
with more than 3 parts. This is for example the case when there is a universal vertex. But in this
specific case, removing the universal vertex will decrease the treewidth by one. In general, we
will use the fact mentioned in Section 2.1 that for every graph G, for every u ∈ V (G), there exists
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S ⊆ V (G) \ {u} containing NG(u) with tw(G − u, S) < tw(G). Hence, by induction, we can
decompose a superset of NG(u) in G− u, which will enable us to construct a path partition. This
is why we are working in the setting of decomposition “focused” on a subset S of vertices.

Proof of the claim. Let L = f2.9(k, ℓ), where f2.9 is the function from Lemma 2.9. If ℓ′ ⩾ 2L,
then let

f2.22.1(t, ℓ′, c, c′) = c′.

Otherwise, if ℓ′ < 2L, let

f2.22.1(t, ℓ′, c, c′) = f2.23(k, ℓ, c)
+ c · (t+ 1)
+ c · f2.22(k, ℓ, t− 1, a− 1)+
+ f2.22.1

(︁
t, ℓ′ + 1,
f2.23(k, ℓ, c) + c · (t+ 1) + f2.22(k, ℓ, t− 1, a− 1), c′)︁.

We proceed by induction on (2L− ℓ′, |Vℓ′ |), in the lexicographic order. Let D0 =
(︁
T0, (W 0

x |
x ∈ V (T0))

)︁
be a tree decomposition of (torsoG(U,B), S) of adhesion at most a and width less

than t. If ℓ′ ⩾ 2L, then, by (c), either

(i) there are k disjoint (V0, V2L)-paths in torsoG(U,B), or

(ii) tdk(torsoG(U,B)[Vℓ′ ], S ∩ Vℓ′) ⩽ c′.

In the second case we are done. Now assume that there are k disjoint (V0, Vℓ′)-paths in
torsoG(U,B), and so k disjoint (V0, V2L)-paths in torsoG(U,B). By Lemma 2.17, there are k
disjoint (V0, V2L)-paths Q1, . . . , Qk in G. Moreover, since (V0, . . . , V2L) is a path partition of
torsoG(U,B), every (V0, V2L)-path inG intersectsNtorsoG(U,B)(Vi)∩Vi−1 for every i ∈ [2L]. For
every i ∈ [2L], NtorsoG(U,B)(Vi)∩Vi−1 is connected in torsoG(U,B)[(NtorsoG(U,B)(Vi)∩Vi−1)∪
Vi] by (a). LetCi be the vertex set of the connected component of torsoG(U,B)[(NG(Vi)∩Vi−1)∪
Vi] containingNG(Vi)∩Vi−1. Let Ci be the family of all the membersB of B withB∩V (Ci) ̸= ∅.
Not that

⋃︁
Ci and

⋃︁
Cj are disjoint for every i, j ∈ [2L] with |i− j| ⩾ 2, because B ∩ U induces

a clique in torsoG(U,B), for every B ∈ B. Moreover, NtorsoG(U,B)(Vi) ∩ Vi−1 is connected in
G[Ci ∪

⋃︁
Ci]. Let C ′

i be the connected component of G[Ci ∪
⋃︁
Ci] containing NG(Vi) ∩ Vi−1.

Then C ′
1, C

′
3, . . . , C

′
2L−1 is a family of L pairwise disjoint connected subgraphs of G, each of

them intersecting V (Qj) for every j ∈ [k]. By Lemma 2.17, Lemma 2.9, and the definition of L,
this implies that G contains a k-ladder of length ℓ as a minor, a contradiction.

Now suppose ℓ′ < 2L. If torsoG(U,B)[Vℓ′ ] is not connected, then let C be the family of all
the connected components of G[Vℓ′ ]. For every C ∈ C, we call induction on the path partition(︁
V0, . . . , Vℓ′−2, Vℓ′−1 ∪ (Vℓ′ \ V (C)), V (C)

)︁
. We deduce that there exists S′

C ⊆ V (C) con-
taining S ∩ V (C) such that tdk(C, S′

C) ⩽ f2.22.1(t, ℓ′, c, c′). Then for S′ =
⋃︁
C∈C S

′
C , we have

tdk(torsoG(U,B)[Vℓ′ ], S′) ⩽ f2.22.1(t, ℓ′, c, c′). Now assume that torsoG(U,B)[Vℓ′ ] is connected.

A general picture of the following proof is provided in Figure 2.10. Let X = V1 ∪ · · · ∪
Vℓ′−2 ∪ (Vℓ′−1 \NtorsoG(U,B)(Vℓ′)), and let U ′ = U \X . Note that U ′ = NtorsoG(U,B)(Vℓ′) ∪ Vℓ′ .
By Lemma 2.14, there exists a nice pair (U ′,B′) in G−X with

torsoG−X(U ′,B′) = torsoG(U,B)−X = torsoG(U,B)[NtorsoG(U,B)(Vℓ′) ∪ Vℓ′ ].
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U

...

V0

Vℓ′−1

Vℓ′

R = NtorsoG(U,B)(Vℓ′)

C

Z −R

ZC

C ′S′
0,C′

C ′′S′
1,C′′

Figure 2.10: Illustration for the proof of Claim 2.22.1. First we remove the set Z
given by Lemma 2.23 to ensure that R is connected in torsoG′(U ′,B′)− V (C) for
every connected component C of torsoG′(U ′,B′)−Z. Fix a connected component
C of torsoG′(U ′,B′). Then, we remove ZC to ensure that connected components of
C−ZC are either disjoint from S (and so we are done), or have their neighborhood
included in S. Fix a connected component C ′ of C − ZC which intersects S.
We want to call induction on ℓ′ by considering the partition

(︁
V0, . . . , Vℓ′−1, Vℓ′ \

V (C ′), V (C ′)
)︁
. However, this might be not a path partition, since V (C ′) can have

neighbors in R. Hence we need to decompose NtorsoG′ (U ′,B′)(u)∩V (C ′) for every
u ∈ R. This is done by calling induction on a, the adhesion of the given tree
decomposition of (torsoG(U,B), S). Now that the neighborhood of R is covered
by a set S′

0,C′ , we can indeed call induction on ℓ′, which yields S′
1,C′′ for each

component C ′′ of C ′ − S′
0,C′ intersecting S. Then, combining the k-dismantable

tree decompositions obtained at each step, we deduce the claim.
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Moreover, U ′ induces a connected subgraph of torsoG(U,B) disjoint from X , and so by
Lemma 2.17, U ′ is connected in G−X . Let G′ be the connected component of G−X containing
U ′. By possibly replacing every memberB ofB′ byB∩V (G′), we can assume that

⋃︁
B′ ⊆ V (G′).

Then, (U ′,B′) is a nice pair in G′. By Lemma 2.23 applied to R = NtorsoG(U,B)(Vℓ′), there is a
set Z ⊆ U ′ containing R such that

2.23.(a) for every connected component C of torsoG′(U ′,B′) − Z, the set R is connected in
torsoG′(U ′,B′)− V (C); and

2.23.(b) tdk(torsoG′(U ′,B′), Z) ⩽ f2.23(k, ℓ, c).

Let DZ =
(︁
TZ , (WZ

x | x ∈ V (TZ))
)︁

be a k-dismantable tree decomposition of
(torsoG′(U ′,B′), Z) of width less than f2.23(k, ℓ, c). Recall that torsoG′(U ′,B′) − Z =
torsoG(U,B)− (X ∪ Z). Fix a connected component C of torsoG(U,B)− (X ∪ Z). For every
u ∈ (NtorsoG(U,B)(V (C))∩R) \S, let Cu be the connected component of u in torsoG(U,B)−S.
Since D0 is a tree decomposition of (torsoG(U,B), S), there exists xu ∈ V (T0) such that
NtorsoG(U,B)(V (Cu)) ⊆W 0

xu
. Now let

ZC =
⋃︂

u∈
(︁
NtorsoG(U,B)(V (C))∩R

)︁
\S

(︂
W 0
xu
∩ V (C)

)︂
.

Note that ZC ⊆ V (C) ∩ S and |ZC | ⩽ c · (t + 1). Now, for every connected component C ′ of
C − ZC , either V (C ′) ∩ S = ∅, or NtorsoG(U,B)(V (C ′)) ∩ R ⊆ S. Let CC be the family of all
the connected components of C − ZC intersecting S. Fix C ′ ∈ CC , and consider some vertex
u ∈ NtorsoG(U,B)(V (C ′)) ∩ R. Recall that u ∈ S. Let T0,u be the subtree of T0 induced by
{x ∈ V (T0) | u ∈ W 0

x}, and let Su =
⋃︁
x∈V (T0,u)W

0
x ∩ V (C ′). Then

(︁
T0,u, (W 0

x ∩ V (C ′) |
x ∈ V (T0,u))

)︁
is a tree decomposition of (C ′, Su) of width less than t − 1 and adhesion at

most a − 1 since u ∈ W 0
x \ V (C ′) for every x ∈ V (T0,u). Moreover, by Lemma 2.14, since

V (C ′) = U \ (U \ V (C ′)), there is a nice pair in G − (U \ V (C ′)) of the form (V (C ′),BC′)
such that C ′ = torsoG(U,B) − (U \ V (C ′)) = torsoG(V (C ′),BC′). Hence, by the induction
hypothesis applied to G − (U \ V (C ′)), V (C ′),BC′ , Su, there exists S′

u ⊆ V (C ′) with Su ⊆ S′
u

such that

tdk(C ′, S′
u) ⩽ tdk

(︁
torsoG−(U\V (C′))(V (C ′),BC′), S′

u

)︁
⩽ f2.22(k, ℓ, t− 1, a− 1).

Let
S′

0,C′ =
⋃︂

u∈NtorsoG(U,B)(V (C′))∩R
S′
u.

Then, by Lemma 2.6,

tdk(C ′, S′
0,C′) ⩽ c · f2.22(k, ℓ, t− 1, a− 1).

Consider now a connected component C ′′ of C ′−S′
0,C′ with V (C ′′)∩S ̸= ∅. Since C ′′ is disjoint

from
⋃︁
u∈NtorsoG′ (U′,B′)(V (C′))∩R Su, this implies that there is no edge between R and V (C ′′) in

torsoG(U,B). Moreover,

|NtorsoG(U,B)(V (C ′′))| ⩽ c · f2.23(k, ℓ, c) + c · (t+ 1) + f2.22(k, ℓ, t− 1, a− 1).
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Then
(︁
V0, . . . , Vℓ′−1, Vℓ′ \ V (C ′′), V (C ′′)

)︁
is a path partition of torsoG(U,B). By the proper-

ties of Z, R = NtorsoG(U,B)(Vℓ′) is connected in the graph

torsoG′(U ′,B′)− V (C ′′) = torsoG(U,B)−X − V (C ′′)
= torsoG(U,B)

[︁
NtorsoG(U,B)(Vℓ′) ∪ (Vℓ′ \ V (C ′′))

]︁
.

Hence
(︁
V0, . . . , Vℓ′−1, Vℓ′ \V (C ′′), V (C ′′)

)︁
satisfies the hypothesis of the claim for the parameters

(k, ℓ, t, a, ℓ′ + 1, f2.23(k, ℓ, c) + c · (t+ 1) + f2.22(k, ℓ, t− 1, a− 1), c′). Hence, by induction on
ℓ′, there exists S′

1,C′′ ⊆ V (C ′′) with S ∩ V (C ′′) ⊆ S′
1,C′′ such that

tdk(C ′′, S′
1,C′′) ⩽ f2.22.1

(︁
t, ℓ′ + 1, f2.23(k, ℓ, c) + c · (t+ 1) + f2.22(k, ℓ, t− 1, a− 1), c′)︁.

Now, let
S′
C′ = S′

0,C′ ∪
⋃︂

C′′ connected components of C′ − S′
0,C

V (C′′) ∩ S ̸= ∅

S′
1,C′′ .

Then, by Lemma 2.6,

tdk(C ′, S′
C′) ⩽ tdk(C ′, S′

0,C′) + max
C′′ connected components of C′ − S′

0,C

V (C′′) ∩ S ̸= ∅

tdk(C ′′, S′
1,C′′)

⩽ c · f2.22(k, ℓ, t− 1, a− 1)+
+ f2.22.1

(︁
t, ℓ′ + 1,
f2.23(k, ℓ, c) + c · (t+ 1) + f2.22(k, ℓ, t− 1, a− 1), c′)︁.

Now let
SC = ZC ∪

⋃︂
C′∈CC

S′
C′ .

Then, by Lemma 2.6,

tdk(C, SC) ⩽ |ZC |+ max
C′∈CC

tdk(C ′, S′
C′)

⩽ c · (t+ 1) + c · f2.22(k, ℓ, t− 1, a− 1)+
+ f2.22.1

(︁
t, ℓ′ + 1,
f2.23(k, ℓ, c) + c · (t+ 1) + f2.22(k, ℓ, t− 1, a− 1), c′)︁.

Finally, let
S′ = Z ∪

⋃︂
C connected component of

torsoG′ (U ′,B′) − Z

SC .
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Recall that torsoG′(U ′,B′) − Z = torsoG(U,B) − X − Z = torsoG(U,B)[Vℓ′ ] − Z. Then, by
Lemma 2.6,

tdk(torsoG(U,B)[Vℓ′ ], S′) ⩽ tdk(torsoG(U,B)[Vℓ′ ], Z) + max
C connected component
of torsoG′ (U ′,B′)−Z

tdk(C, SC)

⩽ f2.23(k, ℓ, c)
+ c · (t+ 1)
+ c · f2.22(k, ℓ, t− 1, a− 1)+
+ f2.22.1

(︁
t, ℓ′ + 1,
f2.23(k, ℓ, c) + c · (t+ 1) + f2.22(k, ℓ, t− 1, a− 1), c′)︁

⩽ f2.22.1(t, ℓ′, c, c′).

Since S ∩ Vℓ′ ⊆ S′, this proves the claim. ♢

We now define f2.22(k, ℓ, t, a) by

f2.22(k, ℓ, t, a) = max
{︂
t, 3

2(k − 1),

2k − 1 + f2.22.1
(︂
max

{︂
t, 3

2(k − 1)
}︂
, 1, k,max

{︂
t, 3

2(k − 1)
}︂)︂}︂

.

Let G be a graph that does not contain any k-ladder of length ℓ as a minor, let (U,B) be a
nice pair in G, and let S ⊆ U be such that there is a tree decomposition of (torsoG(U,B), S) of
adhesion at most a and width less than t. To deduce the theorem, we will decompose torsoG(U,B)
into nice pairs using Lemma 2.21. By Lemma 2.21 applied to torsoG(U,B) and S, there exists
S′

0 ⊆ U containing S andD =
(︁
T, (Wx | x ∈ V (T ))

)︁
a tree decomposition of (torsoG(U,B), S′

0)
such that if C is the family of all the connected components of torsoG(U,B)− S′

0, then

2.21.(a) D has adhesion at most a;

2.21.(b) D has width less than max
{︁
t, 3

2(k − 1)
}︁

;

2.21.(c) for every x1, x2 ∈ V (T ), for every Z1 ⊆Wx1 and Z2 ⊆Wx2 both of size k, either

(i) there are k disjoint (Z1, Z2)-paths in G,

(ii) there exists z1, z2 ∈ E(T [x1, x2]) with |Wz1 ∩Wz2 | < k, or

(iii) x1 = x2, |Wx1 | ⩽ 3
2(k − 1) and |Wx1 ∩Wy| < k for every y ∈ NT (x1); and

2.21.(d) for every x1x2 ∈ E(T ) with |Wx1 ∩ Wx2 | < k, if there exists x3 ∈ NT (x2) such that
|Wx2 ∩Wx3 | ⩾ k, then for every positive integer i, for every Z1, Z2 ⊆Wx1 ∩Wx2 both of
size i, there are i disjoint (Z1, Z2)-paths in

torsoG(U,B)

⎡⎢⎣ ⋃︂
z∈V (Tx2|x1 )

Wz ∪
⋃︂

C∈C(x2|x1)
V (C)

⎤⎥⎦ \ (︄Wx1 ∩Wx2

2

)︄
,

where C(x2 | x1) is the family of all the connected components C ∈ C such that
NtorsoG(U,B)(V (C)) ⊆

⋃︁
z∈V (Tx2|x1 )Wz and NtorsoG(U,B)(V (C)) ̸⊆Wx1 ∩Wx2 .
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For every connected component C ∈ C, fix xC ∈ V (T ) such that NtorsoG(U,B)(V (C)) ⊆WxC .
LetE<k be the set of all the edges zz′ of T such that |Wz∩Wz′ | < k. IfE<k = E(T ), thenD

has adhesion at most k − 1 and so it is a k-dismantable tree decomposition of (torsoG(U,B), S′)
of width less than max

{︁
t, 3

2(k − 1)
}︁

. This implies that tdk(torsoG(U,B), S′
0) ⩽ max

{︁
t, 3

2(k −
1)
}︁
⩽ f2.22(k, ℓ, t, a).
Now suppose E<k ̸= E(T ). We root T on a vertex r which is incident to an edge in E(T ) \

E<k. Let T1, . . . , Tm be all the connected components of T \ E<k that contain at least one edge.
Consider some i ∈ [m]. Let Ai be the adhesion between the root of Ti and its parent if

r ̸∈ V (Ti), or the empty set if r ∈ V (Ti). Let T ′
i be the connected component containing Ti in

T −
⋃︁
j∈[m],j ̸=i V (Tj), see Figure 2.11. Then let T ′′

i be the subtree of T ′
i rooted on the root of Ti.

Let

Ui =
⋃︂

z∈V (T ′
i )

⎛⎜⎝Wz ∪
⋃︂

C∈C,NtorsoG(U,B)(V (C))⊆Wz

V (C)

⎞⎟⎠ ,
and let Bi be the family all of the sets

⋃︂
z∈V (S)

⎛⎜⎜⎜⎜⎝Wz ∪
⋃︂

C∈C,NtorsoG(U,B)(V (C))⊆Wz ,

NtorsoG(U,B)(V (C))̸⊆Ui

V (C)

⎞⎟⎟⎟⎟⎠
for S connected component of T − T ′

i .
Let

Vi =
⋃︂

z∈V (T ′′
i )
Wz ∪

⋃︂
C∈C,xC∈V (T ′′

i )
V (C)

and let B′′
i be the family of all the sets

⋃︂
z∈V (S)

⎛⎜⎜⎜⎜⎝Wz ∪
⋃︂

C∈C,NtorsoG(U,B)(V (C))⊆Wz ,

xC ̸∈V (T ′′
i )

V (C)

⎞⎟⎟⎟⎟⎠
for S connected component of T − T ′′

i . Then let Gi = torsotorsoG(U,B) (Vi,B′′
i ). Observe that G

can be obtained by (< k)-clique-sums of G1, . . . , Gm, and V (Gi)∩V (Gj) ⊆ S for every distinct
i, j ∈ [m]. Hence it remains to bound tdk

(︁
Gi, S

′
0 ∩ V (Gi)

)︁
for every i ∈ [m].

By construction, (Ui,Bi) is a good pair in torsoG(U,B). Moreover, for every connected
component S of T − T ′

i , if the edge between T ′
i and S is x1x2 with x1 ∈ V (T ′

i ), then
|Wx1 ∩ Wx2 | < k and x2 belongs to some Tj for j ∈ [m] \ {i}, which implies that x2 has
a neighbor x3 with |Wx2 ∩ Wx3 | ⩾ k. By 2.21.(d), this implies that for every positive inte-
ger i′, for every Z1, Z2 ⊆ Wx1 ∩ Wx2 both of size i′, there are i′ disjoint (Z1, Z2)-paths in
torsoG(U,B)

[︂⋃︁
z∈V (Tx2|x1 )Wz ∪

⋃︁
C∈C(x2∪x1) V (C)

]︂
\
(︁Wx1 ∩Wx2

2
)︁
. This implies that (Ui,Bi) is

a nice pair in torsoG(U,B). Now, since (U,B) is a nice pair in G, we deduce by Lemma 2.18 that
there exists B′

i such that (Ui,B′
i) is a nice pair inG and torsoG(Ui,B′

i) = torsotorsoG(U,B)(Ui,Bi).
Now, observe thatGi ⊆ torsoG(Ui,B′

i)∪
(︁Ai

2
)︁
. Hence, to bound tdk

(︁
Gi, S

′
0∩V (Gi)

)︁
, it is enough

to bound the k-treedepth of tdk
(︁

torsoG(Ui)∪
(︁Ai

2
)︁
, S′

0∩Ui
)︁
. To do so, we will apply Claim 2.22.1.
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T ′
6

T7

T ′
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Figure 2.11: Application of Lemma 2.21 in the proof of Theorem 2.22. This yields
a tree decomposition of (torsoG(U,B), S′

0) for some S′
0 ⊆ U containing S. For

sake of clarity, the connected components of torsoG(U,B) − S′
0 are not depicted.

We want to decompose torsoG(U,B) using this tree decomposition as a clique sum
of some “nice” G1, . . . , Gm. To do so, we rely on the “well-connected” adhesions
given by 2.21.(d). In orange are depicted the clique-sums we will perform. In
black are depicted the edge zz′ ∈ E(T ) with |Wz ∩ Wz′ | ⩾ k, and in brown
those for which |Wz ∩Wz′ | < k. By the properties of the tree decomposition, and
in particular 2.21.(d), the sets Ui =

⋃︁
z∈V (T ′

i )Wz ∪
⋃︁
C∈C,xC∈V (T ′

i ) V (C) are in
suitable nice pairs (Ui,B′

i) in G, and so we can apply Claim 2.22.1 to decompose
them.
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Let V0 be a subset of k vertices of the bag of the root of Ti. Observe that for every W ⊆ Ui, if
there are no k disjoint (V0,W )-paths in torsoG(Ui,B′

i), then by Lemma 2.17 and 2.21.(c), |W ∩
Wz| < k for every z ∈ V (Ti). This implies that |Wz∩Wz′∩W | < k for every zz′ ∈ E(T ′

i ), and so(︁
T ′
i , (Wz∩W | z ∈ V (T ′

i ))
)︁

is a tree decomposition of
(︁

torsoG(Ui,B′
i)[W ], S′

0∩W
)︁

of adhesion
at most k−1 and width less than max

{︁
t, 3

2(k−1)
}︁

. This proves that tdk
(︁

torsoG(Ui,B′
i)[W ], S′

0∩
W
)︁
⩽ max

{︁
t, 3

2(k − 1)
}︁

. Hence, by Claim 2.22.1 applied to the path partition (V0, Ui \ V0),
ℓ′ = 1, c = k, c′ = max

{︁
t, 3

2(k − 1)
}︁

, V1 = Ui \ V0, there exists S′
0,i ⊆ Ui \ V0 with

S′
0 ∩ (Ui \ V0) ⊆ S′

i such that

tdk
(︁

torsoG(Ui,B′
i)[Ui \ V0], S′

0,i
)︁
⩽ f2.22.1

(︂
max

{︂
t, 3

2(k − 1)
}︂
, 1, k,max

{︂
t, 3

2(k − 1)
}︂)︂

.

Let S′
i = (S′

0,i ∪ V0) ∩ V (Gi). Then

tdk(Gi, S′
i) ⩽ tdk

(︁
torsoG(Ui,B′

i), S′
0,i ∪ V0

)︁
+ |Ai|

⩽ |V0|+ tdk
(︁

torsoG(Ui,B′
i)[Ui \ V0], S′

0,i
)︁

+ |Ai|

⩽ k + f2.22.1
(︂
max

{︂
t, 3

2(k − 1)
}︂
, 1, k,max

{︂
t, 3

2(k − 1)
}︂)︂

+ (k − 1)

⩽ f2.22(k, ℓ, t, a).

Let Di =
(︁
Ti, (Wz | z ∈ V (Ti))

)︁
be a k-dismantable tree decomposition of (Gi, S′

i) of width less
than f2.22(k, ℓ, t, a).

Finally, let
S′ =

⋃︂
i∈[m]

S′
i.

Let (i1, j1), . . . , (im−1, jm−1) be all the pairs of distinct indices i, j ∈ [m] such that there is an
edge between V (T ′

j) and V (Ti) in T , with the root of Ti being closer from r in T than the root
of Tj . Note that for every a ∈ [m − 1], Aia = V (Gia) ∩ V (Gja) induces a clique in both
Gia and Gja , and Aia ⊆ S′. This implies that there exists za ∈ V (Tia) and z′

a ∈ V (Tja) such
that V (Gia) ∩ V (Gja) ⊆ W ia

za
,W ja

z′
a

. Now, let T ′ =
(︂⋃︁

i∈[m] Ti
)︂
∪ {zaz′

a | a ∈ [m − 1]} and

S′ =
⋃︁
i∈[m]

(︁
S′
i ∩ V (Gi)

)︁
. Then, S ⊆ S′

0 ⊆ S′ and
(︁
T ′, (Wx | x ∈ V (T ′))

)︁
is a k-dismantable

tree decomposition of (G,S′) of width less than f2.22(k, ℓ, t, a). This proves the theorem.

2.8 k × ℓ grid minor of long (2k − 1)-ladders

In this section, we show how to find a k × ℓ grid in T□PL for any tree T on 2k − 1 vertices, and
some large enough integer L. Together with Theorem 1.20, this implies Corollary 1.21.

Lemma 2.24. Let k, ℓ be positive integers. For every tree T on 2k − 1 vertices, there exists an
integer L such that the k × ℓ grid is a minor of T□PL.

First, let us introduce some notation. Given two graphs H,G, we write H ⊑ G if there is a
sequence φ1, . . . , φm of injective functions from V (H) to V (G) such that

(i) for every i ∈ [m − 1], φi and φi+1 differs on exactly one vertex x ∈ V (H), and
φi(x)φi+1(x) is an edge in G; and

(ii) for every xy ∈ E(H), there exists i ∈ [m] such that φi(x)φi(y) ∈ E(G).
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Less formally, we can see the vertices of H as tokens placed on the vertices of G, and we succes-
sively move these tokens along the edges of G in such a way that every edge of H is such that the
corresponding tokens are adjacent in G at least once in this sequence. See Figure 2.12.

φ1 φ2 φ3 φ4

Figure 2.12: A sequence (φ1, φ2, φ3, φ4) witnessing that P5 ⊑ T , where T is the
tree on 6 vertices having two internal vertices of degree 3. Informally, we place the
vertices of P5 as token on the graph T , and we move them one by one in such a
way that for every edge xy of P5, the tokens of x and y are adjacent in T at least
once. The fat edges represent these realizations φi(x)φi(y) ∈ E(T ) of the edges
xy ∈ E(P5).

This definition is motivated by the following observation.

Observation 2.25. Let G,H be two graphs. If H ⊑ G, then for every positive integer ℓ, there
exists a positive integer L such that H□Pℓ is a minor of G□PL.

Proof. Since H ⊑ G, there is a sequence φ1, . . . , φm of injective functions from V (H) to V (G)
such that

(i) for every i ∈ [m − 1], φi and φi+1 differs on exactly one vertex x ∈ V (H), and
φi(x)φi+1(x) are adjacent in G; and

(ii) for every xy ∈ E(H), there exists i ∈ [m] such that φi(x)φi(y) ∈ E(G).

Let L = ℓ·(2m−1). We label the vertices ofG□PL by (x, i) for x ∈ V (G) and i ∈ [L]. For every
x ∈ V (H), let B0

x = {(φi(x), i) | i ∈ [m]} ∪ {(φi(x), i + 1) | i ∈ [m − 1], φi(x) ̸= φi+1(x)}.
Then let B1

x = B0
x ∪{(u, 2m− i) | (u, i) ∈ B0

x}, and finally B(x,j) = {(u, i+ (2m− 1)(j− 1)) |
(u, i) ∈ B1

x} for every j ∈ [ℓ]. See Figure 2.13. It is not hard to check that (G□PL)[Bx,j ] is
connected, that the sets (Bx,j)x∈V (H),j∈[ℓ] are pairwise disjoint, and for every xy ∈ E(H), there
is an edge between B(x,j) and B(y,j) in G□PL, for every j ∈ [ℓ]. Moreover, there is an edge
between B(x,j) and B(x,j+1) in G□PL for every j ∈ [ℓ− 1]. Hence (B(x,j) | (x, j) ∈ V (H□Pℓ))
is a model of H□Pℓ in G□PL. This proves the observation.

Using Observation 2.25, it is enough to show the following to prove Lemma 2.24.

Lemma 2.26. For every positive integer k, for every tree T on 2k − 1 vertices, Pk ⊑ T .

Proof. Let P = (u0, . . . , up) be a longest path in T . If p ⩾ k − 1, then set m = 1 and φ1(i) =
ui−1, for every every vertex i of the path Pk = (1, . . . , k), and it follows that Pk ⊑ T . Now we
assume that p ⩽ k − 2, and so |V (T ) \ V (P )| ⩾ k. Let φ0 be any injection from [k] = V (Pk)
to V (T ) \ V (P ). We claim that it is enough to show that for every distinct x, y ∈ [k] = V (Pk),
there is a sequence (φx,y1 , . . . , φx,ymx,y

) of injections from [k] to V (T ) such that
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Figure 2.13: Illustration for Observation 2.25. Using the sequence (φ1, . . . , φ4)
given in Figure 2.12, we construct a model of P5□Pℓ in T□P7·ℓ by gluing together
ℓ copies of the model (B1

x | x ∈ V (P5)) depicted here. For sake of clarity, some
edges of T□P7 which are not used by this model are not depicted.

(i) for every i ∈ [mx,y − 1], φx,yi and φx,yi+1 differs on exactly one vertex x ∈ V (H), and
φx,yi (x)φx,yi+1(x) are adjacent in G; and

(ii) φx,ymx,y
(x)φx,ymx,y

(y) ∈ E(T );

(iii) φx,y1 = φ0.

Indeed, the sequence φ1,2
1 , . . . , φ1,2

m1,2−1, φ
1,2
m1,2 , φ

1,2
m1,2−1, . . . , φ

1,2
2 , φ2,3

1 , . . . , . . . , φ
(k−1),k
m(k−1),k

then
witnesses that Pk ⊑ T . Note that this argument also yields Kk ⊑ T .

For sake of clarity, we fix x, y ∈ [k] = V (Pk) distinct, and we will write φi for φx,yi . First
set φ1 = φ0. Let ui (resp. uj) be the vertex of P closest to x (resp. y). Without loss of
generality, assume that i ⩽ j. By maximality of P , |V (P [u0, ui[)| ⩾ |V (T [φ0(x), ui[)| and
|V (P ]uj , up])| ⩾ |V (T [φ0(y), uj [)|.

Then we move the vertices of φ0([k]) ∩ V (T [φ0(x), ui[) into {u0, . . . , ui−1} by a sequence
φ1, . . . , φm0 satisfying (i) and such that φm0(x) = ui−1, and the vertices not in T [φ0(x), ui[ are
not moved. Then, we move the vertices of φ0([k]) ∩ V (T [φ0(y), uj [) into {uj+1, . . . , up} by a
sequence φm0+1, . . . , φm1 satisfying (i) and such that φm1(y) = uj+1, and the vertices not in
T [φ0(y), uj [ are not moved. Finally, we move y from uj+1 to ui by a sequence φm1+1, . . . , φm
satisfying (i) and such that φi(z) = φm1(z) for every z ∈ [k] \ {y}. This sequence is depicted on
Figure 2.14. Then φm(x)φm(y) = uj−1uj is an edge of T , and so φ1, . . . , φm is as claimed. This
proves the lemma.

ui uj

x y

u0 up

Figure 2.14: The main steps in the sequence given in the proof of Lemma 2.26 to
make adjacent the red token x and the blue token y. In gray are depicted the tokens
which are not moved.
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Excluding a rooted minor





CHAPTER 3
Rooted and rich minors

This chapter contains joint work with Jędrzej Hodor, Hoang La, and Piotr Micek, and is
an introduction to the technique used in [HLMR24a, HLMR24b, HLMR25].

3.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
3.2 Rooted minors and decompositions focused on a subset of vertices . . . . . 79
3.3 Rich minors and hitting sets . . . . . . . . . . . . . . . . . . . . . . . . . . 84

3.1 Motivation

The purpose of this chapter is to present the main tool used throughout this part. This technique is
an attempt to answer to the general question:

Question. Let X be a graph and let x ∈ V (X). Knowing a structure for (X − x)-minor-free
graphs, can we deduce a structure for X-minor-free graphs?

To illustrate this problem, consider the following concrete example.

Locally-bounded vertex cover.

Question. For which minor-closed class of graphs C there is a function f such that for every
G ∈ G,

vc(G) ⩽ f(radius(G))?

We say that such a class C has locally-bounded vertex cover. A first step to answer this question
is to find “obstructions”, that is a minimal family of graphs that do not have this property. Here,
a good candidate is the following family. For every integer ℓ with ℓ ⩾ 2, let Xℓ be the graph
obtained from a matching Mℓ on ℓ edges by adding a vertex u adjacent to exactly one vertex in
each edge of Mℓ. In other words, Xℓ is obtained from the star with ℓ leaves by subdividing every
edge once. See Figure 3.1.

The point of this construction is that Xℓ has radius 2, but it has a matching on ℓ edges, which
implies vc(Xℓ) ⩾ ℓ. Hence, if a minor-closed class of graphs has locally-bounded vertex cover,
then there exists an integer ℓ with ℓ ⩾ 2 such that Xℓ ̸∈ C. We will show that this condition is also
sufficient.

77



78 CHAPTER 3 — Rooted and rich minors

Figure 3.1: The graph X5.

Theorem 3.1. Let ℓ be an integer with ℓ ⩾ 2. For every graph G, if Xℓ is not a minor of G, then

vc(G) ⩽ (2ℓ− 1) radius(G).

To prove it, we will use the following crucial observation.

Observation 3.2. Let ℓ be an integer with ℓ ⩾ 2, let G be a graph, and let u ∈ V (G). If there is a
matching M on ℓ edges in G− u such that every edge in M intersects NG(u), then Xℓ is a minor
of G.

The point of this observation is that it shifts the problem of excluding a subdivided star, to the
problem of excluding a matching, which is much simpler.

Let G be a graph, and let S ⊆ V (G). An S-matching in G is a set of pairwise disjoint edges
in G, all incident to at least one vertex in S. See Figure 3.2. A vertex cover of (G,S) is a set

S

Figure 3.2: An S-matching.

X ⊆ V (G) intersecting every edge intersecting S, and we denote by vc(G,S) the minimum order
of a vertex cover of (G,S).

First, observe that if M is an S-matching in G, then vc(G,S) ⩾ |M |. Indeed, any vertex
cover of (G,S) must intersect every edge in M . The following lemma shows that reciprocally, if
there is no large S-matching in G, then vc(G,S) is bounded.

Lemma 3.3. Let ℓ be an integer with ℓ ⩾ 2, let G be a graph, and let S ⊆ V (G). If there is no
S-matching of order ℓ in G, then

vc(G,S) ⩽ 2ℓ− 2.

Proof. Let M be an inclusion-wise maximal S-matching in G. By maximality of M ,⋃︁
uv∈M{u, v} is a vertex cover of (G,S), which has size 2|M | ⩽ 2ℓ− 2.

We are now ready to prove Theorem 3.1.

Proof of Theorem 3.1. Let G be a graph that does no contain Xℓ as a minor. We proceed by
induction on radius(G). If radius(G) = 0, then G has only one vertex and clearly vc(G) = 0.
Now suppose radius(G) > 0 and that the result holds for graph of smaller radius.

Let u ∈ V (G) be a vertex at distance at most radius(G) from every other vertices in G. By
Observation 3.2, there is no NG(u)-matching of order ℓ in G− u. Hence, by Lemma 3.3, there is
a vertex cover X0 ⊆ V (G− u) of (G− u,NG(u)) of size at most 2ℓ− 2. Take such an X0 which
is inclusion-wise minimal. This implies that every vertex in X0 is at distance at most 2 from u in
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G, and so G[{u} ∪ S ∪ X0] is connected. Let G′ be the graph obtained from G by contracting
{u} ∪ S ∪X0 into a single vertex u′.

Observe that u′ is at distance at most radius(G) − 1 from every other vertex in G′. Hence
radius(G′) ⩽ radius(G) − 1. Moreover, G′ is a minor of G, and so Xℓ is not a minor of G′. By
the induction hypothesis, this implies that

vc(G′) ⩽ (2ℓ− 1)(radius(G)− 1).

Let X ′ be a vertex cover of G′ of size at most (2ℓ− 1)(radius(G)− 1). Finally, let

X = (X ′ \ {u′}) ∪X0 ∪ {u}.

See Figure 3.3. First, by construction, |X| ⩽ (2ℓ − 1) radius(G). It remains to show that X
is a vertex cover of G. Let vw be an edge in G. We want to show that v ∈ X or w ∈ X . If
v ∈ {u} ∪ X0 or w ∈ {u} ∪ X0, then we are done. Now suppose that v, w ̸∈ {u} ∪ X0. If
v ∈ NG(u) or w ∈ NG(u), then, since X0 is a vertex cover of (G − u,N(u)), either v ∈ X0 or
w ∈ X0 and we are done. Otherwise, v, w ̸∈ {u} ∪N(u) ∪X0. Hence vw is an edge of G′, and
so v ∈ X ′ or w ∈ X ′. But since v and w are different from u′, this implies that v ∈ X or w ∈ X ,
which concludes the proof of the theorem.

u

NG(u)

X0

X ′ \ {u′}

X

Figure 3.3: Illustration for the proof of Theorem 3.1.

Note that a slightly better analysis in the proof would yield vc(G) ⩽ (2ℓ− 2) radius(G).

3.2 Rooted minors and decompositions focused on a subset of ver-
tices

In this section, we describe a general framework to generalize the method used in the previous
section. This technique will be the subject of Chapter 4. First, we need a rooted version of minors,
to generalize the concept of rooted matchings.

Let G,X be two graphs, let S ⊆ V (G), and let U ⊆ V (X). An S-rooted model of (X,U) in
G is a family (Bx | x ∈ V (X)) of pairwise disjoint nonempty subsets of V (G) such that

(i) for every x ∈ V (X), G[Bx] is connected,

(ii) for every x ∈ U , S ∩Bx ̸= ∅, and

(iii) for every edge xy ∈ E(X), there is an edge between Bx and By in G.
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For example, if M is the matching on ℓ edges, and if U ⊆ V (M) contains exactly one vertex per
edge of M , then G contains an S-rooted model of (M,U) if and only if there is an S-matching of
order ℓ in G. When U = V (X), we simply say that (Bx | x ∈ V (X)) is an S-rooted model of X .
This will be the case in most applications, and so we will suppose this is the case in this overview.
We say that X is an S-rooted minor of G if there is an S-rooted model of X in G.

The point of this definition is the following generalization of Observation 3.2.

Observation 3.4. Let X be a graph and let x ∈ V (X), let G be a graph and let u ∈ V (G). If
G− u contains an NG(u)-rooted model of X − x, then X is a minor of G.

Therefore, to prove a structural property onX-minor-free graphs, we will prove a structure for
graphs excluding X − x as a rooted minor, and then apply it iteratively as in the proof of Theo-
rem 3.1. In the remaining of this section, we describe some of the local structures we can obtain
when a rooted minor is excluded, and their applications. The proofs will be given in Chapter 4.

Rooted paths and treedepth. As mentioned in the introduction, a class of graphs has bounded
treedepth if and only if it excludes a path as a minor. This can be generalized to the context of
rooted minors through the following notion of treedepth focused on a subset of vertices.

First, we need a few definitions. A rooted forest is a disjoint union of rooted trees. The vertex-
height of a rooted forest F is the maximum number of vertices on a path from a root to a leaf in F ,
and the depth of a vertex u ∈ V (F ) is the number of vertices in the path between u and the root of
its component. For two vertices u, v in a rooted forest F , we say that u is a descendant of v in F
if v lies on the path from a root to u in F . The closure of F is the graph with vertex set V (F ) and
edge set {vw | v ̸= w and v is a descendant of w in F}. We say that F is an elimination forest
of G if V (F ) = V (G) and G is a subgraph of the closure of F . It is a classical observation that
the treedepth of a graph G, is 0 if G is empty, and otherwise is the minimum vertex-height of an
elimination forest of G. When F is a non rooted forest, the vertex-height of F is the minimum
vertex-height of a rooted forest with underlying non rooted forest F .

Let G be a graph and let S ⊆ V (G). An elimination forest of (G,S) is a rooted forest F with
vertex set S such that

(ef1) for every edge uv of G[S], either u is an ancestor of v in F , or v is an ancestor of u in F ,

(ef2) for every component C of G − S, there exists a root-to-leaf path P in F such that
NG(V (C)) ⊆ V (P ).

See Figure 3.4. The treedepth of (G,S), denoted by td(G,S), is the minimum height of an
elimination forest of (G,S). Note that this is consistent with the definition given in Chapter 2.
Note that S ↦→ td(G,S) is not necessarily monotone for the inclusion. For example, when G is a
star with ℓ leaves, S1 is the set of leaves and S2 = V (G), we have S1 ⊆ S2 with td(G,S1) = ℓ
while td(G,S2) = 2. For this reason, it will be convenient to consider the parameter td(·, ·),
defined by

td(G,S) = min
S⊆S′⊆V (G)

td(G,S′).

The S-rooted counterpart of the fact that paths have unbounded treedepth is that if G has an
S-rooted model of a long path, then the treedepth of (G,S′) is large for every superset S′ of S.
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S

Figure 3.4: An elimination forest of (G,S). The set S is depicted in red, and the
components of G− S are depicted in blue.

Lemma 3.5. Let k be a nonnegative integer, let G be a graph and let S ⊆ V (G). If P2k is an
S-rooted minor of G, then

td(G,S) > k.

Proof. We proceed by induction on k. The result is clear if k = 0. Now suppose k > 0 and that
the result holds for k − 1.

First, observe that we can assume that G is connected. Let S′ ⊆ V (G) containing S and let F
be an elimination forest of (G,S′) of minimum vertex-height. Since G is connected, this forest is
connected. Let r be the root of F . Observe that td(G,S′) ⩾ 1 + td(G− r, S′ \ {r}). But, on the
other hand, G− r contains an S \{r}-rooted model of P2k−1 . Hence, by the induction hypothesis,

td(G,S′) ⩾ 1 + td(G− r, S′ \ {r}) > 1 + (k − 1) = k.

In Section 4.2, we will show that reciprocally, if there is no S-rooted model of the path on ℓ
vertices in G, then td(G,S) is bounded by a function of ℓ.

Theorem 3.6. Let ℓ be a positive integer, let G be a graph, and let S ⊆ V (G). If Pℓ is not an
S-rooted minor of G, then

td(G,S) ⩽
(︄
ℓ

2

)︄
.

Rooted forests and pathwidth. As mentioned in the introduction, a class of graphs has bounded
pathwidth if and only if it excludes a tree as a minor. This can be generalized to the context of
rooted minors through the following notion of pathwidth focused on a subset of vertices.

Let G be a graph and let S ⊆ V (G). A path decomposition of (G,S) is a sequence
(W1, . . . ,Wm) of subsets of S such that

(pd1) for every u ∈ S, {i ∈ [m] | u ∈Wi} is a nonempty interval of integers,

(pd2) for every edge uv ∈ E(G[S]), there exists i ∈ [m] such that u, v ∈Wi, and

(pd3) for every component C of G− S, there exists i ∈ [m] such that NG(V (C)) ⊆Wi.

See Figure 3.5. We define the pathwidth, denoted by pw(G,S), as the minimum width of a path
decomposition of (G,S). Moreover, we denote by pw(G,S) the minimum of pw(G,S′) over all
S′ ⊆ V (G) containing S.

Let ℓ be a positive integer. We denote by Tℓ the complete ternary tree of vertex-height ℓ.



82 CHAPTER 3 — Rooted and rich minors

S

W1 Wm

Figure 3.5: A path decomposition (W1, . . . ,Wm) of (G,S). The set S =⋃︁
i∈[m]Wi is depicted in red, and the components of G− S are depicted in blue.

Lemma 3.7. Let ℓ be a positive integer, let G be a graph, and let S ⊆ V (G). If Tℓ is an S-rooted
minor of G, then

pw(G,S) ⩾ ℓ− 1.

Proof. We proceed by induction on ℓ. The result is clear if ℓ = 0. Now suppose ℓ > 0 and that
the result holds for ℓ− 1.

First, observe that we can assume that G is connected. Let M be an S-rooted model of
Tℓ. Let S′ ⊆ V (G) containing S and let (W1, . . . ,Wm) be a path decomposition of (G,S′) of
minimum width. By taking S inclusion-wise minimal for containing M, we can assume that
W1 and Wm both intersect a branch set ofM. Let P be a path in G between these two branch
sets corresponding to a path in Tk between the aforementioned branch sets. Observe that V (P )
intersects Wi for every i ∈ [m]. Hence, pw(G − V (P ), S′ \ V (P )) < pw(G,S′). But on the
other hand, G− V (P ) contains Fℓ−1 as an S-rooted minor. Hence, by the induction hypothesis,

pw(G,S′) > pw(G− V (P ), S′ \ V (P )) ⩾ ℓ− 1.

We will prove in Section 4.3, that reciprocally, if Tk is not an S-rooted minor of G, then
pw(G,S) is bounded.

Theorem 3.8. Let F be a forest with at least two vertices, let G be a graph, and let S ⊆ V (G). If
F is not an S-rooted minor of G, then

pw(G,S′) ⩽ 2|V (F )| − 3.

Outer-rooted grids and treewidth. For treewidth, the natural notion of treewidth focused on a
subset of vertices is the following. Let G be a graph and let S ⊆ V (G). A tree decomposition of
(G,S) is a pair

(︁
T, (Wx | x ∈ V (T ))

)︁
where T is a tree and Wx ⊆ S for every X ∈ V (T ) such

that

(td1) for every u ∈ S, {x ∈ V (T ) | u ∈Wx} induces a nonempty connected subtree of T , and

(td2) for every connected component C of G−S, there exists x ∈ V (T ) such that NG(V (C)) ⊆
Wx.

See Figure 3.6. The width of this tree decomposition is maxx∈V (T ) |Wx| − 1. The sets Wx, for
x ∈ V (T ), are called the bags of this tree decomposition. The treewidth of (G,S), denoted by
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tw(G,S), is the minimum width of a tree decomposition of (G,S). Again, we define an inclusion-
monotone version by

tw(G,S) = min
S⊆S′⊆V (G)

tw(G,S′).

S

T

Figure 3.6: A tree decomposition
(︁
T, (Wx | x ∈ V (T ))

)︁
of (G,S). In blue are

depicted the components of G− S.

As mentioned in the introduction, the Grid-Minor Theorem of Robertson and Seymour (The-
orem 1.10) asserts that a class of graphs has bounded treewidth if and only if it excludes a grid as
a minor. However, it is not true that if there is no S-rooted model of a fixed grid in G, then there
exists S′ ⊆ V (G) containing S with tw(G,S′) bounded.

Lemma 3.9. Let ℓ be a positive integer, let X be the ℓ × ℓ grid and let U be the vertex set of the
outer face of X , let G be a graph, and let S ⊆ V (G). If there is an S-rooted model of (X,U) in
G, then

tw(G,S) ⩾ ℓ.

The proof will use the following variant of Lemma 1.17 focused on a subset of vertices.

Lemma 3.10. Let G be a graph, let S ⊆ V (G), and let D be a tree decomposition of (G,S). For
every positive integer d, for every family F of connected subgraphs of G, if every member of F
intersects S, then either

(1) there are d pairwise disjoint members of F , or

(2) there is a set Z ⊆ S which is the union of at most d − 1 bags of D such that Z intersects
every member of F .

Proof. Let G′ be the graph with vertex set S and edges all the pairs uv of distinct vertices in S
such that either uv ∈ E(G), or there exists a component C of G−S such that u, v ∈ NG(V (C)).
Observe that D is then a tree decomposition of G′.

Let F ′ be the family of all the subgraphs of G′ of the form π(F ) = G′[V (F )] for F ∈ F .
It follows from the definition of G′ that every member of F ′ is a connected subgraph of G′.
Moreover, for every F1, F2 ∈ F , if V (F1)∩V (F2) ̸= ∅, then there is a bag in D intersecting both
V (F1) and V (F2), and so the projections of π(F1) and π(F2) in D have a nonempty intersection.
Hence, by Lemma 1.17, either
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(i) there are d members of F ′ whose projections on D are pairwise disjoint, and so the corre-
sponding members of F are pairwise disjoint, or

(ii) there is a set Z which is the union of at most d− 1 bags of D intersecting every member of
F ′, and so every member of F .

Lemma 3.9 is now a simple consequence of Lemma 3.10.

Proof of Lemma 3.9. Let
(︁
Bx | x ∈ V (X)

)︁
be an S-rooted model of (X,U) in G. Recall that the

vertex set of X is [ℓ]× [ℓ]. For every i, j ∈ [ℓ], let

Vi,j =
⋃︂
j′∈[ℓ]

B(i,j′) ∪
⋃︂
i′∈[ℓ]

B(i′,j).

Then the family F = {G[Vi,j ] | i, j ∈ [ℓ]} has no two disjoint members. Let S′ ⊆ V (G)
containing S. By Lemma 3.10, there exists Z ⊆ V (G) of size at most tw(G,S′) intersecting
every member of F . By the definition of F , this implies |Z| ⩾ ℓ, and so

tw(G,S′) ⩾ |Z| ⩾ ℓ.

We will prove in Section 4.4 that it is actually the only obstruction to have bounded tw(G,S).
The proof is a direct application of a result of [MSW17].

Theorem 3.11. There is a function f3.11 : N → N such that the following holds. Let ℓ be an
integer, let X be the ℓ× ℓ grid and let U be the vertex set of the outer face of X , let G be a graph,
and let S ⊆ V (G). If there is no S-rooted model of (X,U) in G, then

tw(G,S) ⩽ f3.11(ℓ).

3.3 Rich minors and hitting sets

The technique presented in the previous section shows how to deduce a structure forX-minor-free
graphs knowing a structure for (X − x)-minor-free graphs for x ∈ V (X). However, to go further
and adding more than one vertex to the excluded minor, we need a more general notion of rooted
minors that will enable us to set up inductions on the structure of the excluded minor.

Let G,X be two graphs, let F be a family of connected subgraphs of G. An F-rich model of
X in G is a family (Bx | x ∈ V (X)) of pairwise disjoint nonempty subsets of V (G) such that

(i) for every x ∈ V (X), G[Bx] is connected,

(ii) for every x ∈ V (X), there exists F ∈ F such that V (F ) ⊆ Bx, and

(iii) for every edge xy ∈ E(X), there is an edge between Bx and By in G.

For example, if S ⊆ V (G) and F is the family {G[{u}] | u ∈ S}, then an F-rich model of X is
just an S-rooted model of X as defined in the previous section.

An important remark is that we will need some global structure on G to obtain a meaningful
structural property if G has no F-rich model of X . Indeed, we need to rule out the case G = Kn

and F is the set of all the subgraphs of Kn with more than n
2 vertices. In this case, there are no
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two disjoint members of F , and so as long as X has an edge, G has no F-rich model of X . To
solve this issue, we will suppose that G has bounded treewidth, or at least that G excludes Kt as
a minor for a fixed integer t, which will be the case in our applications. In this overview, we will
consider only the bounded treewidth case. We now give examples of structures for graphs with no
F-rich model of X .

Excluding a stable set. Let ℓ be a positive integer. We denote by Kℓ the graph with ℓ vertices
and no edges. Let G be a graph and let F be a family of connected subgraphs of G such that there
is noF-rich model ofKℓ. In other words, there are no ℓ pairwise disjoint members ofF . Here, the
relevant result is the already mentioned Lemma 1.17. As a consequence, we obtain the following
property when G has bounded treewidth.

Corollary 3.12. Let ℓ, t be positive integers, let G be a graph with tw(G) < t, and let F be a
family of connected subgraphs of G. If G has no F-rich model of Kℓ, then there exists S ⊆ V (G)
such that

(A) V (F ) ∩ S ̸= ∅ for every F ∈ F , and

(B) |S| ⩽ t(ℓ− 1).

We will see that this is a rather general phenomenon: if G has no F-rich model of a graph X ,
then there is a hitting set S of F , that is a set of vertices intersecting every member of F , with a
specific structure depending on the structure of X .

Excluding a star. Let G be a connected graph that does not contains the star K1,ℓ as a minor.
Let u ∈ V (G), and for every nonnegative integer i, let Pi be the set of vertices of G at distance
i from u. The crucial observation is that G[P0 ∪ · · · ∪ Pi−1] is connected for every nonnegative
integer i, and every vertex in Pi has a neighbor in Pi−1. Hence, contracting P0 ∪ · · · ∪ Pi−1, we
have that K1,|Pi| is a minor of G, and so |Pi| ⩽ ℓ− 1. Therefore, the sequence (P0, . . . , Pm) is a
partition of V (G) such that every edge of G is either within one part or between two consecutive
parts, and each part has bounded size. It turns out that a similar structure exists when excluding a
star as an F-rich minor.

Let G be a graph, let F be a family of connected subgraphs of G, let D =
(︁
T, (Wx | x ∈

V (T ))
)︁

be a tree decomposition ofG, and letH be a subgraph ofG. We denote byF|H the family
{F ∈ F | F ⊆ H}. Moreover, we denote by D|H the tree decomposition

(︁
T, (Wx ∩ V (H) | x ∈

V (T ))
)︁

of H .
Let G be a graph and let S ⊆ V (G). A path partition of (G,S) if an ordered partition

(P0, . . . , Pm) of S such that

(pp1) for every i, j ∈ [m], if there is an edge uv ∈ E(G) with u ∈ Pi and v ∈ Pj , then |i−j| ⩽ 1,
and

(pp2) for every component C of G − S, there exists i, j ∈ [m] with |i − j| ⩽ 1 such that
NG(V (C)) ⊆ Pi ∪ Pj .

See Figure 3.7. The width of (P1, . . . , Pm) is maxi∈[m] |Pi|. The path partition width of (G,S),
denoted by pp(G,S), is the minimum width of a path partition of (G,S).
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S

P0 Pm

Figure 3.7: A path partition (P0, . . . , Pm) of (G,S). In red is depicted the set S
and in blue the components of G− S.

Theorem 3.13. Let ℓ, t be positive integers, letG be a graph with tw(G) < t, and letF be a family
of connected subgraphs of G. If G has no F-rich model of K1,ℓ, then there exists S ⊆ V (G) such
that

(A) V (F ) ∩ S ̸= ∅ for every F ∈ F , and

(B) pp(G,S) ⩽ tℓ.

This statement was inspired by a result of Dujmović, Hickingbotham, Joret, Micek, Morin,
and Wood [DHJ+23], that we will prove later in this section. Theorem 3.13 is implied by the
following statement that we prove by induction.

Lemma 3.14. Let ℓ be a positive integer, letG be a connected graph, letD be a tree decomposition
of G, and let F be a family of connected subgraphs of G such that G has no F-rich model of K1,ℓ.
For every set R ⊆ V (G) such that G[R] is connected, there exists S ⊆ V (G) and a path partition
(P1, . . . , Pm) of (G,S) such that

(a) V (F ) ∩ S ̸= ∅ for every F ∈ F ,

(b) P1 = R, and

(c) Pi is contained in a union of at most ℓ bags of D, for every i ∈ {2, . . . ,m}.

Proof. Let R ⊆ V (G) such that G[R] is connected. We proceed by induction on |V (G− R)|. If
F|G−R = ∅, then let m = 1 and S = P1 = R. Now suppose F|G−R ̸= ∅ and suppose that the
result holds for smaller values of |V (G−R)|. In particular V (G−R) ̸= ∅.

Let F ′ be the family of all the connected subgraphsH ofG−R such thatNG(R)∩V (H) ̸= ∅
and there exists F ∈ F such that F ⊆ H . We claim that there are no ℓ + 1 disjoint members of
F ′.

Suppose for contradiction that there exists H1, . . . ,Hℓ+1 ∈ F ′ pairwise disjoint. Then
(V (H1), . . . , V (Hℓ), R ∪ Vℓ+1) is an F-rich model of K1,ℓ with the branch set of the center
being R ∪ V (Hℓ+1). This proves that there are no ℓ+ 1 pairwise disjoint members of F ′.

Hence, by Lemma 1.17, there exists Z ⊆ V (G) contained in a union of at most ℓ bags of D
intersecting every member ofF ′. Take such a set Z which is inclusion-wise minimal. Let U be the
union of the vertex sets of all the connected components C of G− (R∪Z) containing at least one
member of F , that is such that F|C ̸= ∅. Let R′ = V (G) \ U . We claim that G[R′] is connected.
Since G is connected, every component of G[R′]− (R ∪ Z) has a neighbor in R ∪ Z. Therefore,
as G[R] is connected, it is enough to show that for every u ∈ Z, there is a path from u to R in
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G[R′] = G − U . Let u ∈ Z. Since Z \ {u} does not intersect every member of F ′, there exists
H ∈ F ′ such that H ∩Z = {u}. But by definition of F ′, H contains a path from NG(R) to u. By
construction, this path must be disjoint from U . Hence there is a path from u to R disjoint from U
in G. We deduce that G[R′] is connected.

Moreover, since F|G−R ̸= ∅ and G is connected, F ′ ̸= ∅, which implies Z ̸= ∅ and so
|V (G − R′)| < |V (G − R)|. Hence by the induction hypothesis applied to R′, there exists
S′ ⊆ V (G) and a path partition (P ′

1, . . . , P
′
m′) of (G,S′) such that

(a’) V (F ) ∩ S′ ̸= ∅ for every F ∈ F ,

(b’) P ′
1 = R′, and

(c’) P ′
i is contained in a union of at most ℓ bags of D, for every i ∈ {2, . . . ,m′}.

See Figure 3.8.

R P ′
m′Z P ′

2

R′ U

Figure 3.8: Illustration for the proof of Lemma 3.14. In blue are depicted the
components of G− S.

We can now define S and its partition (P1, . . . , Pm). Let

m = m′ + 1, S = (S′ \R′) ∪R ∪ Z
P1 = R, P2 = Z

Pi = P ′
i−1 for every i ∈ {3, . . . ,m′ + 1}.

We claim that (P1, . . . , Pm) satisfies is a path partition of (G,S) satisfying (a) to (c).

First we show that (P1, . . . , Pm) is a path partition of (G,S). We start by proving (pp1). Let
i, j ∈ [m] and let u ∈ Pi, v ∈ Pj such that uv ∈ E(G). Without loss of generality, i ⩽ j. If i = 1,
then v ∈ R∪NG(R) since P1 = R. If j > 2, then v ∈ P ′

2 ∪ · · · ∪P ′
m′ = U . But by the definition

of U , the component C of u in G− (R∪Z) contains a member of F , which implies that C ∈ F ′.
Since C is disjoint from Z, this contradicts the fact that Z intersects every member of F ′. This
proves j ⩽ 2. Now suppose that i ⩾ 2. In particular u ∈ Pi ⊆ P ′

i−1. Then since (P ′
1, . . . , P

′
m′) is

a path partition of (G,S′), this implies that v ∈ P ′
i−1 ∪P ′

i , and so v ∈ Pi ∪Pi+1. This proves that
j ⩽ i+ 1. Therefore, (pp1) holds.

To prove (pp2), consider a component C of G − S. If C intersects R′, then by the definition
of U , NG(V (C)) ⊆ R ∪ Z = P1 ∪ P2. Now suppose that C is disjoint from R′. Then, since
(P ′

1, . . . , P
′
m′) is a path partition of (G,S′), there exist i, j ∈ [m′] with i ⩽ j ⩽ i + 1 such that

NG(V (C)) ⊆ P ′
i ∪ P ′

j . If i ⩾ 2, then P ′
i ∪ P ′

j = Pi+1 ∪ Pj+1 and so NG(V (C)) ⊆ Pi+1 ∪ Pj+1.
Now suppose i = 1. Then sinceNG(U) ⊆ Z, we conclude thatNG(V (C)) ⊆ Z∪P ′

j = P2∪Pj+1.
This proves (pp2) and so (P1, . . . , Pm) is a path partition of (G,S).
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To prove (a), consider F ∈ F . By (a’), there exists i ∈ [m′] such that Pi ∩ V (F ) ̸= ∅. If
i ⩾ 2, then V (F ) ∩ Pi+1 ̸= ∅ and so V (F ) ∩ S ̸= ∅. Now suppose that V (F ) ∩ P ′

1 ̸= ∅. If
V (F ) ∩ R ̸= ∅, then V (F ) ∩ S ̸= ∅. Otherwise, let C be the component of G − R containing
F . Then by the definition of F ′, C ∈ F ′. As a consequence, either V (F ) ∩ Z ̸= ∅ and so
V (F ) ∩ S ̸= ∅, or V (F ) ⊆ U . But then V (F ) is disjoint from P ′

1 = R′, a contradiction. This
proves that V (F ) ∩ S ̸= ∅ for every F ∈ F , and so (a) holds.

By construction, P1 = R and so (b) holds. Moreover, since Z is contained in a union of at
most ℓ bags of D, as well as Pi for every i ∈ {3, . . . ,m} by (c’), (c) holds. This concludes the
proof of the lemma.

Proof of Theorem 3.13. We will apply Lemma 3.14 to every component of G for R being an arbi-
trary singleton andD a tree decomposition of width less than t. Let C1, . . . , Cc be the components
of G. Let j ∈ [c], and let Rj be an arbitrary singleton in V (Cj). By Lemma 3.14, there exists
Sj ⊆ V (G) and a path partition (P j1 , . . . , P

j
mj ) of (Cj , Sj) such that

3.14.(a) V (F ) ∩ Sj ̸= ∅ for every F ∈ F|Cj ,

3.14.(b) P j1 = Rj , and

3.14.(c) |P ji | ⩽ tℓ for every i ∈ {2, . . . ,m}.
Then let

S =
⋃︂
j∈[c]

Sj and (P1, . . . , Pm) = (P 1
1 , . . . , P

1
m1 , P 2

1 , . . . , P
c
mc).

The sequence (P1, . . . , Pm) is a path partition of (G,S), and 3.14.(a) implies that V (F ) ∩ S ̸= ∅
for every F ∈ F . This proves the theorem.

This proof is a first glimpse of the usefulness of F-rich models. By applying iteratively the
result for graphs with no F-rich model of Kℓ, we obtain a result for graphs with no F-rich models
of K1 ⊕Kℓ = K1,ℓ. Below, we will see that we can similarly apply this result to deduce a result
for graphs with no F-rich model of a given forest.

Excluding a forest. In [DHJ+23], Dujmović, Hickingbotham, Joret, Micek, Morin, and Wood
proved the following inspiring result.

Theorem 3.15 (Dujmović, Hickingbotham, Joret, Micek, Morin, and Wood [DHJ+23]). Let h be
an integer with h ⩾ 2, and let X be a tree of vertex-height h. There exists a positive integer c such
that for every graph G, if X is not a minor of G, then there exists a graph H such that

(A) G ⊆ H ⊠Kc, and

(B) pw(H) < 2(h+ 1).

We prove this theorem within the framework of rich models. While the presentation is very
different from the original paper [DHJ+23], the proof is fundamentally the same. Let h, d be
positive integers. Let Fh,d be the complete d-ary tree of vertex-height h. See Figure 3.9. In
particular, F2,d = K1,d. We root Fh,d naturally. Note that for every tree X of vertex-height h,
there exists a positive integer d such that X ⊆ Fh,d. Hence, it is enough to prove Theorem 3.15
for X of the form Fh,d.

We will use the following property of the family (Fh,d)h,d∈N>0 .
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Figure 3.9: The tree F3,4.

Lemma 3.16. Let h, d be positive integers. Let G be a connected graph. If there is a model (Bx |
x ∈ V (Fh,d+1)) of Fh,d+1 in G, then for every u ∈ V (G), there is a model (B′

x | x ∈ V (Fh,d))
of Fh,d in G such that

(a) u ∈ B′
s, where s is the root of Fh,d, and

(b) for every x ∈ V (Fh,d), By ⊆ B′
x for some y ∈ V (Fh,d+1).

Proof. Suppose that there is a model (Bx | x ∈ V (Fh,d+1)) of Fh,d+1 inG. SinceG is connected,
we can assume that

⋃︁
x∈V (Fh,d+1)Bx = V (G). Let s0 be the root of Fh,d+1. There is a subtree T ′

of Fh,d+1 rooted in a child of s0 such that u ∈
⋃︁
x∈V (T ′)∪{s0}Bx. Define B′

s =
⋃︁
x∈V (T ′)∪{s0}Bx

and B′
x = Bx for every x ∈ V (Fh,d+1) \ ({s0} ∪ V (T ′)). The collection (B′

x | x ∈ V (Fh,d)) is a
model of Fh,d in G satisfying (a) and (b).

Let G be a graph and let P be a partition of V (G). We denote by G/P the graph with vertex
set P and edges all the pairs P, P ′ ∈ P such that there is an edge uv ∈ E(G) with u ∈ P and
v ∈ P ′. Note that for every graph H , G ⊆ H ⊠Kc if and only if there is a partition P of V (G)
such that

(i) G/P ⊆ H , and

(ii) every part of P has size at most c.

Before proving Theorem 3.15, we define the following variant of product structure “focused”
on a subset S of vertices. A path decomposition of (G,P) is a sequence (W1, . . . ,Wm) where
Wi ⊆ P for every i ∈ [m] such that

(pd1) for every u ∈ S, {i ∈ [m] | u ∈
⋃︁
Wi} is a nonempty interval of integers,

(pd2) for every edge uv of G[S], there exists i ∈ [m] such that u, v ∈
⋃︁
Wi, and

(pd3) for every component C of G− S, there exists i ∈ [m] such that NG(V (C)) ⊆
⋃︁
Wi.

The width of this path decomposition is then maxi∈[m] |Wi| − 1, and we define the pathwidth of
(G,P), denoted by pw(G,P), as the minimum width of a path decomposition of (G,P). We
prove by induction on h the following lemma, which will immediately implies Theorem 3.15.

Lemma 3.17. Let h, d be integers with h, d ⩾ 2. There is an integer c3.17(h, d) such that for every
positive integer t, for every graph G with tw(G) < t, for every family F of connected subgraphs
of G, if there is no F-rich model of Fh,d in G, then there exists s ⊆ V (G) and a partition P of S
such that
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(A) V (F ) ∩ S ̸= ∅ for every F ∈ F ,

(B) |P | ⩽ c3.17(h, d)t for every P ∈ P , and

(C) pw(G,P) < 2(h+ 1).

Proof. We proceed by induction on h. If h = 2, then Fh,d = K1,d and so the result holds by
Lemma 3.14 for c3.17(1, d) = d. Now suppose h > 2 and that the result holds for h− 1. Let

c3.17(h, d) = max{d, c3.17(h− 1, d+ 1)}.

Let F ′ be the family of all the connected subgraphs H of G such that H has an F|H -rich
model of Fh−1,d+1. We claim that there are no F ′-rich model of K1,d in G.

Suppose for a contradiction that there is an F ′-rich model
(︁
Bx | x ∈ V (K1,d)

)︁
of K1,d in

G. Figure 3.10 illustrates how to deduce an F-rich model of Fh,d. We denote by c the center of
the star K1,d and by x1, . . . , xd the leaves of K1,d. We denote by r the root of Fh−1,d+1. Let
i ∈ [d]. Since

(︁
Bx | x ∈ V (K1,d)

)︁
is F ′-rich, Bxi contains a neighbor ui of Bc, and G[Bxi ] has

an F|H -rich model
(︁
Bi
x | x ∈ V (Fh−1,d+1)

)︁
of Fh−1,d+1. By Lemma 3.16, there is an F-rich

modelMi of Fh−1,d in G[Bxi ] whose branch set of the root contains a neighbor of Bc. It follows
that the union of the modelsM1, . . . ,Md, together with Bc for the branch set of the root, yields
an F-rich model of Fh,d in G, a contradiction. This proves that there is no F ′-rich model of K1,d
in G.

Figure 3.10: In the proof of Lemma 3.17, an F ′-rich model of K1,d yields an F-
rich model of Fh,d. This model is constructed by contracting the colored sets, and
removing the gray vertices and edges.

Hence, by Lemma 3.14, there exists S0 ⊆ V (G) such that

3.14.(A) V (F ) ∩ S0 ̸= ∅ for every F ∈ F ′, and

3.14.(B) pp(G,S0) ⩽ dt.

Let (P1, . . . , Pm) be a path partition of (G,S0) of width at most dt. By convention, we set
P0 = Pm+1 = ∅. By definition of path partition, for every component C of G − S0, there exists
iC ∈ [m] such that NG(V (C)) ⊆ PiC ∪ PiC+1. For every i ∈ [m], let Ui =

⋃︁
C∈C,iC=i V (C)

where C is the family of all the connected components of G− S0. By convention, we set U0 = ∅.
Let i ∈ [m]. By the definition of F ′, the graph G[Ui] has no F-rich model of Fh−1,d+1 .

Hence, by the induction hypothesis, there exists Si ⊆ Ui and a partition P i of Si such that

(A’) V (F ) ∩ Si ̸= ∅ for every F ∈ F|G[Ui],

(B’) |P | ⩽ c3.17(h− 1, d+ 1)t for every P ∈ P i, and
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(C’) pw(G[Ui],P i) < 2h.

Let (W i
1, . . . ,W

i
mi) be a path decomposition of (G[Ui],P i) of width less than 2h. By possibly

adding an empty bag, we assume that mi > 0. For every j ∈ [mi], let

Wi,j = {Pi, Pi+1} ∪W i
j .

See Figure 3.11. We take

S0

P1 PmPi Pi+1

Ui

Figure 3.11: Illustration for the proof of Lemma 3.17. The components of G − S
are depicted in blue.

S = S0 ∪
⋃︂
i∈[m]

Si, and P = {P1, . . . , Pm} ∪
⋃︂
i∈[m]

P i.

Let I = {(i, j) | i ∈ [m], j ∈ [mi]}. We order I lexicographically. Let D be the sequence
(Wi,j)(i,j)∈I . We claim that D is a path decomposition of (G,P), and that S,P,D satisfies (A),
(B), and (C).

First, we show that D is a path decomposition of (G,P). Let u ∈ S. If u ∈ S0, then

{(i, j) ∈ I | u ∈
⋃︁
Wi,j} = {(i, j) | i ∈ [m], u ∈ Pi ∪ Pi+1, j ∈ [mi]},

which is a nonempty interval of I . If u ∈ Si for some i ∈ [m], then

{(i, j) ∈ I | u ∈
⋃︁
Wi,j} = {i} × {j ∈ [mi] | u ∈

⋃︁
W i
j},

which is a nonempty interval of integers because as (W i
1, . . . ,W

i
mi) is a path decomposition of

(G[Ui],P i), the set of indices {j ∈ [mi] | u ∈
⋃︁
W i
j} is a nonempty interval of integers. This

proves (pd1).
Let uv be an edge of G[S]. First suppose that u ∈ S0. Then, there exists i ∈ [m] such that

u ∈ Pi. Since (P1, . . . , Pm) is a path partition of (G,S0), and by the definition of Ui−1, Ui,

v ∈ Pi−1 ∪ Ui−1 ∪ Pi ∪ Ui ∪ Pi+1.

If v ∈ Pi−1 ∪ Pi, then u, v ∈
⋃︁
Wi−1,1. If v ∈ Pi+1, then u, v ∈

⋃︁
Wi,1. If v ∈ Ui−1, then

i ⩾ 1, and since (W i−1
1 , . . . ,W i−1

mi−1) is a path decomposition of (G[Ui−1],Pi−1), there exists
j ∈ [mi−1] such that v ∈

⋃︁
W i−1
j , and so u, v ∈

⋃︁
Wi−1,j . Finally, if v ∈ Ui, then since

(W i
1, . . . ,W

i
mi) is a path decomposition of (G[Ui],Pi), there exists j ∈ [mi] such that v ∈

⋃︁
W i
j ,

and so u, v ∈
⋃︁
Wi,j . This concludes the case u ∈ S0. The case v ∈ S0 is symmetric. Now

suppose that u, v ̸∈ S0. Then there exists i ∈ [m] such that u, v ∈ Si. Since (W i
1, . . . ,W

i
mi) is a
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path decomposition of (G[Ui],P i), there exists j ∈ [mi] such that u, v ∈
⋃︁
W i
j ⊆

⋃︁
Wi,j . This

proves (pd2).
LetC be a component ofG−S. LetC ′ be the component ofG−S0 containingC. There exists

i ∈ [m] such that V (C ′) ⊆ Ui, and so C is a component of G[Ui] − Si. Since (W i
1, . . . ,W

i
mi)

is a path decomposition of (G[Ui],P i), there exists j ∈ [mi] such that NC′(V (C)) ⊆
⋃︁
W i
j .

Moreover, NG(V (C)) ⊆ NC′(V (C)) ∪ NG(V (C)), and since NG(V (C ′)) ⊆ Pi ∪ Pi+1 by
definition of Ui, we conclude that

NG(V (C)) ⊆ (
⋃︁
W i
j ) ∪ Pi ∪ Pi+1 =

⋃︁
Wi,j .

This proves (pd3), and so D is a path decomposition of (G,P).

We now prove (A). For every F ∈ F , either V (F ) ∩ S0 ̸= ∅, or there exists i ∈ [m] such that
F ⊆ G[Ui], which implies V (F ) ∩ Si ̸= ∅ by (A’). In both cases, we deduce that V (F ) ∩ S ̸= ∅.
Therefore, (A) holds.

To show (B), observe that for every P ∈ P , either P ∈ {P1, . . . , Pm} and so |P | ⩽ dt by
3.14.(B), or P ∈ P i for some i ∈ [m] and so |P | ⩽ c3.17(h − 1, d + 1)t by (B’). In both cases,
|P | ⩽ c3.17(h, d)t and therefore (B) holds.

Finally, for every (i, j) ∈ I ,

|Wi,j | = 2 + |W i
j | ⩽ 2 + 2h = 2(h+ 1)

by (C’), and so (C) holds. This concludes the proof of the theorem.

Proof of Theorem 3.15. Let X be a graph of vertex-height at most h. There exists a positive
integer d such that X ⊆ Fh,d. Let

c = c3.17(h, d)(|V (X)| − 1).

Let G be an X-minor-free graph. By Theorem 1.11, tw(G) ⩽ pw(G) < |V (X)| − 1. Let F
be the family of all the connected subgraphs of G. In particular, there is a no F-rich model of Fh,d
in G. By Lemma 3.17, this implies that there exists S ⊆ V (G) and a partition P of S such that

(A) V (F ) ∩ S ̸= ∅ for every F ∈ F ,

(B) |P | ⩽ c3.17(h, d)(|V (X)| − 1) for every P ∈ P , and

(C) pw(G,P) < 2h.

By (A) and the definition of F , we have S = V (G). Let H = G/P . Then (B) implies
G ⊆ H ⊠Kc, and (C) gives pw(H) < 2h. This proves the theorem.

Interestingly, Lemma 3.17 has applications beyond product structure. Indeed, it implies that
for any tree X , there exists a positive integer c such that for every graph G, for every family F of
connected subgraphs of G, if there is no F-rich model of X in G, then there is hitting set S of F
with pw(G,S) < c(tw(G) + 1). Choosing carefully F , we can obtain a few non trivial results.
Consider a graph Y that consists of a tree X , with triangles added on every leaf. See Figure 3.12.
Now, if G does not contain Y as a minor, then it has no F-rich model of X for F being the family
of all the connected subgraphs of G containing K3 as a minor. By Lemma 3.17, this implies that
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Figure 3.12: A graph obtained from a tree by adding a triangle on every leaf.

Figure 3.13: A feedback vertex set S (in red), and a path decomposition of (G,S).

there is a hitting set S for F with pw(G,S) < c(tw(G) + 1). Since Y is planar, the treewidth of
G is bounded by a function of Y by the Grid-Minor Theorem (Theorem 1.10). Therefore, G has
a set S of vertices intersecting every cycle of G, i.e. a feedback vertex set of G, with pw(G,S)
bounded. See Figure 3.13. An simple observation is that there are such graphs Y for which
minS⊆V (Y ) feedback vertex set of Y pw(G,S) is arbitrarily large. Therefore, this is a characterization
in term of excluded minors of graph classes for which the minor-monotone graph parameter

G ↦→ min
S⊆V (G) feedback vertex set of G

pw(G,S)

is bounded.
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Let G be a graph. Recall that a layering of G is a sequence (Li | i ⩾ 0) of disjoint subsets of
V (G) whose union is V (G) and such that for every uv ∈ E(G) there is a non-negative integer i
such that u, v ∈ Li ∪ Li+1.

Let D =
(︁
T, (Wx | x ∈ V (T ))

)︁
be a tree decomposition of G and let L = (Li | i ∈ N). The

width of (D,L) is max{|Wx ∩ Li| | x ∈ V (T ), i ⩾ 0}. The layered treewidth of G, denoted by
ltw(G) , is the minimum width of a pair (D,L), where D is a tree decomposition of G and L is
a layering of G. The layered pathwidth of G, denoted by lpw(G) is the minimum width of a pair
(D,L), where D is a path decomposition of G and L is a layering of G.

A graph is an apex graph if it can be made planar by the removal of at most one vertex, and
a graph is an apex-forest if it can be made acyclic by the removal of at most one vertex. It turns
out that forbidding apex-type graphs as minors interplays with the layered versions of treewidth,
pathwidth, and treedepth. Dujmović, Morin, and Wood [DMW17] proved that a minor-closed
class of graphs excludes an apex graph if and only if it has bounded layered treewidth. Similarly,
Dujmović, Eppstein, Joret, Morin, and Wood in [DEJ+20a], proved that a minor-closed class of
graphs excludes an apex-forest if and only if it has bounded layered pathwidth.

In this chapter, we give a short and simple proof of the latter statement with an explicit and
much better bound on layered pathwidth.

Theorem 1.23. Let X be an apex-forest with at least two vertices. For every graph G, if G is
X-minor-free, then

lpw(G) ⩽ 2|V (X)| − 3.

We propose a natural counterpart of the definitions above for treedepth. Let F be an elim-
ination forest of G, and let L = (Li | i ⩾ 0) be a layering of G. The width of (F,L) is
max{|R ∩ Li| | R is a root-to-leaf path in F , i ⩾ 0}. The layered treedepth of G, denoted by

95
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ltd(G), is the minimum width of a pair (F,L), where F is an elimination forest of G and L is a
layering of G.

A graph is a fan or (an apex-path) if it becomes a path by the removal of at most one vertex.
Since a layering of a fan has at most 3 nonempty layers, and since paths have large treedepth
(see the introduction), we deduce that fans have unbounded layered treedepth. We show that
reciprocally, in the context of minor-closed classes of graphs, if a class of graphs excludes a fan as
a minor, then it has bounded layered treedepth.

Theorem 1.24. For every fan X with at least three vertices, and for every graph G, if G is X-
minor-free, then

ltd(G) ⩽
(︁|V (X)|−1

2
)︁
.

4.1 Preliminaries

A separation of G is a pair (A,B) of subgraphs of G such that A ∪ B = G, E(A ∩ B) = ∅.
The order of (A,B) is |V (A) ∩ V (B)|. We need the following well-known version of Menger’s
Theorem.

Theorem 4.1 (Menger’s Theorem for separations). Let G be a graph and X,Y ⊆ V (G). There
exists a separation (A,B) ofG such thatX ⊆ V (A), Y ⊆ V (B), and there exists |V (A)∩V (B)|
pairwise disjoint (X,Y )-paths.

Let G be a graph and let S ⊆ V (G). If H is a plane graph, we say that a model (Bx | x ∈
V (H)) of H in G is S-outer-rooted if Bx ∩ S ̸= ∅ for each vertex x in the outer face of H .

4.2 Excluding a rooted path and layered treedepth

Recall that if a graph G has no model of Pℓ, then td(G) < ℓ. We prove an analogous result within
the setting of S-rooted models of paths.

Theorem 4.2. For every positive integer ℓ, for every graph G, and for every S ⊆ V (G), if G has
no S-rooted model of Pℓ, then td(G,S) ⩽

(︁ℓ
2
)︁
.

As already mentioned, Theorem 4.2 is the main ingredient of the proof of Theorem 1.24.
Actually, the intuition standing behind this is very simple. For a vertex u in a graph G, we set
S = N(u). Now, if G − u has a S-rooted model of a path Pℓ, then G has a model of Pℓ with a
universal vertex added, and so G has a model of every fan on ℓ+ 1 vertices.

In this section, we prove Theorem 4.2 and Theorem 1.24. In Chapter 3, we stated the definition
of treedepth via elimination trees. Treedepth can be also equivalently defined inductively. Namely,
treedepth of a graph is the maximum of treedepth of its components, treedepth of the one-vertex
graph is 1, and when a graph G has more than one vertex and is connected, treedepth is the
minimum over all vertices v ∈ V (G) of td(G − v) + 1. The new version of treedepth that we
proposed also admits an inductive definition, which we state in terms of properties (t1) to (t3). Let
G be a graph, and S ⊆ V (G).
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(t1) If S = ∅, then td(G,S) = 0.

(t2) If V (G) ̸= ∅, then td(G,S) = maxC td(C, S ∩V (C)), where C goes over all components
of G.

(t3) If G is connected and S ̸= ∅, then td(G,S) = 1 + minu∈V (G) td(G− u, S \ {u}).

It immediately follows that treedepth is monotone in the following sense.

(t4) If H is a subgraph of G, then td(H,S ∩ V (H)) ⩽ td(G,S).

A depth-first-search tree, DFS tree for short, of G is a rooted spanning tree T of G such that
T is an elimination forest of G. We proceed with the proof of Theorem 4.2, the key inductive step
is encapsulated in the following lemma.

Lemma 4.3. Let G be a connected graph, let S ⊆ V (G), and let T be a DFS tree of G. For every
positive integer ℓ, if for each root-to-leaf path P in T , there are no ℓ pairwise disjoint (V (P ), S)-
paths in G, then

td(G,S) ⩽
(︄
ℓ

2

)︄
.

Proof. We proceed by induction on ℓ. If ℓ = 1, then S = ∅, and so, td(G,S) = 0 by (t1). Now,
assume that ℓ ⩾ 2.

For every u ∈ V (G), let Tu be the subtree of T rooted in u, and let Gu = G[V (Tu)]. Let
s0 ∈ V (G) be the vertex with maximum depth in T such that S ⊆ V (Ts0). LetR be the path from
the root to s0 in T . By assumption, there are no ℓ pairwise disjoint (V (R), S)-paths. Hence by
Menger’s Theorem, there is a separation (A,B) ofG of order at most ℓ−1 such that V (R) ⊆ V (A)
and S ⊆ V (B). In particular, every (V (R), S)-path intersects X = V (A) ∩ V (B).

Consider a component C of G − X . If C has no vertex in S, then td(C, S ∩ V (C)) = 0.
Therefore, we assume the opposite, namely, V (C) ⊆ V (Ts0)\{s0}. It follows that there is a child
v of s0 with V (C) ⊆ V (Tv). The next goal is to apply induction to Gv – this step is illustrated
in Figure 4.1. To this end, we claim that for every root-to-leaf path P ′ in Tv there are no ℓ − 1
pairwise disjoint (V (P ′), S)-paths in Gv. Suppose to the contrary that there is such a root-to-leaf
path P ′. Let P be the path connecting the root of T and the unique leaf in P ′. By the maximality
of s0, we have S ⊈ V (Tv). Hence, there is w ∈ S such that w /∈ V (Tv). Let Q be the shortest
path from s0 to w in T . Note that Q is a (V (R), S)-path, and Q disjoint from V (Tv). Therefore,
the ℓ − 1 pairwise disjoint (V (P ′), S)-paths in Gv and Q form a collection of ℓ pairwise disjoint
(V (P ), S)-paths in G, which is a contradiction. By inductive hypothesis applied to Gv and Tv
we obtain td(Gv, S ∩ V (Gv)) ⩽

(︁ℓ−1
2
)︁
. By (t4), this yields td(C, S ∩ V (C)) ⩽

(︁ℓ−1
2
)︁

for every
component of G−X .

By (t2), we deduce td(G−X,S −X) ⩽
(︁ℓ−1

2
)︁
. Finally, by (t3),

td(G,S) ⩽ |X|+ td(G−X,S \X) ⩽ (ℓ− 1) +
(︄
ℓ− 1

2

)︄
=
(︄
ℓ

2

)︄
.

Proof of Theorem 4.2. Let ℓ be a positive integer, let G be a graph, and let S ⊆ V (G). We can
assume that G is connected due to (t2). Assume that G has no S-rooted model of Pℓ, and suppose
to the contrary that td(G,S) >

(︁ℓ
2
)︁
. Then, by Lemma 4.3 applied with an arbitrary DFS-tree of

G, there is a path P in G and ℓ pairwise disjoint (V (P ), S)-paths in G. These paths, together with
P , give an S-rooted model of Pℓ in G. This is a contradiction, which ends the proof.
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s0

root
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P ′
Q

X
→

Induction

A

B

w

Figure 4.1: An illustration to the proof of Lemma 4.3. In the figure ℓ = 5. On the
left, we illustrate the proof by contradiction that induction can be applied toGv. On
the right, we illustrate an elimination tree that is build in the proof.

In the second part of this section, we prove Theorem 1.24. The proof is quite similar to the
second part of the proof of Theorem 1.23 in terms of structure and content. Again, we first prove
a technical lemma and then derive the theorem.

Lemma 4.4. Let X be a fan with at least one vertex. Let G be a connected graph and let u be a
vertex of G. If G is X-minor-free, then G has a layering (Lj | j ⩾ 0) and there is an elimination
forest F of G− u with

(i) L0 = {u}, and

(ii) |V (P ) ∩ Lj | ⩽
(︁|V (X)|−1

2
)︁

for every root-to-leaf path P in F and for every j ⩾ 1.

Proof. Let x be a vertex of X such that X − x is a path, and let ℓ = |V (X)| − 1. If ℓ = 0, then
the result is vacuously true, thus, we assume that ℓ > 0. We proceed by induction on |V (G)|. If
G has only one vertex, then the result is clear. Hence, assume that G has more vertices.

Let S = N(u) andG′ = G−u. Observe thatG′ has no S-rooted model of Pℓ as otherwise, this
model together with a branch set {u} added would give a model ofX inG. By Theorem 4.2, there
is an elimination forest of (G′, S′) of vertex-height at most

(︁ℓ
2
)︁

for some S′ ⊆ V (G′) containing
S. Let S′, F ′ be as above with S′ = V (F ′) of minimum size.

Let C be a component of G′ − V (F ′). We claim that G − V (C) is connected. Suppose to
the contrary that there exists a component C ′ of G − V (C) that does not contain u. In other
words, C ′ is disjoint from S = N(u). Since G is connected, there is an edge vw in G such that
v ∈ V (C) and w ∈ V (C ′). More precisely, w ∈ V (F ′) since otherwise, C is not a component of
G− V (F ′). It follows that |S′ \ V (C ′)| is strictly less than |S′|. Let F ′′ be the forest with vertex
set V (F ′) \ V (C ′), where for all x, y ∈ V (F ′), we have xy ∈ E(F ′′) whenever x is an ancestor
of y or y is an ancestor of x in F ′, and there is an (x, y)-path in F ′ with all internal vertices in
V (C ′). For every component C ′′ of G′ − V (F ′′), either C ′′ is a component of G′ − V (F ′), or
V (C ′′) = V (C ′) ∪ V (C). Since C ′ has no neighbors in V (F ′′), in both cases, there exists a
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root-to-leaf path in F ′′ containing the neighborhood of V (C ′) in G′. Hence F ′′ is an elimination
forest of (G′, S′ \ V (C ′)). Since vertex-height of F ′ is at most

(︁ℓ
2
)︁

and |S′ \ V (C ′)| < |S′|, this
contradicts the minimality of F ′.

Let GC be obtained fromG by contracting V (G)\V (C) into a single vertex uC , in particular,
GC is a minor of G and therefore GC is X-minor-free. Since G is connected, S is non-empty,
thus, |V (GC)| ⩽ |V (G)| − |S ∪ {u}| + 1 ⩽ |V (G)| − 1. Hence, by induction hypothesis, there
is a layering (LC,j | j ⩾ 0) and an elimination forest FC of GC − uC such that

LC,0 = {uC} and |V (P ) ∩ LC,j | ⩽
(︄
ℓ

2

)︄
, for every root-to-leaf path P in FC and j ⩾ 1.

Let L0 = {u}, L1 = V (F ′), and for every j ⩾ 2, Lj =
⋃︁
C LC,j−1 where C goes over

all components of G′ − V (F ′). We claim that (Lj | j ⩾ 0) is a layering of G. Indeed, every
edge of G is either inside a layer or between two consecutive layers of (Lj | j ⩾ 0) since
N(u) = S ⊆ V (F ′) = L1, and N(V (C)) ⊆ L1 and (LC,j | j ⩾ 0) is a layering of C, for every
component C of G′ − U .

Let Z be the set of all leaves of F ′, and for each y ∈ Z, let Py be the path from the root of F ′

to y in F ′. For every component C ofG′−V (F ′), fix some α(C) ∈ Z such that the neighborhood
of V (C) in G is contained in Pα(C). Let F be a forest obtained from F ′ in the following way. For
each component C of G − V (F ′) add FC and edges of the form α(C)x for every root x of FC .
Let the roots of F be the roots of F ′. It follows that F is an elimination forest of G− u.

Finally, let P be a root-to-leaf path in F . We have |V (P ) ∩ L1| ⩽
(︁ℓ

2
)︁

since V (P ) ∩ L1
is the vertex set of a root-to-leaf path of F ′. For every j ⩾ 2, V (P ) ∩ Lj ⊆ V (FC) for some
component C of G′ − V (F ′), which implies |V (P )∩Lj | = |V (P )∩LC,j−1| ⩽

(︁ℓ
2
)︁
. This proves

the lemma.

Proof of Theorem 1.24. Let X be a fan with at least three vertices, and let G be an X-minor-free
graph. If G has no vertex, then the result is clear. Hence, we assume that V (G) is non-empty.
When G is connected, apply Lemma 4.4 to G with an arbitrary vertex u ∈ V (G). We obtain an
elimination forest F ofG−u and a layering (Lj | j ⩾ 0) ofG such that |V (P )∩Lj | ⩽

(︁|V (X)−1|
2

)︁
,

for every root-to-leaf path P and for every j ⩾ 1, and L0 = {u}. Let T be obtained by adding u to
F as a new root adjacent to all the roots of F . Then T is an elimination tree of G witnessing that
ltd(G,S) ⩽

(︁|V (X)|−1
2

)︁
. When G is not connected, apply the above to each component of G, take

for F the disjoint union of the elimination forests obtained for each component, and concatenate
the layerings.

4.3 Excluding a rooted forest and layered pathwidth

Bienstock, Robertson, Seymour, and Thomas [BRST91] first proved that if a graphG has no model
of a forest F , then pw(G) ⩽ |V (F )| − 2. Note that the first bound on pw(G) in terms of |V (F )|
was proved by Robertson and Seymour in [RS83]. On the other hand, Diestel gave a beautiful and
short proof of the above in [Die95]. We prove an analogous result within the setting of S-rooted
models of forests.

Theorem 4.5. For every forest F with at least one vertex, for every graph G, and for every
S ⊆ V (G), if G has no S-rooted model of F , then pw(G,S) ⩽ 2|V (F )| − 2.
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The proof of Theorem 4.5 follows Diestel’s proof [Die95] that graphs excluding a forest F
as a minor have pathwidth at most |V (F )| − 2. The notation follows a recent paper by Sey-
mour [Sey23].

Let G be a graph, let w be a positive integer, and let S ⊆ V (G). A separation (A,B) is
(w, S)-good if it is of order at most w and there is S′ ⊆ V (A) containing S ∩ V (A) such that
(A,S′) has a path decomposition of width at most 2w − 2 whose last bag contains V (A) ∩ V (B)
as a subset. When (A,B), (A′, B′) are separations of G, we write (A,B) ⩽ (A′, B′), if A ⊆ A′

and B ⊇ B′. If moreover the order of (A′, B′) is at most the order of (A,B), then we say that
(A′, B′) extends (A,B). A separation (A,B) in G is maximal (w, S)-good if it is (w, S)-good
and for every (w, S)-good separation (A′, B′) extending (A,B), we have A′ = A and B′ = B.

We start with a simple lemma illustrated in Figure 4.2.

P
Q

A′ B′

P

→

Figure 4.2: Illustration of the proof of Lemma 4.6. On the left, we depict the initial
situation and on the right, we depict the result of applying the procedure from the
lemma. Bags of path decompositions are green and blue alternately. In yellow,
we show the components that are left after removing all vertices of respective path
decompositions. The latter is obtained from the former by contracting |V (P ) ∩
V (Q)| disjoint (V (P ), V (B′))-paths (in blue).

Lemma 4.6. Let G be a graph, let w be a positive integer, let S ⊆ V (G), and let (A′, B′) and
(P,Q) be two separations of G with (P,Q) ⩽ (A′, B′). If (A′, B′) is (w, S)-good and there are
|V (P ) ∩ V (Q)| vertex-disjoint (V (P ), V (B′))-paths in G, then (P,Q) is (w, S)-good.

Proof. Suppose that (A′, B′) is (w, S)-good and there are |V (P ) ∩ V (Q)| vertex-disjoint
(V (P ), V (B′))-paths (Rx | x ∈ V (P ) ∩ V (Q)) in G. Suppose x ∈ V (Rx) for every
x ∈ V (P ) ∩ V (Q). Let (Wi | i ∈ [m]) be a path decomposition of (A′, S′) for some S′ ⊆ V (A)
containing S∩V (A′) of width at most 2w−2 with V (A′)∩V (B′) ⊆Wm. Let (Vi | i ∈ [m]) be ob-
tained from (Wi | i ∈ [m]) by contractingRx into a single vertex that we identify with x, for every
x ∈ V (P )∩V (Q). In other words, Vi = (Wi∩V (P ))∪{x ∈ V (P )∩V (Q) | V (Rx)∩Wi ̸= ∅} for
every i ∈ [m]. Observe that |Vi| ⩽ |Wi| for every i ∈ [m]. We claim that (Vi | i ∈ [m]) is a path
decomposition of (P, S′′), where S′′ =

⋃︁
i∈[m] Vi, which proves the lemma since S∩V (P ) ⊆ S′′.

The fact that (Vi | i ∈ [m]) is a path decomposition of H = P [S′′] follows from the con-
struction. We show that every component C of P − V (H) has its neighborhood in P contained
in Vi for some i ∈ [m]. Let H ′ = A′[S′] and let C be a component of P − V (H). Observe that
V (H)∩V (P ) = V (H ′)∩V (P ), and so, P −V (H) is a subgraph of A′−V (H ′). It follows that
C is a connected subgraph of A′ − V (H ′). Therefore, there exists i ∈ [m] such that the neigh-
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borhood of V (C) in A′ is contained in Wi, and thus, the neighborhood of C in P is contained in
Vi.

Finally, since V (A′) ∩ V (B′) ⊆ Wm, we have V (P ) ∩ V (Q) ⊆ Vm. Additionally, |V (P ) ∩
V (Q)| = |{Rx | x ∈ V (P ) ∩ V (Q)}| ⩽ |V (A′) ∩ V (B′)| ⩽ w. All this proves that (P,Q) is
(w, S)-good.

We will use the following version of Menger’s theorem in the proof of Lemma 4.8.

Lemma 4.7. Let G be a graph and let (A,B) and (A′, B′) be two separations of G. If (A,B) ⩽
(A′, B′), then there is a separation (P,Q) of G such that

(i) (A,B) ⩽ (P,Q) ⩽ (A′, B′), and

(ii) there are |V (P ) ∩ V (Q)| pairwise disjoint (V (A), V (B′))-paths in G.

Lemma 4.8. Let w be a positive integer, let G be a graph, and let S ⊆ V (G) such that
pw(G,S) > 2w − 2. If F is a forest on at most w vertices, then there is a separation (A,B)
of G such that

(s1) |V (A) ∩ V (B)| ⩽ |V (F )|,

(s2) there is a (V (A) ∩ V (B))-rooted model of F in A, and

(s3) (A,B) is maximal (w, S)-good.

Proof. We proceed by induction on |V (F )|. Suppose that F is the null graph. Since (∅, G) is
a (w, S)-good separation of G, then a maximal (w, S)-good separation (A,B) extending (∅, G)
satisfies (s1)-(s3). Next, let F be a non-empty forest on at most w vertices. Let t be a vertex of F
of degree at most one.

By the induction hypothesis applied to F − t, G has a separation (A0, B0) satisfying (s1)-(s3)
for F − t. Let (Wi | i ∈ [m]) be a path decomposition of (A0, S′) of width at most 2w − 2, for
some S′ ⊆ V (A0) containing S ∩ V (A0), with V (A0) ∩ V (B0) ⊆Wm. If V (A0) = V (G), then
(Wi | i ∈ [m]) is a path decomposition of (G,S), which contradicts the fact that pw(G,S) >
2w − 2. Hence V (B0) \ V (A0) ̸= ∅. Let (Bx | x ∈ V (F − t)) be a (V (A0) ∩ V (B0))-rooted
model of F − t in A0. If t has degree 0 in F , then choose a vertex v ∈ V (B0) \V (A0) arbitrarily.
Otherwise, t has a unique neighbor s in F . Since |V (A0) ∩ V (B0)| = |V (F )| − 1, let u be the
unique vertex in Bs ∩ V (A0) ∩ V (B0), and choose v to be a neighbor of u in V (B0) \ V (A0).
Such a neighbor exists as otherwise (A0 ∪ {uu′ | uu′ ∈ E(B0)}, B0 − u) is (w, S)-good, which
contradicts the maximality of (A0, B0).

Let (A,B) be the separation ofG defined byA = G[V (A0)∪{v}] andB = G[V (B0)]\E(A).
Since V (A0) ∩ V (B0) ⊆ Wm, and the neighborhood of v in A is contained in V (A0) ∩ V (B0),(︁
W1, . . . ,Wm−1,Wm, V (A)∩V (B)

)︁
is a path decomposition of (A,S∩V (A)). Moreover, since

|V (A) ∩ V (B)| ⩽ |V (F )| ⩽ w ⩽ 2w − 1, this path decomposition is of order at most 2w − 2.
Therefore, (A,B) is (w, S)-good, and so, there is a maximal (w, S)-good separation (A′, B′)
extending (A,B) in G. In particular, |V (A′) ∩ V (B′)| ⩽ |V (F )|.

The next step of the proof is illustrated in Figure 4.3. By Lemma 4.7, there exists a separation
(P,Q) such that (A,B) ⩽ (P,Q) ⩽ (A′, B′), and there is a family L of |V (P ) ∩ V (Q)| disjoint
(V (A), V (B′))-paths in G. If |V (P ) ∩ V (Q)| ⩽ |V (F )| − 1, then by Lemma 4.6, since (A′, B′)
is (w, S)-good, (P,Q) is (w, S)-good as well. Since (P,Q) extends (A0, B0), and v ∈ V (P ) \
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V (A0), this contradicts the maximality of (A0, B0). Hence |V (P ) ∩ V (Q)| ⩾ |V (F )|. Setting
Bt = {v} gives a (V (A) ∩ V (B))-rooted model (Bx | x ∈ V (F )) of F in A. Since (A,B) ⩽
(A′, B′), every (V (A), V (B′))-path is a (V (A) ∩ V (B))-(V (A′) ∩ V (B′))-path contained in
V (B) ∩ V (A′). Therefore, the model can be extended using the |V (F )| paths in L yielding a
(V (A′) ∩ V (B′))-rooted model of F in A′. This proves that (A′, B′) satisfies (s1)-(s3).

A0
B0

A
B

P
Q

A′ B′

v

→

A
B

A′ B′

vF − t

Figure 4.3: An illustration of the proof of Lemma 4.8. We consider F to be a forest
(|V (F )| = 5 in the figure). In pink, we depict the branch sets of the rooted model
of F − t. We argue that if |V (P ) ∩ V (Q)| < |V (F )|, then (P,Q) contradicts
the maximality of (A0, B0). Hence, V (A) is connected with V (B′) by 5 pairwise
disjoint paths. We add the blue branch set containing v to the model and extend
pink branch sets using the paths obtaining a (V (A′) ∩ V (B′))-rooted model of F
in A′.

Proof of Theorem 4.5. The proof is illustrated in Figure 4.4. Let F be a forest with at least one
vertex, let G be a graph, and let S ⊆ V (G) such that G has no S-rooted model of F . Suppose
that pw(G,S) > 2|V (F )| − 2 and let w = |V (F )|. By Lemma 4.8, G admits a separation (A,B)
satisfying (s1)-(s3). Let (Wi | i ∈ [m]) be a path decomposition of (A,S′) of width at most
2w − 2, for some S′ ⊆ V (A) containing S ∩ V (A), with V (A) ∩ V (B) ⊆ Wm. By Menger’s
Theorem applied to V (A) and S ∩ V (B) there is a separation (P,Q) of G with V (A) ⊆ V (P ),
S ∩ V (B) ⊆ V (Q) and a family L of |V (P ) ∩ V (Q)| pairwise disjoint (V (A), S ∩ V (B))-paths
in G.

First, suppose that |V (P ) ∩ V (Q)| < |V (F )|. Then we claim that
(︁
W1, . . . ,Wm, (V (A) ∩

V (B)) ∪ (V (P ) ∩ V (Q))
)︁

is a path decomposition of (P, S′′) of width at most 2w − 1, where
S′′ = S′∪(V (A)∩V (B))∪(V (P )∩V (Q)), whose last bag contains V (P )∩V (Q). Since S ⊆ S′′,
this will contradicts the fact that pw(G,S) > 2|V (F )| − 2. Indeed, |V (A) ∩ V (B)| + |V (P ) ∩
V (Q)|−1 ⩽ 2w−2. Let C be a component of P −

(︁⋃︁
i∈[m]Wi∪(V (P )∩V (Q))

)︁
. Since V (A)∩

V (B) ⊆ Wm, either C is a component of A −
⋃︁
i∈[m]Wi or C is a component of P − (V (A) ∪

(V (P ) ∩ V (Q))). In the former case, there is i ∈ [m] such that the neighborhood of V (C) in A
(and so in P ) is contained in Wi. In the latter case, the neighborhood of V (C) in P is contained in
(V (A)∩V (B))∪(V (P )∩V (Q)). Hence, (P,Q) is (w, S)-good, which contradicts the maximality
of (A,B) because (P,Q) extends (A,B) and |V (P ) ∩ V (Q)| < |V (F )| = |V (A) ∩ V (B)|.
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It follows that |V (P ) ∩ V (Q)| ⩾ |V (F )|. By (s2), there is a (V (A) ∩ V (B))-rooted model
of F in A. The model combined with the paths in L yields an S-rooted model of F in G. This
contradicts the assumption on G and ends the proof of the theorem.

A
B

P
Q

A
B

P
Q

Figure 4.4: An illustration of the proof of Theorem 4.5. On the left, we depict the
situation, where |V (P )∩ V (Q)| < |V (F )|. We can extend the path decomposition
by appending the bag (V (A) ∩ V (B)) ∪ (V (P ) ∩ V (Q)) (the last green bag in the
figure). On the right, we depict the opposite situation, where |V (P ) ∩ V (Q)| ⩾
|V (F )|. Then, we simply extend the model and make it S-rooted.

Finally, we proceed with a proof of Theorem 1.23. The proof is by induction, however, since
we need to keep some invariant stronger than the statement of the theorem, we encapsulate it in
the following technical lemma, which we later show implies the theorem.

Lemma 4.9. Let X be an apex-forest with at least two vertices. Let G be a connected graph and
let u be a vertex of G. If G is X-minor-free, then G has a layering (Lj | j ⩾ 0) and there is a
path decomposition (Wi | i ∈ [m]) of G− u with

(i) L0 = {u}, and

(ii) |Wi ∩ Lj | ⩽ 2|V (X)| − 3, for all i ∈ [m] and j ⩾ 1.

Proof. Let x be a vertex of X such that X − x is a forest, which we denote by F . We proceed by
induction on |V (G)|. If G has only one vertex, then the result is clear. Hence, assume that G has
more vertices.

Let S = N(u) and G′ = G − u. Observe that G′ has no S-rooted model of F , as otherwise,
this model together with a branch set {u} added would give a model of X in G. By Theorem 4.5,
there exist S′ ⊆ V (G′) containing S, and a path decomposition of (G′, S′) of width at most
2|V (F )| − 2 = 2|V (X)| − 4. Let S′ be such a set of minimum size, and let (Vi | i ∈ [m0]) be a
path decomposition of (G′, S′) of width at most 2|V (X)| − 4.

Let C be a component of G′ − S′. We claim that G − V (C) is connected. Suppose to the
contrary that there exists a component C ′ of G−V (C) that does not contain u. In other words, C ′

is disjoint from S = N(u). Since G is connected, there is an edge vw in G such that v ∈ V (C)
andw ∈ V (C ′). More precisely,w ∈ U since otherwiseC is not a component ofG−S′. It follows
that S′′ = S′ − V (C ′) is strictly less than S′. For every component C ′′ of G′ − S′′, either C ′′ is
a component of G′ − S′, or V (C ′′) = V (C ′) ∪ V (C). Since C ′ has not neighbors in S′′, in both
cases, there exists i ∈ [m0] such that N(V (C ′′)) ⊆ Vi \ V (C ′). Hence (Vi \ V (C ′) | i ∈ [m0]) is
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a path decomposition of (G′, S′′). The width of this path decomposition is at most 2|V (X)| − 4,
which contradicts the minimality of S′.

Let GC be obtained fromG by contracting V (G)\V (C) into a single vertex uC , in particular,
GC is a minor of G and therefore GC is X-minor-free. Since G is connected, S is non-empty,
thus, |V (GC)| ⩽ |V (G)| − |S ∪ {u}| + 1 ⩽ |V (G)| − 1. Hence, by induction hypothesis, there
is a layering (LC,j | j ⩾ 0) and a path decomposition (VC,i | i ∈ [mC ]) of GC − uC such that

LC,0 = {uC} and |VC,i ∩ LC,j | ⩽ 2|V (X)| − 3, for every i ∈ [mC ] and j ⩾ 1.

Let L0 = {u}, L1 = S′, and for every j ⩾ 2, Lj =
⋃︁
C LC,j−1 where C goes over all components

of components of G′ − S′. See Figure 4.5. We claim that (Lj | j ⩾ 0) is a layering of G. Indeed,
every edge of G is either inside a layer or between two consecutive layers of (Lj | j ⩾ 0) since
N(u) = S ⊆ S′ = L1, and N(V (C)) ⊆ L1 and (LC,j | j ⩾ 0) is a layering of C, for every
component C of G′ − S′.

H

G

u

→

G

uL0

L1

L2

L3

L4

L5

L6

Figure 4.5: An illustration of how we construct the layering (Lj | j ⩾ 0) in the
proof of Lemma 4.9.

For every componentC ofG′−S′, fix some α(C) ∈ [m0] such that the neighborhood of V (C)
in G is contained in Vα(C). Moreover, let the path decomposition obtained as a concatenation of
the path decompositions (VC,i | i ∈ [mC ]) for every component C of G′ − U with α(C) = k
be denoted by (Vk,i | i ∈ [mk]) where mk =

∑︁
C mC . For every k ∈ [m0], let V ′

k,0 = Vk and
V ′
k,i = Vk,i ∪ Vk for every i ∈ [mk]. Observe that (V ′

k,i | 0 ⩽ i ⩽ mk) is a path decomposition
of the subgraph of G′ induced by Vk ∪

⋃︁
C V (C) where C goes over all components of G′ − S′

with α(C) = k. Now, let (Wi | i ∈ [m]) be the concatenation of the path decompositions
(V ′
k,i | 0 ⩽ i ⩽ mk) for each k ∈ [m0] in the increasing order of k. Here, m =

∑︁m0
k=1(mk + 1).

This yields a path decomposition of G− u. This construction is illustrated in Figure 4.6.
Finally, we argue that the width of

(︁
(Wi | i ∈ [m]), (Lj | j ⩾ 0)

)︁
is at most 2|V (X)| − 3.

For every i ∈ [m], we have Wi ∩ L1 = Wi ∩ S′ = Vk for some k ∈ [m0], and so, |Wi ∩ L1| ⩽
2|V (X)| − 3. On the other hand, for every j ⩾ 2 and i ∈ [m], we have Wi ∩ Lj = VC,ℓ ∩ LC,j−1
for some component C of G′−S′ and ℓ ∈ [mC ], which gives |Wi ∩Lj | ⩽ 2|V (X)| − 3 and ends
the proof.

Proof of Theorem 1.23. Let X be an apex-forest with at least two vertices, and let G be an X-
minor-free graph. If G has no vertex, then the result is clear. Hence, we assume that V (G) is
non-empty. When G is connected, apply Lemma 4.9 to G with an arbitrary vertex u ∈ V (G). We
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H

G

u

→

G− u

Figure 4.6: An illustration of how we construct the path decomposition (Wi | i ∈
[m]) in the proof of Lemma 4.9.

obtain a path decomposition (Wi | i ∈ [m]) of G − u and a layering (Lj | j ⩾ 0) of G such that
|Wi∩Lj | ⩽ 2|V (X)|−3, for every i ∈ [m] and j ⩾ 1, and L0 = {u}. Then (Wi∪{u} | i ∈ [m])
is a path decomposition of G such that every bag has intersection with every layer of (Lj | j ⩾ 0)
of size at most 2|V (X)| − 3. When G is not connected, apply the above to each component of G
and concatenate the layerings and the path decompositions.

4.4 Excluding a outer-rooted planar graph

The Grid Minor Theorem can be generalized to the setting of S-outer-rooted models as follows,
which is equivalent to Theorem 3.11.

Theorem 4.10. For every plane graph H , there exists a positive integer cH such that, for every
graph G, and for every S ⊆ V (G), if G has no S-outer-rooted model of H , then tw(G,S) ⩽ cH .

Note that in this result, one cannot replace “S-outer-rooted model” with “S-rooted model”.
Indeed, for every non-negative integer ℓ, the graph ⊞ℓ with Sℓ being the vertex set of the outer
face has no Sℓ-rooted model of K4, while tw(⊞ℓ, Sℓ) ⩾ ℓ− 1. The latter inequality follows from
Lemma 3.10 applied for the family of all the connected subgraphs that are the union of a row with
a column.

It is noteworthy that the proof of Theorem 4.10, together with known results on the Grid-Minor
Theorem, actually shows that the constant cH is at most polynomial in |V (H)|. See [HLMR24b]
for the details.

We obtain Theorem 4.10 via tangles. First, let us recall the definition of tangles in graphs. Let
G be a graph and let k be a positive integer. Let T be a family of separations of G of order less
than k in G. T is a tangle of order k in G if

(T1) for every separation (A,B) of order at most k − 1 in G, (A,B) ∈ T or (B,A) ∈ T ,

(T2) for every (A1, B1), (A2, B2), (A3, B3) ∈ T , A1 ∪A2 ∪A3 ̸= G, and

(T3) for every (A,B) ∈ T , V (A) ̸= V (G).

Marx, Seymour, and Wollan [MSW17] proposed a variant of tangles that is focused on a prescribed
set. Additionally, for a fixed S ⊆ V (G), T is a tangle of (G,S) if it is a tangle of G and
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(T4) for every (A,B) ∈ T , S ̸⊆ V (A).

The tangle number of (G,S), denoted by tn(G,S), is the maximum order of a tangle of (G,S).
When S = V (G), condition (T4) is vacuous, and tn(G) = tn(G,V (G)) is the classical tangle
number of G. One of the cornerstones of structural graph theory is that the following graph
parameters are functionally tied to each other: treewidth, tangle number, and the maximum integer
ℓ such that a graph contains a model of ⊞ℓ. An analog in the “focused” setting also holds.

Marx, Seymour, and Wollan [MSW17] showed that the tangle number of (G,S) is functionally
tied to the maximum integer ℓ such that G has an S-outer-rooted model of ⊞ℓ (since this precise
statement is not exactly the one showed in [MSW17], a proof of the following is given as an
appendix in [HLMR24b]).

Theorem 4.11 ([MSW17]). Let H be a plane graph. There is an integer cH such that for every
graph G, if there is a tangle T of (G,S) of order cH , then G contains an S-outer-rooted model of
H .

We prove that tn(G,S) is functionally tied to tw(G,S).

Theorem 4.12. For every graph G with at least one vertex, and for every S ⊆ V (G),

tn(G,S)− 1 ⩽ tw(G,S) ⩽ 10 max{tn(G,S), 2} − 12.

Note that Theorem 4.11 and Theorem 4.12 immediately imply Theorem 4.10. In this section,
we prove Theorem 4.12. Let G be a graph with at least one vertex, and S ⊆ V (G). Lemma 4.13
directly implies the upper bound, that is, tw(G,S) ⩽ 10 max{tn(G,S), 2} − 12. Lemma 4.15
implies the lower bound, that is, tn(G,S)− 1 ⩽ tw(G,S).

Lemma 4.13. Let k be an integer with k ⩾ 2. Let G be a graph and let S ⊆ V (G) be such that
there is no tangle of (G,S) of order k. Then for every R ⊆ V (G) with |R| ⩽ 7k − 8, there exists
S′ ⊆ V (G) containing S, and a tree decomposition D of (G,S′) of width at most 10k − 12 such
that there is a bag of D containing R.

Proof. We proceed by induction on |V (G)|. If |V (G)| ⩽ 10k − 11, then the tree decomposition
consisting of a single bag V (G) witnesses the statement. Thus, we assume that |V (G)| ⩾ 10k −
10 ⩾ 7k − 8. By possibly adding some vertices to R, we assume without loss of generality that
|R| = 7k − 8.

Let T be the family of all separations (A,B) ofG of order at most k−1 such that |V (A)∩R| ⩽
4k − 5. By assumption, T is not a tangle of (G,S). Therefore, one of (T1)-(T4) does not hold.

If (T1) does not hold, then there is a separation (A,B) of G of order at most k − 1 such that
|V (A) ∩ R| ⩾ 4k − 4 and |V (B) ∩ R| ⩾ 4k − 4. Then |R| ⩾ |V (A) ∩ R| + |V (B) ∩ R| −
|V (A) ∩ V (B)| ⩾ 8k − 8− (k − 1) = 7k − 7 > 7k − 8, a contradiction.

If (T2) does not hold, then there are separations (A1, B1), (A2, B2), (A3, B3) in T such that
A1 ∪ A2 ∪ A3 = G. Let Z =

⋃︁3
i=1

(︁
V (Ai) ∩ V (Bi)

)︁
. Let C be a component of G − Z, let

GC = G[V (C)∪N(C)], and let RC = N(V (C))∪ (R∩V (C)). Since V (C) ⊆ V (Ai) for some
i ∈ {1, 2, 3}, |V (C) ∩ R| ⩽ |V (Ai) ∩ R| ⩽ 4k − 5. Note that V (GC) = V (C) ∪N(C) ⊆ Ai,
and thus,

|V (G) \ V (GC)| ⩾ |V (Bi) \ V (Ai)| ⩾ |(V (Bi) \ V (Ai)) ∩R| ⩾ 3k − 3 > 0.
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Moreover, since N(V (C)) ⊆ Z, |N(V (C))| ⩽ |Z| = 3(k − 1). Hence, |RC | ⩽ |V (C) ∩ R| +
|N(V (C))| ⩽ 4k − 5 + 3k − 3 = 7k − 8. In order to apply induction to GC and RC , we have
to argue that |V (GC)| < |V (G)|. We have V (C) ∪ N(C) ⊆ Ai for some i ∈ {1, 2, 3}. By
induction hypothesis applied to GC and RC , there is S′

C ⊆ V (GC) containing S ∩ V (C), and
a tree decomposition

(︁
TC , (WC,x | x ∈ V (TC))

)︁
of (GC , S′

C) of width at most 10k − 12 such
that RC ⊆ WC,rC

for some rC ∈ V (TC). Let T be obtained from the disjoint union of TC for all
componentsC ofG−Z by adding a new vertex r and edges rrC for every componentC ofG−Z.
Finally, let Wr = Z ∪ R, and for every component C of G− Z and every x ∈ V (TC), let Wx =
WC,x. We take S′ =

⋃︁
x∈V (T )Wx. Observe that |Wr| ⩽ |Z|+|R| ⩽ 3(k−1)+7k−8 = 10k−11.

Every component of G−
⋃︁
x∈V (T )Wx is a subgraph of a component of GC −

⋃︁
x∈V (TC)WC,x for

some component C of G − Z. Therefore,
(︁
T, (Wx | x ∈ V (T ))

)︁
is a tree decomposition of

(G,S′) of width at most 10k − 12 such that R ⊆Wr.
If (T3) does not hold, then there is a separation (A,B) ∈ T such that V (A) = V (G). It

follows that |R| = |R ∩ V (A)| ⩽ 4k − 5 < 7k − 8 = |R|, a contradiction.
If (T4) does not hold, then there is a separation (A,B) ∈ T such that S ⊆ V (A). Let

R′ = (R∩ V (A))∪ (V (A)∩ V (B)). Note that |R′| ⩽ 4k− 5 + (k− 1) = 5k− 6 ⩽ 7k− 8. By
induction hypothesis applied to A and R′, there is S′

A ⊆ V (A) containing S ∩ V (A), and a tree
decomposition

(︁
T ′, (Wx | x ∈ V (T ′))

)︁
of (A,S′

A) of width at most 10k− 12 such that R′ ⊆Wr′

for some r′ ∈ V (T ′). Let T be obtained from T ′ by adding a new vertex r and the edge rr′.
Finally, set Wr = R∪ (V (A)∩ V (B)) and observe that |Wr| ⩽ |R|+ k− 1 ⩽ 7k− 8 + k− 1 =
8k− 9 ⩽ 10k− 12. Every component of G−

⋃︁
x∈V (T )Wx is either a component of B−A or is a

subgraph of a component of A−
⋃︁
x∈V (T ′)Wx. In both cases, the neighborhood of the component

is contained in a single bag. Therefore,
(︁
T, (Wx | x ∈ V (T ))

)︁
is a tree decomposition of (G,S′),

for S′ =
⋃︁
x∈V (T )Wx = S′

A∪R∪ (V (A)∩V (B)), of width at most 10k−12 such that R ⊆Wr.
Since S ⊆ S′, this concludes the lemma.

In the proof of Lemma 4.15 we use the following simple observation.

Observation 4.14. Let k be a positive integer, letG be a graph, and let T be a tangle ofG of order
k. Let (A,B) and (A′, B′) be two separations ofG of order at most k−1 such that V (A) = V (A′)
and V (B) = V (B′). Then,

(B,A) /∈ T ⇐⇒ (A,B) ∈ T ⇐⇒ (A′, B′) ∈ T ⇐⇒ (B′, A′) /∈ T .

Proof. The first and last equivalences are clear by (T1) and (T2). In order to prove the middle
equivalence, suppose to the contrary that (A,B) ∈ T and (A′, B′) ̸∈ T . By (T2), (B′, A′) ∈ T .
Observe that (A ∪ B′, A′ ∩ B) is a separation of G, and its order is at most k − 1. By (T3),
(A ∪B′, A′ ∩B) ̸∈ T , hence by (T1), (A′ ∩B,A ∪B′) ∈ T . But then B′ ∪A ∪ (A′ ∩B) = G,
which contradicts (T3).

Lemma 4.15. Let k be a positive integer, let G be a graph with at least one vertex, and let
S ⊆ V (G). If tn(G,S) ⩾ k, then tw(G,S) ⩾ k − 1.

Proof. Let T be a tangle of (G,S) of order k. Suppose to the contrary that there is a tree decom-
position

(︁
T0, (Wx | x ∈ V (T0))

)︁
of (G,S) of width at most k − 2. Let U =

⋃︁
x∈V (T0)Wx. By

possibly adding some vertices to T0 and some bags to (Wx | x ∈ V (T0)), without loss of general-
ity we can assume that every vertex in U is in at least two bags. For every component C of G−U ,
there is a bag xC ∈ V (T0) such that N(V (C)) ⊆ WxC . Let T be obtained from T0 by adding a
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new vertex uC and the edge xCuC for every componentC ofG−U . LetWuC = N(V (C))∪V (C)
for every component C of G − U . It follows that

(︁
T, (Wx | x ∈ V (T ))

)︁
is a tree decomposition(︁

T, (Wx | x ∈ V (T ))
)︁

of G. While this tree decomposition may have large width, for every edge
xy ∈ E(T ), we have |Wx ∩Wy| ⩽ k − 1.

Let Z = V (T ) \ V (T0) be the set of all added vertices. For every uv ∈ E(T ), recall that Tu|v
is the component of T \ uv containing u, and let Gu|v be the subgraph G[

⋃︁
x∈V (Tu|v)Wx].

Let T⃗ be the directed graph with the vertex set V (T ) and the arc set consisting of all the pairs
(u, v) ∈ V (T )2 such that uv ∈ E(T ) and for every separation (A,B) ofGwith V (A) = V (Gu|v)
and V (B) = V (Gv|u), we have (A,B) ∈ T . By Observation 4.14, T⃗ is an orientation of T . Since
T is a tree, T⃗ is acyclic, and thus, there is a sink x in T⃗ . If x ∈ Z, then the neighbor y of x in T is
such that (Gy|x, Gx|y \E(Gy|x)) ∈ T , which contradicts (T4) since S ⊆ V (Gy|x). Hence, x ̸∈ Z,
and so, |Wx| ⩽ k − 1. Let y1, . . . , yd be the neighbors of x in T . For every i ∈ [d], let (Ai, Bi)
be a separation of G with Ai = G

[︂⋃︁i
j=1 V (Gyj |x)

]︂
and Bi = G

[︂⋂︁i
j=1 V (Gx|yj

)
]︂
− E(Ai). It

follows that V (Ai)∩ V (Bi) ⊆Wx. Therefore, (Ai, Bi) has order at most |Wx| ⩽ k− 1 for every
i ∈ [d].

We claim that (Ai, Bi) ∈ T for every i ∈ [d]. We prove this by induction on i. The fact that
x is a sink implies that (A1, B1) ∈ T , hence, let 1 < i ⩽ d, and assume that (Ai−1, Bi−1) ∈
T . Suppose to the contrary that (Bi, Ai) ∈ T . Since (Ai−1, Bi−1) ∈ T and (Gyi|x, Gx|yi

−
E(Gyi|x)) ∈ T by (T2), Ai−1 ∪ Gyi|x ∪ Bi ̸= G, which is false since Ai = Ai−1 ∪ Gyi|x, and
yields (Ai, Bi) ∈ T .

The above in particular, implies that (Ad, Bd) ∈ T . However, since every vertex in U is in at
least two bags, we have V (G) =

⋃︁
z∈V (T )\{x}Wz = V (A), which contradicts (T3), and shows

that there is no tree decomposition of (G,S) of width at most k − 2.

4.5 Erdős-Pósa property

In this section, we discuss the applications of our techniques to Erdős-Pósa properties for rooted
models. Lemma 3.10 with Theorem 4.10 yield that outer-rooted models of a fixed connected plane
graph admit the Erdős-Pósa property.

Corollary 4.16. For every connected plane graph H , there exists a function dH : N → N such
that for every graph G, for every S ⊆ V (G), and for every positive integer k, either

(i) G has k vertex-disjoint S-outer-rooted models of H or

(ii) there exists a set Z ⊆ G such that |Z| ⩽ dH(k−1) andG−Z has no S-outer-rooted model
of H .

Proof. Let H be a connected plane graph. For every positive integer k, let k ·H denote the plane
graph consisting of k disjoint copies of H drawn in the plane in such a way that the outer face of
each copy belongs to the outer face. Let ck·H be the constant given by Theorem 4.10 applied to
k ·H . Suppose thatG, S, k are like in the statement. Assume that (i) does not hold. In other words,
G has no S-outer-rooted model of k · H . Therefore, tw(G,S) ⩽ ck·H . Then by Lemma 3.10
applied to the family of all the connected subgraphs of G containing an S-outer-rooted model
of H , there exists a set Z of at most (ck·H + 1)(k − 1) vertices in G such that G − Z has no
S-outer-rooted-model of H . This proves the corollary for dH(k − 1) = (ck·H + 1)(k − 1).



4.5 – Erdős-Pósa property 109

Recently, Dujmović, Joret, Micek, and Morin [DJMM24] showed that for every tree T , for
every graph G, for every positive integer k, either G has k disjoint models of T , or there is a set Z
of at most |V (T )|(k− 1) vertices such that G−Z is T -minor-free. Theorem 4.5 and Lemma 3.10
imply the following Erdős-Pósa property for rooted models of trees.

Corollary 4.17. For every tree T , for every graph G, for every S ⊆ V (G), and for every positive
integer k, either

(i) G has k vertex-disjoint S-rooted models of T , or

(ii) there exists a set Z ⊆ G such that |Z| ⩽ (2k|V (T )|−1)(k−1) andG−Z has no S-rooted
model of T .





CHAPTER 5
Product structure

The results presented in this chapter are joint work with Vida Dujmović, Robert Hicking-
botham, Jędrzej Hodor, Gwenaël Joret, Hoang La, Piotr Micek, Pat Morin, and David
R. Wood [DHH+24], but the proof proposed here is new.
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This chapter is devoted to the proof of the following theorems, which relies on the notion of
rich minors. The ideas of this proof will be extensively used in the next chapter.

Theorem 1.30. Let X be a nonnull apex graph. There exists a positive integer c such that, for
every X-minor-free graph G, there exists a graph H of treewidth at most 2td(X) − 2 such that

G ⊆ H ⊠ P ⊠Kc

for some path P .

Theorem 1.31. Let X be a nonnull planar graph. There exists a positive integer c such that the
following holds. For every X-minor-free graph G, there exists a graph H of treewidth at most
2td(X) − 2 such that

G ⊆ H ⊠Kc.

Actually, we will prove the following result, which combined with, respectively, Dujmović,
Morin, and Wood’s result on layered treewidth [DMW17] and the Grid-Minor Theorem (Theo-
rem 1.10) will imply Theorem 1.30 and Theorem 1.31.

Theorem 5.1. Let X be a nonnull graph. There exists a positive integer c such that the following
holds. For every X-minor-free graph G, for every tree decomposition D of G, there exists a
partition P of V (G) such that

(A) tw(G/P) ⩽ 2td(X) − 2, and

(B) for every P ∈ P , P is included in a union of at most c bags of D.

This theorem is inspired by Illingworth, Scott, and Wood [ISW24], who proved a similar result
but with tw(G/P) ⩽ |V (X)| − 2. Their technique is a tool we extensively use in this chapter and
the next one.

Proof of Theorem 1.31 assuming Theorem 5.1. By the Grid-Minor Theorem (Theorem 1.10),
there exists an integer c0 such that every X-minor-free graph has treewidth less than c0. Let
G be an X-minor-free graph and let D be a tree decomposition of G of width less than c0. Then,
by Theorem 5.1, there is a partition P of V (G) such that

111
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5.1.(A) tw(G/P) ⩽ 2td(X) − 2, and

5.1.(B) for every P ∈ P , P is included in a union of at most c1 bags of D,

for a positive integer c1 depending only on X . We take c = c0c1, and H = G/P . It follows
that every part in P has size at most c, and so for every P ∈ P , there is an injection ιP from P
to V (Kc). Then the mapping φ : V (G) → V (H ⊠Kc) defined by φ(u) =

(︁
P, ιP (u)

)︁
for every

u ∈ P , for every P ∈ P , witnesses the fact that G ⊆ H ⊠Kc. This proves the theorem.

Proof of Theorem 1.30 assuming Theorem 5.1. By the aforementioned result of Dujmović, Morin,
and Wood in [DMW17], there exists a positive integer c0 such that every X-minor-free graph has
layered treewidth at most c0. Let G be an X-minor-free graph, and let (D,L) be a layered tree
decomposition of G of width at most c0. Then, by Theorem 5.1, there is a partition P of V (G)
such that

5.1.(A) tw(G/P) ⩽ 2td(X) − 2, and

5.1.(B) for every P ∈ P , P is included in a union of at most c1 bags of D,

for a positive integer c1 depending only on X . Let (Li | i ∈ N) = L, and let m be a positive
integer such that Li = ∅ for every i > m. We take c = c0c1, H = G/P . Let Q be the path
with vertices 0, . . . ,m, in this order along Q. For every P ∈ P , and for every i ∈ {0, . . . ,m},
we have |P ∩ Li| ⩽ c0c1 = c and so there an injection ιP,i : P ∩ Li → V (Kc). Let φ : V (G) →
V (H ⊠ Q ⊠ Kc) be defined by φ(u) =

(︁
P, i, ιP,i(u)

)︁
for every u ∈ P ∩ Li, for every P ∈ P ,

and for every i ∈ {0, . . . ,m}. Then, φ witnesses the fact that G ⊆ H ⊠ Q ⊠Kc, which proves
the theorem.

5.1 Preliminaries

Let T be a tree rooted in a vertex r. For every vertex v of T with v ̸= r, we define p(T, v) to be
the vertex following v on the path from v to r in T . We call p(T, v) the parent of v in T , and we
say that v is a child of p(T, v) in T . For a subtree T ′ of T , we define root(T ′) to be the root of T ′,
that is as the unique vertex in T ′ closest to r in T .

A tree partition of a graph G is a pair (T,P), where T is a rooted tree and P = (Px | x ∈
V (T )) is a partition of V (G) such that for every edge uv in G either there is x ∈ V (T ) with
u, v ∈ Px, or there is an edge xy in T with u ∈ Px and v ∈ Py. A tree partition of (G,S), where
G is a graph and S ⊆ V (G), is a tree partition

(︁
T, (Px | x ∈ V (T ))

)︁
of G[S] such that, for every

connected component C of G − S, there exists two adjacent or identical vertices x, y in T such
that NG(V (C)) ⊆ Px ∪ Py. Recall that a path partition of G (resp. (G,S)) is a tree partition(︁
T, (Px | x ∈ V (T ))

)︁
of G (resp. (G,S)) where T is a path.

Let u, v be two (not necessarily distinct) vertices of T . The lowest common ancestor of u and
v in T , denoted by lca(T, u, v), is the furthest vertex from the root that has u and v as descen-
dants. Let Y ⊆ V (T ). The lowest common ancestor closure of Y in T is the set LCA(T, Y ) =
{lca(T, u, v) | u, v ∈ Y }. See Figure 5.1. Observe that LCA(T,LCA(T, Y )) = LCA(T, Y ).
The following two lemmas are folklore. See e.g. [DHH+24, Lemma 8] for a proof.

Lemma 5.2. Let m be a positive integer, let T be a tree, and let Y be a set of m vertices of
T . If X = LCA(T, Y ), then |X| ⩽ 2m − 1 and for every connected component C of T − X ,
|NT (V (C))| ⩽ 2.
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Figure 5.1: For X the set of the full red vertices, LCA(T,X) \ X consists of the
red circled vertices.

A tree decomposition
(︁
T, (Wx | x ∈ V (T ))

)︁
of a graph G is natural if for every edge xy in

T , the graph G
[︂⋃︁

z∈V (Tx|y)Wz

]︂
is connected. The following statement appeared first in [FN06],

see also [GJNW23]. A proof of this lemma (in stronger version) will be given in Chapter 6, see
Lemma 6.52.

Lemma 5.3 ([FN06, Theorem 1]). Let G be a connected graph and let
(︁
T, (Wx | x ∈ V (T ))

)︁
be

a tree decomposition of G. There exists a natural tree decomposition
(︁
T ′, (W ′

x | x ∈ V (T ′))
)︁

of
G such that for every x′ ∈ V (T ′) there is x ∈ V (T ) with W ′

x′ ⊆Wx.

Applying Lemma 5.2 to a natural decomposition, we obtain the following lemma. (See also
Figure 5.2.)

Lemma 5.4. Let m be a positive integer. Let G be a graph and letW =
(︁
T, (Wx | x ∈ V (T ))

)︁
be a tree decomposition of G. Let X be a set of m vertices of T . Then Z =

⋃︁
x∈LCA(T,X)Wx is

the union of at most 2m − 1 bags of W such that for every connected component C of G − Z,
NG(V (C)) is a subset of the union of at most two bags of W . Moreover, if W is natural, then
NG(V (C)) intersects at most two connected components of G− V (C).

Figure 5.2: Illustration for Lemma 5.4. The bags inX are in red, and Z is the union
of the bags encircled in red. The darker bag is the bag of the root. Observe that
every connected component of G− Z has neighborhood contained in a union of at
most two bags.

For all graphsG1, G2, we denote byG1⊕G2 the graph obtained from the disjoint union ofG1
and G2 by adding every edge between V (G1) and V (G2). In other words, G1 ⊕ G2 is the graph
with vertex set

(︁
V (G1)×{1}

)︁
∪
(︁
V (G2)×{2}

)︁
and edge set {(u, i)(v, j) | i ̸= j or uv ∈ E(Gi)}.

We define a graph Uh,d for all positive integers h, d by induction on h as follows. For every
positive integer d,
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(i) U1,d consists in d isolated vertices, and

(ii) for every integer h with h ⩾ 2, Uh,d is the disjoint union of d copies of K1 ⊕ Uh−1,d.

See Figure 5.3. An immediate induction shows that a graph X has treedepth at most h if and

Figure 5.3: The graph U3,3. For sake of readability, some edges are depicted in
gray.

only if X ⊆ Uh,d for some positive integer d. Therefore, it is enough to show Theorem 5.1 for
X = Uh,d.

The following lemma is an important property of the graphs (Uh,d | h, d ∈ N>0). Informally,
it says that, if d′ is large enough compared to k and d, then for every covering of Uh,d′ by k sets,
Uh,d′ contains a model of Uh,d rooted in one of these k sets. Similar results will be extensively
used in Chapter 6 under the name “coloring elimination property”.

Lemma 5.5. Let h, d, k be positive integers. There exists a positive integer d′ such that for every
covering S1, . . . , Sk of V (Uh,d′), there exists i ∈ [k] such that Uh,d′ contains an Si-rooted model
of Uh,d.

Proof. We proceed by induction on h. If h = 1, then let d′ = k(d − 1) + 1. Let S1, . . . , Sk
be a covering of V (Uh,d′). By definition, Uh,d′ consists of d′ isolated vertices. By the pigeonhole
principle, there exists i ∈ [k] such that |Si| ⩾ d. Then, for a subsetR of Si of size d, ({x} | x ∈ R)
is a Si-rooted model of Uh,d.

Now suppose h > 1 and that the result holds for h − 1. By the induction hypothesis, there
exists a positive integer d′

0 such that for each covering S1, . . . , Sk of V (Uh−1,d′
0
), there exists

i ∈ [k] such that Uh−1,d′
0

contains an Si-rooted model of Uh−1,d+1.
We take d′ = max{kd + 1, d′

0}. Let S1, . . . , Sk be a covering of V (Uh,d′) and let C be a
connected component of Uh,d′ . By definition, C is isomorphic to K1 ⊕ Uh−1,d′ . Let r be the
vertex corresponding to K1 in C. Then, by the induction hypothesis, there exists iC ∈ [k] and an
SiC -rooted modelMC,0 of Uh−1,d+1 in C − r. LetMC be the model of K1 ⊕ Uh−1,d obtained
fromMC,0 by taking for the branch set of the vertex ofK1 the union of {r} with all the branch set
corresponding to the vertices in one of the connected components of Uh−1,d+1. By construction,
MC is a SiC -rooted model of K1 ⊕ Uh−1,d in C.

Finally, by the pigeonhole principle, there exists d connected components C1, . . . , Cd of Uh,d′

such that
iC1 = · · · = iCd

.

Let i be this integer. It follows that the union ofMC1 , . . . ,MCd
is an Si-rooted model of Uh,d in

Uh,d′ . This proves the lemma.

5.2 Proof of Theorem 5.1

Let G be a graph, let S ⊆ V (G), and let P be a partition of S. If D =
(︁
T, (Wx | x ∈ V (T ))

)︁
is a tree decomposition of G, then the D-width of P is the smallest integer k such that every part
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of P is included in a union of at most k bags of D, i.e. ∀P ∈ P, ∃x1, . . . , xk ∈ V (T ), P ⊆
Wx1 ∪ · · · ∪Wxk

. Recall that a tree decomposition of (G,P) is a pair
(︁
T, (Wx | x ∈ V (T ))

)︁
where T is a tree and Wx ⊆ P for every x ∈ V (T ) such that

(i) for every u ∈ S, {x ∈ V (T ) | u ∈
⋃︁
Wx} induces a nonempty connected subtree of T ,

(ii) for every edge uv of G[S], there exists x ∈ V (T ) such that u, v ∈
⋃︁
Wx, and

(iii) for every connected component C of G−S, there exists x ∈ V (T ) such that NG(V (C)) ⊆⋃︁
Wx.

The width of this tree decomposition is then maxx∈V (T ) |Wx| − 1, and the treewidth of (G,P),
denoted by tw(G,P), is the minimum width of a tree decomposition of (G,P).

Theorem 5.1 will be a consequence of the following technical statement.

Theorem 5.6. Let h, d be positive integers with d ⩾ 2. There is an integer c5.6(h, d) such that, for
every graph G, for every tree decomposition D of G, for every family F of connected subgraphs
of G, if there is no F-rich model of Uh,d in G, then there exists S ⊆ V (G) and a partition P of S
such that

(A) V (F ) ∩ S ̸= ∅ for every F ∈ F ,

(B) for every connected component C of G − S, NG(V (C)) intersects at most 2h+1 − 2 con-
nected components of G− V (C),

(C) P has D-width at most c5.6(h, d), and

(D) tw(G,P) < 2h − 1.

Theorem 5.1 is now a direct application of Theorem 5.6.

Proof of Theorem 5.1 assuming Theorem 5.6. Let h = td(X), and let d be a positive integer such
that X ⊆ Uh,d. We take c = c5.6(h, d). Let G be an X-minor-free graph, and let D be a tree
decomposition of G. We take F to be the family of all the connected subgraphs of G. Then, G
has no F-rich model of Uh,d. Therefore, by Theorem 5.6, there exists S ⊆ V (G) and a partition
P of S such that

5.6.(A) V (F ) ∩ S ̸= ∅ for every F ∈ F ,

5.6.(B) for every connected component C of G − S, NG(V (C)) intersects at most 2h+1 − 2 con-
nected components of G− V (C),

5.6.(C) P has D-width at most c, and

5.6.(D) tw(G,P) < 2h − 1.

By the definition of F , 5.6.(A) implies that S = V (G). In particular, tw(G,P) = tw(G/P) ⩽
2h−2 by 5.6.(D). Moreover, since P hasD-width at most c, every part of P is included is a union
of at most c bags of D. This proves Theorem 5.1.
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Proof of Theorem 5.6. We proceed by induction on h. First suppose that h = 1. Note that U1,d
has d vertices and no edges. We set

c5.6(1, d) = 2d− 3.

LetG be a graph, letD be a tree decomposition ofG, and letF be a family of connected subgraphs
of G such that there is no F-rich model of Uh,d in G. If F is empty, then the result is clear for
S = ∅ and P = ∅. Now assume F ̸= ∅.

By Lemma 5.3, we assume that D is natural. By Lemma 1.17, there is a set which is the
union of d− 1 bags of D intersecting every member of P . By Lemma 5.4, this implies that there
is a set S which is a union of at most 2(d − 1) − 1 = 2d − 3 bags such that every member of
F intersects S, and for every connected component C of G − S, NG(V (C)) intersects at most
2 = 22 − 2 connected components of G − V (C). We take P = {S}. Recall that F ̸= ∅, and
so P is a partition of S. By the definition of S, the items (A), (B) and (C) hold. Moreover,
tw(G,P) ⩽ |P| = 1 = 21 − 1, and so (D) holds. This concludes the case h = 1.

Now suppose h > 1 and that the result holds for h − 1. We start with the following claim,
which can be seen as an analog of Lemma 3.14. (See also Figure 5.4.)

Claim 5.6.1. Let d be a positive integer. There exists an integer c5.6.1(h, d) such that, for every
connected graph G, for every family F of connected subgraphs of G, for every nonempty set
R ⊆ V (G) of size at most 2h − 2, for every tree decomposition D of G−R, if there is no F-rich
model ofK1⊕Uh−1,d inG, then there exists S ⊆ V (G), and a tree partition

(︁
A, (Py | y ∈ V (A))

)︁
of (G,S) with A rooted in a ∈ V (A) such that

(a) R = Pa;

(b) V (F ) ∩ S ̸= ∅ for every F ∈ F;

(c) for every connected component C of G − S, NG(V (C)) intersects at most 2h+1 − 4 con-
nected components of G− V (C); and

(d) for every y ∈ V (A) \ {a}, there exists a partition Py of Py such that

(i) tw(Gy,Py) < 2h−1 − 1, and

(ii) Py has D-width at most c5.6.1(h, d),

where Gy is the subgraph of G induced by the union of Uy =
⋃︁
z∈V (Ay) Pz

1 with V (C) for
all the connected components C of G− S such that NG(V (C)) ∩ Uy ̸= ∅.

Proof of the claim. Let k = 2h − 2. By Lemma 5.5 there exists a positive integer d′ such that
for every covering S1, . . . , Sk of V (Uh−1,d′), there exists i ∈ [k] such that Uh−1,d′ contains an
Si-rooted model of Uh−1,d+1. Let

c5.6.1(h, d) = c5.6(h− 1, d′).

LetG be a connected graph, letD be a tree decomposition ofG, letF be a family of connected
subgraphs of G such that there is no F-rich model of K1 ⊕ Uh−1,d+1 in G, and let R ⊆ V (G) be
nonempty and of size at most 2h − 2.

1Recall that for a rooted tree A and for y ∈ V (A), we denote by Ay the subtree of A rooted in y.
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R

Py
Gy

Figure 5.4: Illustration for Claim 5.6.1. When exlcuding K1 ⊕ Uh−1,d, we obtain
a tree partition where every part has, in its own subtree, the structure given by the
induction hypothesis (see Item (d)).

We proceed by induction on |V (G − R)|. If F|G−R = ∅, then the result is clear for S = R,
V (A) = {a}, and P = {R}. Now suppose that F|G−R ̸= ∅, and so in particular V (G−R) ̸= ∅.

Let F ′ be the family of all the connected subgraphs H of G−R such that there exists F ∈ F
with F ⊆ H , and NG(R)∩V (H) ̸= ∅. We claim that there is no F ′-rich model of Uh−1,d′ in G−
R. Suppose for contradiction that there is an F ′-rich model

(︁
Bx | x ∈ V (Uh−1,d′)

)︁
of Uh−1,d′ in

G−R. For every r ∈ R, let Sr = {x ∈ V (Uh−1,d′) | r ∈ NG(Bx)}. Since
(︁
Bx | x ∈ V (Uh−1,d′)

)︁
is F ′-rich, the family (Sr)r∈R is a covering of V (Uh−1,d′). Therefore, by Lemma 5.5 and the
definition of d′, there exists r ∈ R and a Sr-rooted model

(︁
Cy | y ∈ V (Uh−1,d+1)

)︁
of Uh−1,d+1

in Uh−1,d′ . For every y ∈ Uh−1,d+1, let Dy =
⋃︁
x∈Cy

Bx. Then,
(︁
Dy | y ∈ V (Uh−1,d+1)

)︁
is

an F-rich model of Uh−1,d+1 such that for every y ∈ V (Uh−1,d+1), r ∈ NG(Dy). Let B be a
connected component of Uh−1,d+1. Note that Uh−1,d+1 − B is isomorphic to Uh−1,d. Then the
union of

(︁
Dy | y ∈ V (Uh−1,d+1 − V (B))

)︁
with the branch set {r} ∪

⋃︁
y∈V (B)Dy is an F-rich

model of K1 ⊕ Uh−1,d in G, a contradiction. This proves that G − R has no F ′-rich model of
Uh−1,d′ .

Hence, by the induction hypothesis of the theorem, there exists S0 ⊆ V (G−R) and a partition
P0 of S0 such that

(A’) V (F ) ∩ S0 ̸= ∅ for every F ∈ F ′,

(B’) for every connected component C of G− (R∪S0), NG−R(V (C)) intersects at most 2h−2
connected components of G− (R ∪ V (C)),

(C’) P0 has D-width at most c5.6(h− 1, d′), and

(D’) tw(G−R,P0) < 2h−1 − 1.

Note that since F|G−R ̸= ∅ and G is connected, we have F ′ ̸= ∅, and so S0 ̸= ∅. Let C be the
family of all the connected components C of G− (R ∪ S0) such that F|C ̸= ∅.

Let C ∈ C. Since C is disjoint from S0 and contains a member of F , by (A’), we have
NG(V (C))∩R = ∅. Moreover, by (B’) and becauseG is connected,G−V (C) has at most 2h−2
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connected components. Let GC be the graph obtained from G by contracting all the connected
components of G− V (C) into single vertices, and let RC be the set of the vertices resulting from
these contractions. Note that |RC | ⩽ 2h − 2. Since S0 ̸= ∅, we have |V (GC −RC)| = |V (C)| <
|V (G − R)|, and so by the induction hypothesis applied to GC ,D|C ,F|C , and RC , there exists
SC ⊆ V (GC), and a tree partition

(︁
AC , (PC,y | y ∈ V (A))

)︁
with AC rooted in aC ∈ V (AC)

such that

(a’) RC = PC,aC

(b’) V (F ) ∩ S ̸= ∅ for every F ∈ FC ,

(c’) for every connected component C ′ of GC − SC , NGC
(V (C ′)) intersects at most 2h+1 − 4

connected components of G− V (C), and

(d’) for every y ∈ V (AC) \ {aC}, there exists a partition PC,y of PC,y such that

(i) tw(GC,y,PC,y) < 2h−1 − 1, and

(ii) PC,y has D|C-width at most c5.6.1(h, d),

where GC,y is the subgraph of GC induced by the union of UC,y =
⋃︁
z∈V (AC,y) PC,z with

V (C ′) for all the connected components C ′ of GC − SC such that NGC
(V (C ′)) ⊆ UC,y.

We fix such a partition PC,y.

We suppose that the trees AC for C ∈ C have disjoint vertex sets, and that a, a0 are fresh vertices.

Let A be the tree rooted in a defined by

V (A) = {a, a0} ∪
⋃︂
C∈C

(︁
V (AC) \ {aC}

)︁
and

E(A) = {aa0} ∪
⋃︂
C∈C

(︁
E(AC − aC) ∪ {a0y | y ∈ NAC

(aC)}
)︁
.

Then, let

Pa = R, Pa0 = S0, Pa0 = P0,

and for every C ∈ C, for every y ∈ V (AC − aC), let

Py = PC,y, Py = PC,y.

Finally, let
S = R ∪ S0 ∪

⋃︂
C∈C

(SC \RC).

Note that, as wanted, {Px | x ∈ V (A)} is a partition of S.

We claim that
(︁
A, (Px | x ∈ V (A))

)︁
is a tree partition of (G,S). Let uv be an edge of G[S].

We want to show that there exists y, z ∈ V (A) adjacent or identical such that u ∈ Ay and v ∈ Az .
If u ∈ R, then v ̸∈

⋃︁
C∈C V (C) by the definition of C. Hence, v ∈ R ∪ S0 = Pa ∪ Pa0 . Now

suppose that u, v ̸∈ R. If u, v ∈ S0, then we are done. Otherwise, without loss of generality,
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v ∈ V (C) for some C ∈ C. If u ∈ S0, then let r ∈ RC be the vertex in GC resulting from the
contraction of the connected component of u in G−V (C). Then, rv is an edge in GC [SC ]. Since(︁
AC , (PC,y | y ∈ V (AC))

)︁
is a tree partition of (GC , SC), and because PC,aC

= RC , there exists
y ∈ NAC

(aC) such that v ∈ PC,y. It follows that v ∈ Py, u ∈ Pa0 , and a0y ∈ E(A). Finally,
suppose u ̸∈ S0, and so u, v ∈ V (C). Then uv is an edge of GC , and so there exist y, z ∈ E(AC)
adjacent or identical such that u ∈ PC,y and v ∈ PC,z . Moreover, since u, v ̸∈ RC , y, z ̸= aC .
Hence y and z are either adjacent or identical vertices of A, and u ∈ Py, v ∈ Pz .

LetC ′ be a connected component ofG−S. LetC be the connected component ofG−(R∪S0)
containing C ′. We want to show that there exists y, z ∈ V (A) adjacent or identical such that
NG(V (C ′)) ⊆ Py ∪ Pz . If C ̸∈ C, then C = C ′, and so NG(V (C ′)) = NG(V (C)) ⊆ R ∪
S0 = Pa ∪ Pa0 and we are done. Now suppose C ∈ C. Then C ′ is a connected component
of GC − SC . Since

(︁
AC , (PC,y | y ∈ V (AC))

)︁
is a tree partition of (GC , SC), there exists

y, z ∈ V (AC) adjacent or identical such that NGC
(V (C ′)) ⊆ PC,y ∪ PC,z . If y, z ̸= aC , then

NG(V (C ′)) = NGC
(V (C ′)) ⊆ PC,y ∪ PC,z = Py ∪ Pz and we are done. If y = aC and z ̸= aC ,

then NG(V (C)) ⊆ S0 ∪ PC,z = Pa0 ∪ Pz . Finally, if x = y = aC , then NG(V (C)) ⊆ S0 = Pa0 .
This shows that

(︁
A, (Px | x ∈ V (A))

)︁
is a tree partition of (G,S).

We now prove (a) to (d). Item (a) holds by construction. To show (b), consider F ∈ F .
If F intersects R ∪ S0, then V (F ) ∩ S ̸= ∅. Otherwise, let C be the connected component of
G − (R ∪ S0) containing F . Since F ∈ F|C , we have C ∈ C. Then by (b’), V (F ) ∩ SC ̸= ∅.
Since V (F ) is disjoint from RC , we conclude that V (F ) ∩ S ̸= ∅. This proves (b).

Let C ′ be a connected component of G − S. We want to show that NG(V (C ′)) intersects
at most 2h+1 − 4 connected components of G − V (C ′). Let C be the connected component of
G−(R∪S0) containingC ′. IfC ̸∈ C, thenC = C ′. In particular,NG(V (C ′)) ⊆ R∪S0. Then, by
(B’),NG−R(V (C)) intersects at most 2h−2 connected components ofG−(R∪V (C)). Moreover,
|R| ⩽ 2h − 2. We deduce that NG(V (C ′)) intersects at most (2h − 2) + (2h − 2) = 2h+1 − 4
connected components ofG−V (C ′). Now assume thatC ∈ C. ThenC ′ is a connected component
of GC − SC , and by (c’), NGC

(V (C ′)) intersects at most 2h+1 − 4 connected components of
GC − V (C ′). Since GC was obtained from G by contracting some connected subgraphs, we
deduce that NG(V (C ′)) intersects at most 2h+1 − 4 connected components of G − V (C ′). This
proves (c).

Let y ∈ V (A) \ {a}, let Uy =
⋃︁
z∈V (Ay) Pz , and let Gy be the subgraph of G induced by the

union of Uy with all the connected components C of G − S such that NG(V (C)) ∩ Uy ̸= ∅. If
y = a0, then Gy ⊆ G−R, and so by (D’), tw(G−R,Pa0) < 2h−1 − 1 and Pa0 has D-width at
most c5.6(h − 1, d′) ⩽ c5.6.1(h, d) by (C’). Now suppose that y ̸= a0. Hence there exists C ∈ C
such that y ∈ V (AC) \ {aC}. Then Gy = GC,y, and so by (d’), tw(Gy,Py) < 2h−1 − 1 and Py
has D|C-width, and so D-width, at most c5.6(h − 1, d). This proves (d), and concludes the proof
of the claim. ♢

We can now deduce the following claim, which corresponds to excluding K1⊕Uh−1,d instead
of Uh,d in the theorem. The proof consists in applying Claim 5.6.1, and combining the obtained
small tree decompositions of (Gy,Py) into a tree decomposition of (G,P) for a suitable P .

Claim 5.6.2. Let d be a positive integer. For every graph G, for every tree decomposition D of G,
for every family F of connected subgraphs of G, if there is no F-rich model of K1⊕Uh−1,d in G,
then there exists S ⊆ V (G) and a partition P of S such that
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(a) V (F ) ∩ S ̸= ∅ for every F ∈ F ,

(b) for every connected component C of G − S, NG(V (C)) intersects at most 2h+1 − 4 con-
nected components of G− V (C),

(c) P has D-width at most c5.6.1(h, d), and

(d) tw(G,P) < 2h − 2.

Proof of the claim. Let G be a graph, let D =
(︁
T, (Wx | x ∈ V (T ))

)︁
be a tree decomposition

of G, and let F be a family of connected subgraphs of G such that G has no F-rich model of
K1 ⊕ Uh−1,d.

First suppose that G is connected. By Claim 5.6.1 applied for R ⊆ V (G) being an arbitrary
singleton, there exists S ⊆ V (G), a tree partition

(︁
A, (Py | y ∈ V (A))

)︁
of (G,S) with A rooted

in a such that

5.6.1.(a) R = Pa

5.6.1.(b) V (F ) ∩ S ̸= ∅ for every F ∈ F ,

5.6.1.(c) for every connected component C of G − S, NG(V (C)) intersects at most 2h+1 − 4 con-
nected components of G− V (C), and

5.6.1.(d) for every y ∈ V (A) \ {a}, there exists a partition Py of Py such that

(i) tw(Gy,Py) < 2h−1 − 1, and

(ii) Py has D-width at most c5.6.1(h, d),

where Gy is the subgraph of G induced by the union of Uy =
⋃︁
z∈V (Ay) Pz with V (C) for

every connected component C of G − S such that NG(V (C)) ∩ Uy ̸= ∅. We fix such a
partition Py.

Suppose that A, (Py | y ∈ V (A)), (Py | y ∈ V (A) \ {a}) are as above and with |V (A)| is
maximal. This is well defined because Py ̸= ∅ for every y ∈ V (A), and so |V (A)| ⩽ |V (G)|.

We claim that Gy is connected for every y ∈ V (A) \ {a}. Suppose otherwise, and consider a
vertex y ∈ V (A)\{a}withGy not connected. Let C be the family of all the connected components
of Gy. Let A′ be the tree rooted in a defined by

V (A′) = (V (A) \ V (Ay)) ∪ {(z, C) | z ∈ V (Ay), Pz ∩ V (C) ̸= ∅}
E(A′) = E(A− V (Ay))

∪ {(z, C)(z′, C) | zz′ ∈ E(Ay), C ∈ C, Pz ∩ V (C) ̸= ∅, Pz′ ∩ V (C) ̸= ∅}
∪ {p(A, y)(y, C) | C ∈ C, Py ∩ V (C) ̸= ∅}.

Less formally, we split Ay in |C| copies, and we remove the vertices in the resulting trees corre-
sponding to empty parts. One can check that, because G is connected, A is indeed a tree. Then,
for every z ∈ V (A) \ V (Ay), let

P ′
z = Pz, and P ′

z = Pz if z ̸= a,
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and for every z ∈ V (Ay), for every C ∈ C with Pz ∩ V (C) ̸= ∅, let

P ′
(z,C) = Pz ∩ V (C), and P ′

(z,C) = {U ∩ V (C) | U ∈ Py, U ∩ V (C) ̸= ∅}.

It is then straightforward to show that A′, (P ′
z | z ∈ V (A′)), (P ′

z | z ∈ V (A′) \ {a}) satisfy
5.6.1.(a) to 5.6.1.(d). Moreover, for every z ∈ V (A′), there exists f(z) ∈ V (A) such that P ′

z ⊆
Pf(z). Since Py ̸= ∅ for every y ∈ V (A), f : V (A′)→ V (A) is surjective. Additionally, because
G is connected, there existsC,C ′ ∈ C distinct such that V (C)∩Py ̸= ∅ and V (C ′)∩Py ̸= ∅, which
implies (y, C), (y, C ′) ∈ V (A′) and f((y, C)) = y = f((y, C ′)). Therefore, f is surjective but
not injective, and so |V (A′)| > |V (A)|, which contradicts the choice ofA, (Py | y ∈ V (A)), (Py |
y ∈ V (A) \ {a}). Therefore, Gy is connected for every y ∈ V (A) \ {a}.

Let
P = {R} ∪

⋃︂
y∈V (A−a)

Py.

Items 5.6.1.(b) and 5.6.1.(c) directly imply (a) and (b). Moreover, (c) follows from 5.6.1.(d) and
the fact that R is a singleton.

We now show (d). Let y ∈ V (A). If y ̸= a, then by 5.6.1.(d), tw(Gy,Py) < 2h−1 − 1. If
y = a, then tw(G,Pa) < 1 ⩽ 2h−1 − 1 as well since Sa = R and Pa = {R}. In both cases, let(︁
Ty, (Wy,z | z ∈ V (Ta))

)︁
be a tree decomposition of (Gy,Py) of width less than 2h−1 − 1.

Let y ∈ V (A) \ {a}, and let y′ be the parent of y in A. Pick sy ∈ V (Ty) arbitrarily. Since(︁
Ty′ , (Wy′,z | z ∈ V (Ty′))

)︁
is a tree decomposition of (Gy′ ,Py′), and because Gy is connected,

there exists zy ∈ V (Ty′) such that NG(V (Gy)) ⊆
⋃︁
Wy′,zy . Then for every z ∈ V (Ty), let

Wz = Wy,z ∪Wy′,zy .

Moreover, for every z ∈ V (Ta), let Wz = Wa,z . We assume that the trees Ty for y ∈ V (A) have
pairwise disjoint vertex sets.

Finally, let T be the tree defined by

V (T ) =
⋃︂

y∈V (A)
V (Ty)

and

E(T ) = E(Ta) ∪
⋃︂

y∈V (A)\{a}
(E(Ty) ∪ {syzy}).

We claim that
(︁
T, (Wx | x ∈ V (T ))

)︁
is a tree decomposition of (G,P). First, we show that

for every u ∈ S, the set {x ∈ V (T ) | u ∈
⋃︁
Wx} induces a nonempty connected subtree of

T . Let u ∈ S and let y′ ∈ V (A) such that u ∈ Py′ =
⋃︁
Py′ . Let X be the set {z ∈ V (T ) |

u ∈
⋃︁
Wz}. Since

(︁
Ty, (Wy′,z | z ∈ V (Ty′))

)︁
is a tree decomposition of (Gy′ ,Py′), the set

X0 = {z ∈ V (Ty′) | u ∈
⋃︁
Wy′,z} induces a nonempty subtree of Ty′ . Since X0 ⊆ X , this

implies that X is nonempty. Now, every vertex x ∈ X \X0 belongs to V (Ty) for some child y of
y′ in A such that u ∈

⋃︁
Wy′,zy , which implies zy ∈ X0. Therefore,

X = X0 ∪
⋃︂

y child of y′, u ∈
⋃︁
Wy′,zy

V (Ty),
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and for every y child of y′ with u ∈
⋃︁
Wy′,zy , there is an edge in T between X0 and V (Ty)

(namely syzy). This implies that X induces a nonempty connected subtree of T .
Second, we show that every edge of G[S] lies in the union of a bag. For every edge uv of

G[S], since
(︁
A, (Px | x ∈ V (A))

)︁
is a tree partition of (G,S), there exists y, y′ ∈ V (A) identical

or adjacent such that u ∈ Py and v ∈ Py′ . If y = y′, then since
(︁
Ty, (Wy,z | z ∈ V (Ty))

)︁
is a tree

decomposition of (Gy,Py), there exists z ∈ V (Ty) such that u, v ∈
⋃︁
Wy,z , and so u, v ∈

⋃︁
Wz .

Now suppose that y ̸= y′. Without loss of generality, y′ is the parent of y in A. Since
(︁
Ty, (Wy,z |

z ∈ V (Ty))
)︁

is a tree decomposition of (Gy,Py), there exists z ∈ V (Ty) such that v ∈
⋃︁
Wy,z .

Then, since u ∈ NG(V (Gy)), u ∈
⋃︁
Wy′,zy , and so u, v ∈

⋃︁
(Wy,z ∪Wy′,zy ) =

⋃︁
Wy.

Third, we show that the neighborhood of every connected component of G − S is contained
in the union of a bag. For every connected component C of G−S, since

(︁
A, (Px | x ∈ V (A))

)︁
is

a tree partition of (G,S), there exists y, y′ ∈ V (A) identical or adjacent such that NG(V (C)) ⊆
Py ∪ Py′ . If y = y′, then since

(︁
Ty, (Wy,z | z ∈ V (Ty))

)︁
is a tree decomposition of (Gy,Py),

there exists z ∈ V (Ty) such that NGy (V (C)) ⊆
⋃︁
Wy,z , and since NG(V (C)) = NGy (V (C)),

we conclude that NG(V (C)) ⊆
⋃︁
Wy,z ⊆

⋃︁
Wz . Now suppose that y ̸= y′. Without loss of

generality, y′ is the parent of y in A. Since
(︁
Ty, (Wy,z | z ∈ V (Ty))

)︁
is a tree decomposition of

(Gy,Py), there exists z ∈ V (Ty) such that NGy (V (C)) ⊆
⋃︁
Wy,z . Then, since NG(V (C)) ⊆

NGy (V (C)) ∪NG(V (Gy)), and NG(V (Gy)) ⊆
⋃︁
Wy′,zy , we conclude that

NG(V (C)) ⊆
⋃︂

(Wy,z ∪Wy′,zy ) =
⋃︂
Wz.

This proves that
(︁
T, (Wx | x ∈ V (T ))

)︁
is a tree decomposition of (G,P).

Finally, by construction, every bag of
(︁
T, (Wx | x ∈ V (T ))

)︁
has size at most 2(2h−1 − 1) =

2h − 2. This proves (d) and concludes the case G connected.

Now suppose that G is not connected. Let C be the family of all the connected components
of G. Let C ∈ C. By applying the previous case to C,D|C ,F|C , there exists SC ⊆ V (C) and a
partition PC of SC such that

(a’) V (F ) ∩ S ̸= ∅ for every F ∈ F|C ,

(b’) for every connected component C ′ of C − SC , NC(V (C ′)) intersects at most 2h+1 − 4
connected components of C − V (C ′),

(c’) PC has D-width at most c5.6.1(h, d), and

(d’) tw(C,PC) < 2h − 2.

Let

S =
⋃︂
C∈C

SC and P =
⋃︂
C∈C
PC .

Then (a), (b), and (c) directly follow from, respectively, (a’), (b’), and (c’). Finally, it is a conse-
quence of the definition of tree decompositions of (G,P) that

tw(G,P) ⩽ max
C∈C

tw(C,PC) < 2h − 2.

This proves the claim. ♢
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We can now finish the proof of the theorem. Let

c5.6(h, d) = max{2d− 3, c5.6.1(h, d)}

Let G be a graph, let D =
(︁
T, (Wx | x ∈ V (T ))

)︁
be a tree decomposition of G, and let F

be a family of connected subgraphs of G, such that G has no F-rich model of Uh,d. If G is
not connected, then we apply the induction hypothesis to every connected component C with the
family F|C . This gives a set SC ⊆ V (C) and a partition PC of SC . Then, S =

⋃︁
C SC and

P =
⋃︁
C PC are as desired. Now assume that G is connected. By Lemma 5.3, we assume that D

is natural.
Recall that Uh,d consists of d connected components isomorphic to K1 ⊕ Uh−1,d. Let F ′ be

the family of all the connected subgraphs H of G such that H contains an F|H -rich model of
K1 ⊕ Uh−1,d. Since G has no F-rich model of Uh,d, there are no d pairwise disjoint members
of F ′. Hence, by Lemma 1.17 and Lemma 5.4, there is a set Z ⊆ V (G) which is the union of
2(d − 1) − 1 = 2d − 3 bags of D that intersects every member of F ′, and for every connected
component C of G− Z, NG(V (C)) intersects at most two connected components of G− V (C).
Observe that by construction, G − Z has no F|G−Z-rich model of K1 ⊕ Uh−1,d. Hence, by
Claim 5.6.2, there exists S0 ⊆ V (G) and a partition P0 of S0 such that

5.6.2.(a) V (F ) ∩ S0 ̸= ∅ for every F ∈ F|G−Z ,

5.6.2.(b) for every connected componentC ofG−(Z∪S0),NG−Z(V (C)) intersects at most 2h+1−4
connected components of G− V (C),

5.6.2.(c) P0 has D-width at most c5.6.1(h, d), and

5.6.2.(d) tw(G− Z,P0) < 2h − 2.

Then, let

S = Z ∪ S0 and P = {Z} ∪ P0.

We now prove that S and P satisfy (A) to (D).
For every F ∈ F , either V (F ) ∩ Z ̸= ∅, or F ∈ F|G−Z , which implies V (F ) ∩ S0 ̸= ∅ by

5.6.2.(a). This proves (A).
Let C be a connected component of G − S. Let C ′ be the connected component of G − Z

containing C. Then NG(V (C ′)) intersects at most two connected components of G − V (C ′)
by the definition of Z, and NG−Z(V (C)) intersects at most 2h+1 − 4 connected components of
G − (Z ∪ V (C)) by 5.6.2.(b). Hence NG(V (C)) intesects at most 2 + 2h+1 − 4 = 2h+1 − 2
connected components of G− V (C). This proves (B).

Since P0 has D-width at most c5.6.1(h, d), and because Z is included in the union of at most
2d− 3 bags of D, we deduce that P has D-width at most c5.6(h, d). This proves (C).

Finally, since P = {Z} ∪ P0,

tw(G,P) ⩽ 1 + tw(G− Z,P0) < 1 + 2h − 2 = 2h − 1.

This proves (D) and concludes the proof of the theorem.
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In this chapter, we prove generic bounds on three families of graph parameters, namely the
centered chromatic numbers, weak coloring numbers, and fractional treedepth-fragility rates. The
impatient reader interested only in centered colorings in Kt-minor-free graphs can read the pre-
liminaries (Section 6.1) and then directly Section 6.9, up to Section 6.9.3. First, we recall the
definitions of these families of parameters. See Section 1.3.3 for a proper introduction.

Let G be a graph, let q be a positive integer, and let C be a set of colors. A coloring
φ : V (G) → C of G is q-centered if for every connected subgraph H of G, either φ uses more
than q colors on V (H), or there is a color that appears exactly once on V (H). The q-centered
chromatic number ofG, denoted by cenq(G), is the least nonnegative integer k such thatG admits
a q-centered coloring using k colors.

Let G be a graph, let Π(G) be the set of all vertex orderings of G, let σ ∈ Π(G), and let q be
a nonnegative integer. For all u and v vertices of G, we say that v is weakly q-reachable from u in
(G, σ), if there exists a path P between u and v inG containing at most q edges such that for every
w ∈ V (P ), v ⩽σ w. Let WReachq[G, σ, u] be the set of vertices that are weakly q-reachable from
u in (G, σ). The q-th weak coloring number of G is defined as

wcolq(G) = min
σ∈Π(G)

max
u∈V (G)

|WReachq[G, σ, u]|.

Let G be a graph and let q be a positive integer. The q-th fractional treedepth-fragility rate of
G, denoted by ftdfrq(G), is the minimum positive integer k such that there exists a family Y of
subsets of V (G) such that

(i) td(G− Y ) ⩽ k for every Y ∈ Y;

(ii) there exists a probability distribution λ on Y such that for every u ∈ V (G), we have∑︁
u∈Y ∈Y λ(Y ) ⩽ 1

q .

To determine the growth rates of these parameters in minor-closed classes of graphs, we intro-
duce two graph parameters, the rooted 2-treedepth and simple rooted 2-treedepth. We now recall
their definitions.

Let X be a class of graphs. We define T(X ) as the class of all the graphs G such that there
is a rooted forest decomposition

(︁
F, (Wx | x ∈ V (F ))

)︁
of G of adhesion at most 1 such that for

every x ∈ V (F ), G[Wx \Wp(F,x)] ∈ X if x is not a root, and |Wx| ⩽ 1 if x is a root. We define,
for every nonnegative integer t, the classesRt and St by

Rt =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
only the null graph if t = 0,
all edgeless graphs if t = 1,
all forests if t = 2,
T(Rt−1) if t ⩾ 3,

and St =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
only the null graph if t = 0,
all edgeless graphs if t = 1,
all linear forests if t = 2,
T(St−1) if t ⩾ 3.

We are ready to define the two key parameters, namely, rooted 2-treedepth (denoted by rtd2(·))
and simple rooted 2-treedepth (denoted by srtd2(·)). For every graph G, let

rtd2(G) = min{t ∈ N | G ∈ Rt},
srtd2(G) = min{t ∈ N | G ∈ St}.

In this chapter, we prove the following bounds on centered chromatic numbers, weak coloring
numbers, and fractional treedepth-fragility rates in minor-closed classes of graphs.
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Theorem 1.34. For every integer t with t ⩾ 2, for every graph X , there exists an integer c such
that, for every X-minor-free graph G, for every integer q with q ⩾ 2, if srtd2(X) ⩽ t, then

cenq(G) ⩽ c · qt−1,

cenq(G) ⩽ c · (tw(G) + 1) · qt−2;

and if rtd2(X) ⩽ t and t ⩾ 3, then

cenq(G) ⩽ c · qt−1 log q,
cenq(G) ⩽ c · (tw(G) + 1) · qt−2 log q.

Theorem 1.35. For every integer t with t ⩾ 2, for every graph X , there exists an integer c such
that, for every X-minor-free graph G, for every integer q with q ⩾ 2, if srtd2(X) ⩽ t, then

wcolq(G) ⩽ c · qt−1,

wcolq(G) ⩽ c · (tw(G) + 1) · qt−2;

and if rtd2(X) ⩽ t, then

wcolq(G) ⩽ c · qt−1 log q,
wcolq(G) ⩽ c · (tw(G) + 1) · qt−2 log q.

Theorem 1.36. For every integer t with t ⩾ 2, for every graph X , there exists an integer c such
that, for every X-minor-free graph G, for every integer q with q ⩾ 2, if srtd2(X) ⩽ t, then

ftdfrq(G) ⩽ c · qt−1,

ftdfrq(G) ⩽ c · (tw(G) + 1) · qt−2;

and if rtd2(X) ⩽ t, then

ftdfrq(G) ⩽ c · qt−1 log q,
ftdfrq(G) ⩽ c · (tw(G) + 1) · qt−2 log q.

The final proofs of these theorems are given in, respectively, Sections 6.7 to 6.9. These three
theorems, together with known lower bounds (see Appendix A), yield the following classification
of growth rates of centered chromatic numbers, weak coloring numbers, and fractional treedepth-
fragility rates in minor-closed classes of graphs.

Corollary 1.37. Let par ∈ {cen,wcol, ftdfr}, let X be a nonempty family of nonnull graphs,
and let C be the class of all graphs G such that X is not a minor of G for all X ∈ X . Let
s = min{srtd2(X) | X ∈ X} and t = min{rtd2(X) | X ∈ X}. For every integer q with q ⩾ 2,

• if t ⩽ 1 or (s, t) = (2, 2), then

max
G∈C

parq(G) = Θ(1),

• if (s, t) = (2, 3), then

max
G∈C

parq(G) =
{︄

Θ(q) if par = cen,
Θ(log q) if par ∈ {wcol, ftdfr},
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• if 3 ⩽ t = s, then for every integer q with q ⩾ 2,

Ω(qt−2) ⩽ max
G∈C

parq(G) ⩽ O(qt−1),

and moreover maxG∈C parq(G) = Θ(qt−2) if X contains a planar graph,

• if 3 ⩽ t = s− 1, then for every integer q with q ⩾ 2,

Ω(qt−2 log q) ⩽ max
G∈C

parq(G) ⩽ O(qt−1 log q),

and moreover maxG∈C parq(G) = Θ(qt−2 log q) if X contains a planar graph.

Proof. An important observation is that maxq∈N>0 parq(G) = td(G). If t ⩽ 1 or (s, t) = (2, 2),
then X contains a path, and so C has bounded treedepth by Proposition 1.12, and it follows that
maxG∈C parq(G) is bounded by a constant independent of q.

If (t, s) = (2, 3), then X contains a forest, and so by Theorem 1.10, C has bounded treewidth.
First suppose par ∈ {wcol, ftdfr}. Then, by Theorems 1.35 and 1.36, maxG∈C parq(G) =
O(log q). Moreover, since s ⩾ 3, every path is in C. It is a simple fact that paths have at least log-
arithmic weak coloring numbers and fractional treedepth-fragility rates, see [JM22] and [DS20].
Now suppose par = cen. Then, by Theorem 1.34 for t = 3, maxG∈C cenq(G) = O(q). Again,
since C contains every path, C has unbounded treedepth. Therefore maxG∈C cenq(G) is not
bounded by a constant independent of q, and so maxG∈C cenq(G) ⩾ q + 1.

If 3 ⩽ t = s, then, by Theorems 1.34 to 1.36, maxG∈C parq(G) = O(qt−1). If more-
over X contains a planar graph, then C has bounded treewidth by Theorem 1.10, and so
maxG∈C parq(G) = O(qt−2). For the lower bound, by the definition of t and s, we have
Rt−1 ⊆ C. But by the lower bounds recalled in Appendix A.1, there are graphs in Rt−1 with
parq in Ω(qt−2), which gives the claimed lower bound.

If 3 ⩽ t = s − 1, then, by Theorems 1.34 to 1.36, maxG∈C parq(G) = O(qt−1 log q). If
moreover X contains a planar graph, then C has bounded treewidth by Theorem 1.10, and so
maxG∈C parq(G) = O(qt−2 log q). For the lower bound, by the definition of t and s, we have
St ⊆ C. But by the lower bounds recalled in Appendix A.1, there are graphs in St with parq in
Ω(qt−2 log q), which gives the claimed lower bound.

6.1 Preliminaries

We denote by E the class of all the edgeless graphs.
An ordering of a finite set S is a sequence σ = (x1, . . . , x|S|) of all the elements of S. We

write minσ S = x1, maxσ S = x|S|, and xi ⩽σ xj if and only if i ⩽ j, for every i, j ∈ [|S|].
A collection P of subsets of a nonempty set S is a partition of S if elements of P are nonempty,
pairwise disjoint, and

⋃︁
P = S.

Let F be a rooted forest. For a vertex x ∈ V (F ), we denote by Fx the subtree induced
by all the descendants of x in F . An elimination ordering of a tree T rooted in s ∈ V (T ) is
an ordering (x1, . . . , x|V (T )|) of V (T ) such that x1 = s and for every i ∈ {2, . . . , |V (T )|},
N(xi) ∩ {xj | j ∈ [i− 1]} = {p(T, xi)}.

Let G1, G2 be two graphs. We denote by G1 ⊔ G2 the disjoint union of G1 and G2, and by
G1 ⊕ G2 the graph obtained from G1 ⊔ G2 by adding all possible edges with one endpoint in
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V (G1) and the other in V (G2). For every positive integer k, for every graph G, we write k ·G for
the union of k disjoint copies of G.

A tree partition of a graph G is a pair (T,P), where T is a rooted tree and P = (Px | x ∈
V (T )) is a partition of V (G) such that for every edge uv in G either there is x ∈ V (T ) with
u, v ∈ Px or there is an edge xy in T with u ∈ Px and v ∈ Py. A tree partition of (G,S), where
G is a graph and S ⊆ V (G) is a tree partition

(︁
T, (Px | x ∈ V (T ))

)︁
of G[S] such that for every

connected component C of G− S, there exists an edge xy in T such that NG(V (C)) ⊆ Px ∪ Py.
Recall that a path partition ofG (resp. (G,S)) is a tree partition

(︁
T, (Px | x ∈ V (T ))

)︁
ofG (resp.

(G,S)) where T is a path.
Let W =

(︁
T, (Wx | x ∈ V (T ))

)︁
be a tree decomposition of a graph G. An elimination

ordering of W is an ordering (u1, . . . , u|V (G)|) of V (G) such that for every i ∈ [|V (G)|], there
exists x ∈ V (T ) such that⋃︂

{Wz | z ∈ V (T ) and ui ∈Wz} ∩ {uj | j ∈ [i− 1]} ⊆Wx.
1

We conclude this section by introducing the notion of layered Robertson-Seymour decom-
positions. Recall that a layered tree decomposition of a graph G is a pair (W,L) where
W =

(︁
T, (Wx | x ∈ V (T ))

)︁
is a tree decomposition of G, and L = (Li | i ∈ N) is a layer-

ing of G. The width of (W,L) is max |Wx ∩ Li| over all x ∈ V (T ) and i ∈ N.
For a graph G, a tree decomposition W = (T, (Wx | x ∈ V (T ))), and x ∈ V (T ), the

torso of Wx in G, and W , denoted by torsoG,W(Wx), is the graph with the vertex set Wx and
where two distinct vertices u, v are adjacent if uv ∈ E(G), or there exists y ∈ NT (x) such
that u, v ∈ Wx ∩ Wy

2. For a graph G and a positive integer c, a layered Robertson-Seymour
decomposition of G (layered RS-decomposition for short) of width at most c is a tuple

(T,W,A,D,L)

where T is a tree, and

(lrs1) W =
(︁
T, (Wx | x ∈ V (T ))

)︁
is a tree decomposition of G of adhesion at most c;

(lrs2) A =
(︁
Ax | x ∈ V (T )

)︁
where Ax ⊆Wx and |Ax| ⩽ c for every x ∈ V (T );

(lrs3) D =
(︁
Dx | x ∈ V (T )

)︁
where Dx =

(︁
Tx, (Dx,z | z ∈ V (Tx))

)︁
is a tree decomposition of

torsoG,W(Wx)−Ax for every x ∈ V (T );

(lrs4) L =
(︁
Lx | x ∈ V (T )

)︁
where Lx = (Lx,i | i ∈ N) is a layering of torsoG,W(Wx)−Ax for

every x ∈ V (T ); and

(lrs5) |Dx,z ∩ Lx,i| ⩽ c for all x ∈ V (T ), z ∈ V (Tx), and i ∈ N.

See Figure 6.1. Dujmović, Morin, and Wood proved in [DMW17] that, for every fixed positive
integer t, Kt-minor-free graphs admit such decompositions with bounded width.

Theorem 6.1 ([DMW17, Theorem 22 and Lemma 26]). For every positive integer t, there is a
positive integer cLRS(t) such that every Kt-minor-free graph admits a layered RS-decomposition
of width at most cLRS(t).

1Equivalently, (u1, . . . , u|V (G)|) is an elimination ordering of W if and only if it is a perfect elimination ordering of
the chordal graph obtained from G by adding all possible edges between vertices in a same bag Wx for every x ∈ V (T ).

2Note that this definition of torso coincides with the graph torsoG(Wx, B) defined in Chapter 2 for B =
{
⋃︁

s∈V (S) Ws | S connected component of T − x}.
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Wx

Dx

Ax

Lx ⩽ c

⩽ c

⩽ c

Figure 6.1: A bag Wx of W in a layered RS-decomposition (T ,W,A,D,L) of
width at most c. The setAx (in red) is included inWx. The graph torsoG,W(Wx)−
Ax has a layering Lx (in purple), and a tree decompositionDx (in green). Note that
for every y ∈ V (T ) \ {x}, (Wx∩Wy) \Ax is a clique in torsoG,W(Wx)−Ax, and
so, it is contained in a single bag of Dx and in at most two layers of Lx.

6.2 The abstract framework

The proofs of our main theorems (Theorems 1.34 to 1.36) are by induction on (simple) rooted
2-treedepth. We present an abstract framework which will encapsulate the induction step for the
three considered families of parameters (cen, wcol, and ftdfr).

6.2.1 Families of focused parameters

Let Z be the family of all pairs (G,S) where G is a graph and S ⊆ V (G). We call a family

par = (parq : Z → [0,∞) | q ∈ N>0)

a family of focused parameters3.
The following definition encapsulates the properties that a family of focused parameters has

to satisfy so that the abstract induction step can be performed.
We say that a family of focused parameters is nice if there exist positive integers b and b′ such

that for every positive integer q and every (G,S) ∈ Z , we have

(z1) parq(G,S) ⩽ parq(C, S ∩ V (C)) for some connected component C of G;

(z2) parq(G,S) ⩽ |S|,

(z3) parq(G,S1 ∪ S2) ⩽ parq(G,S1) + parq(G− S1, S2) for all disjoint S1, S2 ⊆ V (G);

(z4) for every tree partition
(︁
T, (Px | x ∈ V (T ))

)︁
of (G,S),

parq(G,S) ⩽ b′(q + 1) · max
x∈V (T )

parbq(Gx, Px)

where for every x ∈ V (T ), Gx is the subgraph of G induced by the union of Ux =
⋃︁
{Pz |

z ∈ V (Tx)} and all the vertex sets of the connected components ofG−S having a neighbor
in Ux.

3In a slight abuse of notation, we write parq(G, S) instead of parq((G, S)).
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In Section 6.3, we define focused versions of cenq(·), wcolq(·), and ftdfrq(·); and we show that
these family of focused parameters satisfy (z1)-(z4). Therefore, the abstract theorems, that we will
state at the end of this section, can be applied to prove the induction step of our main theorems.

6.2.2 Coloring elimination property

To bound the growth rate of our families of focused parameters in minor-closed graph classes, we
rely on the structure of the excluded minors – namely, rooted 2-treedepth and/or simple rooted 2-
treedepth. The families with bounded rtd2 and srtd2 are built inductively in the same manner and
they differ only in the base cases. Therefore, we extract the main property of these two parameters
to characterize a family X of graphs for which the inductive step of our main theorems would
apply.

Let X be a class of graphs. We say that X has the coloring elimination property if, for every
positive integer k, for every X ∈ X , there exists Y ∈ X such that for all sets S1, . . . , Sk ⊆ V (Y )
such that

⋃︁
i∈[k] Si = V (Y ), there exists i ∈ [k] such that there is an Si-rooted model of X in Y .

In this case, we say that Y witnesses the coloring elimination property of X for X and k.
In Lemma 6.21, in Section 6.4, we show that, for every positive integer t, Rt and St have the

coloring elimination property.

6.2.3 The abstract induction step

The general idea of the abstract statement below is the following. Consider a nice family of
focused parameters parq. Let X be a class of graphs like Rt or St. We would like to proceed
by induction on the structure of excluded minors (on t) by showing that, if, for every fixed X ∈
X , parq is in O(g(q)) in X-minor-free graphs for some function g, then parq is bounded by
O(q · g(q)) in X ′-minor-free graphs, for every fixed X ′ ∈ T(X ) (recall that Rt+1 = T(Rt) and
St+1 = T(St)). To this end, we reinforce our induction hypothesis by introducing the notion of
(par,X )-bounding functions.

Let par be a family of focused parameters and letX be a class of graphs. A function g : N>0 →
N>0 is (par,X )-bounding if for every positive integer k, there exists a nonnegative integer α such
that for every graph X ∈ X , there exists a nonnegative integer β(X) such that for every positive
integer q, for every Kk-minor-free graph G, for every family F of connected subgraphs of G, if
G has no F-rich model of X , then there exists S ⊆ V (G) such that

(g1) S ∩ V (F ) ̸= ∅ for every F ∈ F ;

(g2) for every connected component C of G − S, NG(V (C)) intersects at most α connected
components of G− V (C);

(g3) parq(G,S) ⩽ β(X) · g(q).

In this case, when k is fixed, we say that α and β(·) witness g being (par,X )-bounding. Essen-
tially, we require that excluding an F-rich model of a graph X in G implies the existence of a set
S ⊆ V (G) hitting F such that the parameter focused on S is bounded.

Now we can state the main abstract statement of this section.

Theorem 6.2. Let par be a nice family of focused parameters, letX be a class of graphs having the
coloring elimination property and closed under disjoint union and leaf addition. Let g : N>0 →
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N>0 be a function. If g is (par,X )-bounding, then there exists a positive integer b such that
q ↦→ q · g(bq) is (par,T(X ))-bounding.

In practice, we split this induction into the two following steps.

Theorem 6.3. Let par be a nice family of focused parameters, let X be a class of graphs having
the coloring elimination property, and let g : N>0 → N>0. If g is (par,X )-bounding, then there
exists a positive integer b such that q ↦→ q · g(bq) is (par,A(X ))-bounding.

Theorem 6.4. Let par be a nice family of focused parameters, let X be a nonempty class of
graphs closed under disjoint union and leaf addition, and let g : N>0 → N>0. If g is (par,A(X ))-
bounding, then g is (par,T(X ))-bounding.

Clearly, Theorems 6.3 and 6.4 imply Theorem 6.2. We prove Theorems 6.3 and 6.4 in Sec-
tion 6.5. To deduce Theorems 1.34 to 1.36, we will choose carefully the families (parq | q ∈ N>0)
of focused parameters to consider, and show that the desired function (typically q ↦→ qt−2 log q or
q ↦→ qt−2) is (par,Rt)-bounding or (par,St)-bounding. To do so, we proceed by induction on
t. The base cases are proved in Sections 6.6 to 6.9, while the induction is carried out by Theo-
rems 6.3 and 6.4. The plans of these final proofs is depicted in Figures 6.2 and 6.3. We did not
depict the plan for the part of Theorem 1.35 corresponding to graphs of unbounded treewidth, but
the argument is very similar.

6.3 The considered nice families of focused parameters

In this section, we define the families of focused parameters we will consider in order to prove
Theorems 1.34 to 1.36, and we prove that they are nice.

6.3.1 Weak coloring numbers

Let G be a graph, let q be a nonnegative integer, let S ⊆ V (G), let σ be an ordering of S,
let u ∈ V (G), and let v ∈ S. We say that v is weakly q-reachable from u in (G,S, σ) if
there is a (u, v)-path P in G of length at most q such that minσ(V (P ) ∩ S) = v. We denote
by WReachq[G,S, σ, u] the set of all the weakly q-reachable vertices from u in (G,S, σ) and
we write wcolq(G,S, σ) = maxu∈V (G) |WReachq[G,S, σ, u]|. Finally, let wcolq(G,S) be the
minimum value of wcolq(G,S, σ) among all orderings σ of S. For each of the defined objects,
we drop S when S = V (G). Namely, v is weakly q-reachable from u in (G, σ) whenever v
is weakly q-reachable from u in (G,V (G), σ), WReachq[G, σ, u] = WReachq[G,V (G), σ, u],
wcolq(G, σ) = wcolq(G,V (G), σ), and wcolq(G) = wcolq(G,V (G)). This matches the defini-
tion given in Chapter 1. See an illustration in Figure 6.4.

Next, we state some simple observations concerning weak coloring numbers. Ultimately, we
will show that (wcolq | q ∈ N>0) is a nice family of focused parameters.

Observation 6.5. Let G be a graph, let S ⊆ V (G), and let C be the family of the connected
components of G. For every positive integer q, we have

wcolq(G,S) = max
C∈C

wcolq(C, S ∩ V (C)).
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parq : (G,S) ↦→

1
tw(G)+2 ftdfrq(G,S) 1

tw(G)+2 wcolq(G,S) maxφ (q, c)-good cenq(G,φ, S)

Lemmas 1.17 and 5.4 Lemmas 1.17 and 5.4 Definition of (q, c)-good colorings

q ↦→ 1 is (par, E)-bounding

q ↦→ 1 is (par,S2)-bounding

Theorem 6.23

q ↦→ q is (par,A(S2))-bounding

Theorem 6.3

q ↦→ q is (par,S3)-bounding

Theorem 6.24

q ↦→ qt−2 is
(par,St)-bounding

q ↦→ qt−2 is
(par,A(St−1))-bounding

t← 3

Theorem 6.3, t← t+ 1

Theorem 6.4

Figure 6.2: Road map for the proofs of Theorems 1.34 to 1.36 for the part corre-
sponding to excluding a graph in St. We show that, for a carefully chosen nice
family of focused parameters (parq | q ∈ N>0), q ↦→ qt−2 is (par,St)-bounding
for every integer t with t ⩾ 3. The main part of the induction consists in applying
Theorem 6.3 and Theorem 6.4. Since Theorem 6.4 can be applied to X = St−1
only if t ⩾ 4 (because X should be closed under leaf addition), the cases t = 2 and
t = 3 are proved separately. On the right hand is depicted a typical excluded rich
minor for each step of the base case.
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parq(G,S) =
1

tw(G)+2 ftdfrq(G,S) 1
tw(G)+2 wcolq(G,S) maxφ (q, c)-good cenq(G,φ, S)

Lemma 6.31 Lemma 6.40 Lemma 6.63

q ↦→ log(q + 1) is (par,R2)-bounding

q ↦→ q log(q + 1) is (par,A(R2))-bounding

q ↦→ qt−2 log(q + 1) is
(par,Rt)-bounding

q ↦→ qt−2 log(q + 1) is
(par,A(Rt−1))-bounding

t← 2

t← 3

Theorem 6.3, t← t+ 1

Theorem 6.4

Figure 6.3: Road map for the proofs of Theorems 1.34 to 1.36 for the part corre-
sponding to excluding a graph in Rt. The base case corresponds to excluding a
graph inR2, that is a forest.

σ u

Figure 6.4: The pink vertices correspond to the set S. The vertices in S highlighted
blue are in WReach3[G,S, σ, u].
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Observation 6.6. Let G be a graph and let S1, S2 be disjoint subsets of V (G). For every positive
integer q, we have

wcolq(G,S1 ∪ S2) ⩽ wcolq(G,S1) + wcolq(G− S1, S2).

Observation 6.5 is clear from the definition and to see Observation 6.6, it suffices to order all
the vertices of S1 before all the vertices of S2.

To derive an upper bound on weak coloring numbers of trees, it suffices to root a given tree
and take an elimination ordering of the vertices. In such an ordering, for every positive integer q,
a vertex weakly q-reaches only its q + 1 closest ancestors (including itself). See Figure 6.5.

Observation 6.7. Let T be a rooted tree. Let σ be an elimination ordering of T . Then

wcolq(T, σ) ⩽ q + 1.

We extend this idea to tree partitions of graphs.

σ

Figure 6.5: An example of an elimination ordering of a complete binary tree of
height 3.

Lemma 6.8. Let G be a graph, let S ⊆ V (G), let
(︁
T, (Px | x ∈ V (T ))

)︁
be a tree partition of

(G,S). For every x ∈ V (T ), let Gx be the subgraph of G induced by the union of Ux =
⋃︁
{Pz |

z ∈ V (Tx)} and all the vertex sets of the connected components of G − S having a neighbor
in Ux. For every positive integer q, we have

wcolq(G,S) ⩽ (q + 1) · max
x∈V (T )

wcolq(Gx, Px).

Proof. Let q be a positive integer and let k = maxx∈V (T ) wcolq(Gx, Px). Let (x1, . . . , x|V (T )|)
be an elimination ordering of T . For every x ∈ V (T ), let σx witness wcolq(Gx, Px) ⩽ k. Let σ
be an ordering of S =

⋃︁
x∈V (T ) Px obtained by concatenating σx1 , . . . , σx|V (T )| .

It suffices to show that wcolq(G,S, σ) ⩽ (q + 1)k. Let u ∈ V (G) and consider W =
WReachq[G,S, σ, u]. Assume that W ̸= ∅. If u ∈ S, let x(u) ∈ V (T ) such that u ∈ Px(u).
Otherwise, let C be the connected component of u in G − S and let x(u) be the vertex of T
furthest from root(T ) such that NG(V (C)) intersects Px(u). Observe that for every x ∈ V (T ),
W ∩ Px ⊆ WReachq[Gx, Px, σx, u]. Moreover, if x is not among the closest q + 1 ancestors of
x(u) (including x(u) itself), then W ∩ Px = ∅. Altogether, this implies that |W | ⩽ (q + 1)k as
desired.
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Lemma 6.9. The family (wcolq | q ∈ N>0) is nice.

Proof. Observation 6.5 implies (z1), (z2) is clear from the definition, Observation 6.6 implies (z3),
and (z4) with b′ = b = 1 follows from Lemma 6.8.

In Theorem 1.35, we give variants of each upper bound by trading off a q factor for tw(G)+1.
In order to obtain the bound depending on treewidth, we apply our techniques to the following
family of focused parameters.

Lemma 6.10. For every graph G, for every S ⊆ V (G), and for every positive integer q, let

parq(G,S) = 1
tw(G) + 2 wcolq(G,S)

The family of focused parameters (parq | q ∈ N>0) is nice.

Proof. Since tw(G) ⩾ −1 for every graph G, the parameters are well-defined. The family is nice
by monotonicity of treewidth under taking subgraphs and because the family (wcolq | q ∈ N>0)
is nice by Lemma 6.9.

6.3.2 Centered colorings

Let S be a set. A coloring of S is a function φ : S → C for some set C. For each u ∈ S, we say
that φ(u) is the color of u and subsequently we say that φ(S) is the set of colors used by φ. For
two colorings φ1 and φ2 of S, we define the coloring φ1×φ2 of S, called the product coloring of
φ1 and φ2, by (φ1×φ2)(u) = (φ1(u), φ2(u)) for every u ∈ S. Given S′ ⊆ S, an element u ∈ S′

is a φ-center of S′ if the color of u is unique in S′ under φ, in other words, φ(u) /∈ φ(S′ \ {u}).
Let G be a graph. A coloring of G is a coloring of V (G). When H is a subgraph of G and φ is a
coloring of G, we denote by φ|V (H), the restriction of φ to V (H). Recall that a coloring φ of G is
a q-centered coloring of G for a positive integer q if for every connected subgraph H of G, either
|φ(V (H))| > q or V (H) has a φ-center.

In the case of centered colorings, we consider a focused family of parameters defined on
precolored graphs.

Let q be a positive integer, letG be a graph, and let φ be a coloring ofG. For every S ⊆ V (G),
we define cenq(G,φ, S) to be the least nonnegative integer k such that there exists a coloring
ψ : S → C for some cardinality k set C, such that for every connected subgraph H of G such that
V (H) intersects S, one of the following is true:

(i) |φ(V (H))| > q, or

(ii) |(φ× ψ)(V (H) ∩ S)| > q, or

(iii) there is a (φ× ψ)-center of V (H) ∩ S.

A crucial observation is that, if S = V (G), and if ψ is such a coloring, then φ× ψ is a q-centered
coloring of G. We begin with a few straightforward observations on cenq(·, ·, ·).

Observation 6.11. Let G be a graph, let φ be a coloring of G, let S ⊆ V (G), and let C be the
family of all the connected components of G. For every positive integer q, we have

cenq(G,φ, S) = max
C∈C

cenq(C,φ|V (C), S ∩ V (C)).
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Observation 6.12. Let G be a graph, let φ be a coloring of G, and let S1, S2 be disjoint subsets
of V (G). For every positive integer q, we have

cenq(G,φ, S1 ∪ S2) ⩽ cenq(G,φ, S1) + cenq(G− S1, φ|V (G)\S1 , S2).

Observation 6.13. Let G be a graph, let φ be a coloring of G, and let S ⊆ V (G).

cenq(G,φ, S) ⩽ |S|.

Observation 6.11 follows just from the definition of cenq(G,φ, S), i.e., each connected sub-
graph H of G is a subgraph of a connected component of G. On the other hand, to see Observa-
tion 6.12, we use two disjoint sets of cenq(G,φ, S1) and cenq(G − S1, φ|V (G)\S1 , S2) colors to
color respectively S1 and S2. Finally, to see Observation 6.13 it suffices to take for ψ an injective
coloring of S.

We will use very particular precolorings, namely (q, c)-good colorings (see Section 6.9.2.1).
However, in order to obtain a nice family of focused parameters we only require the following
property.

For every graph G, let ΦG be a set of colorings of G. We say that the family Φ = {ΦG |
G is a graph} is hereditary if for all graphs G and H such that H is a subgraph of G, for all
φ ∈ ΦG, we have φ|V (H) ∈ ΦH .

Lemma 6.14. Let Φ = (ΦH | H is a graph) be a hereditary family of sets of graph colorings. For
every graph G, for every S ⊆ V (G), and for every positive integer q, let

parq(G,S) = max{cenq(G,φ, S) | φ ∈ ΦG}.

The family (parq | q ∈ N>0) is nice.

Proof. Let q be a positive integer, let G be a graph, let S ⊆ V (G), and let φ ∈ ΦG.
Since Φ is hereditary, (z1) follows from Observation 6.11 and (z3) follows from Observa-

tion 6.12. Additionally, (z2) follows from Observation 6.13.
Let

(︁
T, (Px | x ∈ V (T ))

)︁
be a tree partition of (G,S) with T rooted in r ∈ V (T ). For every

x ∈ V (T ), let Gx be the subgraph of G induced by the union of Ux =
⋃︁
{Pz | z ∈ V (Tx)} and

all the vertex sets of the connected components of G − S having a neighbor in Ux. Let φ ∈ ΦG

and let k = max{cenq(Gx, φ|V (Gx), Px) | x ∈ V (T )}. For every x ∈ V (T ), let ψx : Px → [k]
witness cenq(Gx, φ|V (Gx), Px) ⩽ k. Let ψ : S → [k]× {0, . . . , q} be defined by

ψ(u) =
(︁
ψx(u),distT (r, x) mod (q + 1)

)︁
for every x ∈ V (T ) and for every u ∈ Px.

We claim that ψ witnesses cenq(G,φ, S) ⩽ (q + 1)k. Consider a connected subgraph H of
G intersecting S. Let x be the vertex of T closest to the root such that V (H) ∩ Px ̸= ∅. Observe
that H ⊆ Gx. Since ψx witnesses cenq(Gx, φ|V (Gx), Px) ⩽ k, one of the following is true:
|φ(V (H))| > q or |(φ × ψx)(V (H) ∩ Px)| > q or there is a (φ × ψx)-center u of V (H) ∩ Px.
If one of the first two cases holds, the claim holds. Thus, assume that the latter holds. If u is a
(φ×ψ)-center of V (H)∩S, then again the claim holds. Otherwise, there exists y ∈ V (T ) distinct
from x such that

distT (r, x) ≡ distT (r, y) mod (q + 1),
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and V (H) ∩ Py ̸= ∅. Since H is connected, x is an ancestor of y by the choice of x. Altogether,
this implies that distT (x, y) > q and V (H) intersects Pz for every z in the (x, y)-path in T . This
implies that |(φ×ψ)(V (H)∩S)| ⩾ |ψ(V (H)∩S)| > q. Therefore, ψ witnesses cenq(G,φ, S) ⩽
(q+1)k. Since φ was an arbitrary coloring in ΦG, we obtain (z4) with b′ = b = 1. This concludes
the proof of the lemma.

6.3.3 Fractional treedepth-fragility rates

In Chapter 3, we defined the focused graph parameter td(·, ·). An equivalent definition is the
following. For every graph G and S ⊆ V (G), if C is the family of the connected components of
G, then

td(G,S) =

⎧⎪⎪⎨⎪⎪⎩
0 if S = ∅,
minu∈S td(G,S − {u}) + 1 if G is connected, and
maxC∈C td(C, S ∩ V (C)) if V (G) ̸= ∅ and G is not connected.

Straight from the definition, we have the following observation.

Observation 6.15. Let G be a graph, let S ⊆ V (G), and let C be the family of all the connected
components of G. We have

td(G,S) = max
C∈C

td(C, S ∩ V (C)).

Lemma 6.16. Let G be graph and let S1, S2 be disjoint subsets of V (G). We have

td(G,S1 ∪ S2) ⩽ td(G,S1) + td(G− S1, S2).

Proof. We proceed by induction on |V (G)|. If S1 = ∅, then the result is clear. Thus, assume
|S1| ⩾ 1. If G is not connected, then for every connected component C of G, by the induction
hypothesis, td(C, (S1∪S2)∩V (C)) ⩽ td(C, S1∩V (C))+td(C− (V (C)∩S1), S2∩V (C)) ⩽
td(G,S1) + td(G− S1, S2). This implies the result by Observation 6.15. If G is connected, then
by the definition of td(G,S1), there exists u ∈ S1 such that td(G,S1) = 1+td(G−u, S1 \{u}).
By the induction hypothesis, we have td(G−u, (S1 \{u})∪S2) ⩽ td(G−u, S1 \{u})+td(G−
S1, S2) = td(G,S1)−1+td(G−S1, S2). Since td(G,S1∪S2) ⩽ 1+td(G−u, (S1\{u})∪S2),
this implies the result.

Lemma 6.17. Let G be a graph, let S ⊆ V (G), and let
(︁
T, (Px | x ∈ V (T )

)︁
be a tree partition

of (G,S). We have
td(G,S) ⩽ h · max

x∈V (T )
td(Gx, Px)

where h is the vertex-height of T and for every x ∈ V (T ), Gx is the subgraph of G induced by the
union of Ux =

⋃︁
{Pz | z ∈ V (Tx)} and all the vertex sets of the connected components of G− S

having a neighbor in Ux.

Proof. The statement is clear when S = ∅, hence, assume otherwise. We proceed by induction
on h. The statement is clear again when h = 1, hence, assume h ⩾ 2. By possibly removing
the vertex sets of all the connected components of G disjoint from S, we suppose that every
connected component of G intersects S, and so G = Gr. Let k = maxx∈V (T ) td(Gx, Px) and
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let r be the root of T . For every child x of r,
(︁
Tx, (Pz | z ∈ V (Tx))

)︁
is a tree partition of

(Gx, S ∩ V (Gx)). Since Tx has vertex-height at most h− 1, by induction, td(Gx, S ∩ V (Gx)) ⩽
(h − 1) maxz∈V (Tx) td(Gz, Pz) ⩽ (h − 1)k. By Observation 6.15, td(G − Pr, S − Pr) ⩽
max{td(Gx, S∩V (Gx)) | x ∈ V (T−r), p(T, x) = r} ⩽ (h−1)k. By Lemma 6.16, td(G,S) ⩽
td(Gr, Pr) + td(G − Pr, S − Pr) ⩽ k + (h − 1)k = h · k since Gr = G. This concludes the
proof.

Let q be a positive integer, G be a graph, and S ⊆ V (G). The q-th fractional treedepth-
fragility rate of (G,S), denoted by ftdfrq(G,S), is the minimum nonnegative integer k such that
there exists a family Y of subsets of S such that

(i) td(G− Y, S \ Y ) ⩽ k for every Y ∈ Y , and

(ii) there exists a probability distribution λ on Y such that for every u ∈ S, we have∑︁
u∈Y ∈Y λ(Y ) ⩽ 1

q .

We say that a probability distribution satisfying (ii) is q-thin. In other words, the probability
distribution of a random variable Y taking subsets of S as values is q-thin if and only if Pr[u ∈
Y] ⩽ 1

q for every u ∈ S. We will use the following abbreviation. For a positive integer k, writing
that “a random variable Y witnesses ftdfr(G,S) ⩽ k”, we mean that Y takes values in the set
{Y ⊆ S | td(G − Y, S \ Y ) ⩽ k} and the probability distribution of Y is q-thin. Furthermore,
slightly abusing notation, we sometimes write that “Y satisfies some statement” where Y is a
random variable, by which we mean that the statement is satisfied for every element that can be a
value of Y.

Lemma 6.18. For every graph G, for every S ⊆ V (G), and for every positive integer q, let

parq(G,S) = 1
tw(G) + 2 ftdfrq(G,S).

The family of focused parameters (parq | q ∈ N>0) is nice.

Proof. First, observe that, for every graph G, 1/(tw(G) + 2) is well-defined since tw(G) ⩾ −1.
Let G be a graph, let S ⊆ V (G), and let q be a positive integer.

Let C be the family of the connected components of G. Let k = maxC∈C ftdfrq(C, S ∩
V (C)). For every C ∈ C, let YC witness ftdfrq(C, S ∩ V (C)) ⩽ k. Let Y =

⋃︁
C∈C YC .

Using Observation 6.15, it is easy to verify that td(G− Y, S − Y) ⩽ k. Let u ∈ S and let C ∈ C
such that u ∈ V (C). Since the probability distribution of YC is q-thin, we have Pr[u ∈ Y] =
Pr[u ∈ YC ] ⩽ 1

q . Thus, Y witnesses ftdfrq(G,S) ⩽ k. By definition of k, there is C ∈ C
such that ftdfrq(C, S ∩ V (C)) = k. Therefore, by monotonicity of treewidth, parq(G,S) ⩽
parq(C, S ∩ V (C)), and so, (z1) holds.

To show (z2), consider a random variable Y that is always equal to the empty set. Then, since
td(G,S) ⩽ |S|, and because for every u ∈ S we have Pr[u ∈ Y] = 0 ⩽ 1

q , we deduce that Y
witnesses ftdfrq(G,S) ⩽ |S|, which gives (z2).

Let S1, S2 be disjoints subsets of S whose union is S. By monotonicity of treewidth, in order
to obtain (z3), it suffices to prove that ftdfrq(G,S1∪S2) ⩽ ftdfr1(G,S1)+ftdfrq(G−S1, S2). Let
Y1 and Y2 witness ftdfrq(G,S1) = k1 and ftdfrq(G−S1, S2) = k2 respectively. Let Y = Y1∪Y2.
By Lemma 6.16,

td(G− Y, S − Y) ⩽ td(G− Y1, S1 − Y1) + td((G− S1)− Y2, S2 − Y2) ⩽ k1 + k2.
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Let u ∈ S and assume that u ∈ Si for some i ∈ [2]. Since the probability distribution of Yi is
q-thin, we have Pr[u ∈ Y] = Pr[u ∈ Yi] ⩽ 1

q . It follows that Y witnesses ftdfrq(G,S) ⩽ k1 +k2,
which completes the proof of (z3).

To show (z4), consider a tree partition
(︁
T, (Px | x ∈ V (T ))

)︁
of (G,S) with T rooted in

r ∈ V (T ). For every x ∈ V (T ), let Gx be the subgraph of G induced by the union of Ux =⋃︁
{Pz | z ∈ V (Tx)} and all the vertex sets of the connected components of G − S having a

neighbor in Ux. Let k = maxx∈V (T ) ftdfr2q(Gx, Px). For every x ∈ V (T ), let Yx witness
ftdfr2q(Gx, Px) ⩽ k.

For each i ∈ [2q], let Li = {x ∈ V (T ) | distT (r, x) ≡ i mod 2q}. Let Y′ be a random vari-
able with the uniform distribution on the set

{︂⋃︁
x∈Li

Px | i ∈ [2q]
}︂

, and let Y = Y′∪
⋃︁
x∈V (T ) Yx.

For every x ∈ V (T ), let Px = Px − Y. Let F be the forest obtained from T by removing every
vertex x ∈ V (T ) such that Px = ∅. We root each connected component of F in its vertex which
is the closest to r in T . Let C be a connected component of G − Y, and let TC be the subtree of
F such that V (C) ∩

⋃︁
x∈V (TC) Px ̸= ∅. Observe that

(︁
TC, (Px | x ∈ V (TC))

)︁
is a tree partition

of (C, (S − Y) ∩ V (C)). Since Y′ contains all parts of vertices in T of the same depth every 2q
layers, all trees in F have vertex-height at most 2q − 1. Therefore, by Lemma 6.17,

td(C, (S − Y) ∩ V (C)) ⩽ (2q − 1) max
x∈V (TC)

td(Gx,Px)

⩽ (2q − 1) max
x∈V (T )

td(Gx − Yx, Px − Yx) ⩽ (2q − 1)k,

where for each x ∈ V (T ), Gx is the subgraph of C induced by the union of Ux =
⋃︁
{Pz | z ∈

V ((TC)x)} and all the vertex sets of the connected components of C− (S \ Y) having a neighbor
in Ux.

Finally, let u ∈ S and let x ∈ V (T ) such that u ∈ Px. By the definition of Y′ and because the
probability distribution of Yx is q-thin, the union bound yields

Pr[u ∈ Y] = Pr[u ∈ Y′] + Pr[u ∈ Yx] ⩽ 1
2q + 1

2q = 1
q
.

Therefore, (z4) holds with b′ = b = 2. This concludes the proof of the lemma.

6.4 Coloring elimination property ofRt and St
In this section, we show that Rt and St have the coloring elimination property for every non-
negative integer t. First, we show that the operators A and T preserve the property under some
mild assumptions (see Lemma 6.20). Therefore, to conclude, it suffices to check the base cases.
In general, we work with classes of graphs that are closed under taking minors. However, this
assumption is not necessary, as shown in the next lemma.

Lemma 6.19. Let X be a class of graphs. Let X ′ = {X ′ | X ′ is a minor of X for some X ∈ X}.
The class X has the coloring elimination property if and only if X ′ has the coloring elimination
property.

Proof. Suppose that X ′ has the coloring elimination property. Let k be a positive integer and let
X ∈ X . Let Y ′ ∈ X ′ witness the coloring elimination property ofX ′ forX and k (sinceX ⊆ X ′).
By the definition of X ′, there is Y ∈ X such that Y contains a model (B′

y | y ∈ V (Y ′)) of Y ′. Fix
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S1, . . . , Sk ⊆ V (Y ) whose union is V (Y ). For every i ∈ [k], let S′
i = {y ∈ V (Y ′) | B′

y∩Si ̸= ∅}.
Since

⋃︁
i∈[k] Si = V (Y ), we have

⋃︁
i∈[k] S

′
i = V (Y ′). Fix j ∈ [k] and an S′

j-rooted model
(Bx | x ∈ V (X)) of X in Y ′. For every x ∈ V (X), let Dx =

⋃︁
y∈Bx

B′
y. By construction,

(Dx | x ∈ V (X)) is an Sj-rooted model of X in Y . Therefore, X has the coloring elimination
property.

Next, suppose that X has the coloring elimination property. Let k be a positive integer and let
X ′ ∈ X ′. By the definition ofX ′, there isX ∈ X such thatX contains a model (B′

x | x ∈ V (X ′))
of X ′. Let Y ∈ X witness the coloring elimination property of X for X and k. Observe that
Y ∈ X ′. Fix S1, . . . , Sk ⊆ V (Y ) whose union is V (Y ). Fix j ∈ [k] and an Sj-rooted model
(Bx | x ∈ V (X)) of X in Y . Finally, (

⋃︁
y∈B′

x
By | x ∈ V (X ′)) is an Sj-rooted model of X ′ in

Y , which shows that X ′ has the coloring elimination property.

Lemma 6.20. Let X be a class of graphs closed under disjoint union. If X has the coloring
elimination property, then A(X ) and T(X ) have the coloring elimination property.

Proof. By Lemma 6.19, we can assume that X is closed under taking minors. The statement is
clear for when X consists only of the null graph, thus, assume that X contains a nonnull graph.
Let k be a positive integer.

For every X ∈ T(X ), we say that a vertex u ∈ V (X) is a root of X if there exists a rooted
forest decomposition

(︁
F, (Wa | a ∈ V (F ))

)︁
of X of adhesion at most 1 such that for every

a ∈ V (F ) that is not a root, G[Wa−Wp(F,a)] ∈ X ; for every a that is a root, |Wa| ⩽ 1; and there
exists a root r of F such thatWr = {u}. For everyX ∈ T(X ),X has a root u unlessX is the null
graph because X is closed under taking minors (in particular, for every X ∈ X and u ∈ V (X),
we have X−u ∈ X ). This definition also applies to the members of A(X ) since A(X ) ⊆ T(X ).
For every X ∈ A(X ), for every root u of X , X − u ∈ X .

Y ′

S1 S2 S3 S4 S5

u′

X

Bz

B′
u

Figure 6.6: The vertex u′ corresponds to K1 in K1 ⊕ Y ′. The union of the sets
S1, . . . , S5 is V (Y ′). In the figure there is an S3-rooted model of K1 ⊔ (X − u)
in Y ′ (light-blue). We add u′ to the branch set Bz where z corresponds to K1 in
K1 ⊔ (X − u), obtaining an S3-rooted model of X in Y .

Claim 6.20.1. LetX be a nonnull graph in A(X ) and let u be a root ofX . There exists Y ∈ A(X )
with a root u′ such that for every family of sets S1, . . . , Sk whose union is V (Y ), Y contains an
Si-rooted model (Bx | x ∈ V (X)) of X for some i ∈ [k] such that u′ ∈ Bu.

Proof of the claim. The proof is illustrated in Figure 6.6. Let X ′ = K1 ⊔ (X − u). Since X
contains a nonnull graph and is closed under taking minors, it contains K1. Since u is a root of X
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andX ∈ A(X ),X−u ∈ X . In particular,X ′ ∈ X asX is closed under disjoint union. We denote
by z the vertex corresponding to K1 in X ′. Let Y ′ ∈ X witness the coloring elimination property
in X for X ′ and k. Furthermore, let Y = K1 ⊕ Y ′, and let u′ be the vertex of Y corresponding to
K1. In particular, Y ∈ A(X ) and u′ is a root of Y .

Consider a family of sets S1, . . . , Sk ⊆ V (Y ) whose union is V (Y ) = V (Y ′) ∪ {u′}. There
exists i ∈ [k] such that Y ′ contains an (Si − {u′})-rooted model (B′

x | x ∈ V (X ′)) of X ′. Let
Bu = B′

z ∪ {u′} and Bx = B′
x for every x ∈ V (X ′) \ {z}. We obtain that (Bx | x ∈ V (X)) is

an Si-rooted model of X in Y . Since u′ ∈ Bu, this completes the proof of the claim. ♢

Claim 6.20.1 implies that A(X ) has the coloring elimination property. A stronger assertion
concerning the roots is needed in the proof of the next claim.

Claim 6.20.2. Let X ∈ T(X ) be connected and let u be a root of X . There exists Y ∈ T(X )
and a root u′ of Y , such that for every family of sets S1, . . . , Sk whose union is V (Y ), there is an
Si-rooted model (Bx | x ∈ V (X)) of X in Y for some i ∈ [k] such that u′ ∈ Bu.

Proof of the claim. The objects defined in the proof of this claim are depicted in Figure 6.7. There
exists a rooted forest decomposition

(︁
T, (Wa | a ∈ V (T ))

)︁
of X witnessing the fact that X ∈

T(X ) and with {u} as a root bag. Without loss of generality, Wa ̸= ∅ for every a ∈ V (T ). Since
X is connected, this implies that T is a tree. Fix such a rooted forest decomposition. Let r be the
unique root of T . We proceed by induction on the vertex-height of T . When T = K1, X = K1
and the statement is clear. Now, suppose that T ̸= K1 and that the result holds for trees with
smaller vertex-heights.

Let T0 be the subtree of T induced by {a ∈ V (T ) | u ∈ Wa}. Observe that for ev-
ery a ∈ V (T0), X[Wa \ {u}] ∈ X . Since X is closed under disjoint union, this implies that
X
[︂⋃︁

a∈V (T0) (Wa \ {u})
]︂
∈ X . Therefore, X0 = X

[︂⋃︁
a∈V (T0)Wa

]︂
is in A(X ) and u is a root

of X0. By Claim 6.20.1, there exists Y0 ∈ A(X ) and a root u′ of Y0 such that for every family of
sets S1, . . . , Sk ⊆ V (Y0) whose union is V (Y0), Y0 contains an Si-rooted model of X0 for some
i ∈ [k], such that the branch set corresponding to u contains u′.

Let X1 be the graph obtained from X by identifying all the vertices in V (X0) into a single
vertex u1. Observe thatX1 ∈ X sinceX is closed under taking minors. Let T1 be the tree obtained
from T by identifying the vertices in V (T0) into a single vertex r1. For every a ∈ V (T1), let

W1,a =
{︄
{u1} if a = r1,
Wa otherwise.

The rooted tree decomposition
(︁
T1, (W1,a | a ∈ V (T1))

)︁
of X1 witnesses the fact that X1 ∈

T(X ). We claim that the vertex-height of T1 is smaller than the vertex-height of T . Indeed, for
every neighbor s or r in T , sinceX is connected andWs ̸= ∅, we have u ∈Ws, and so s ∈ V (T0).
This proves that NT (r) ⊆ V (T0), and so T1 has smaller vertex-height than T . Therefore, by the
induction hypothesis, fix a graph Y1 ∈ T(X ) and a root u′

1 of Y1 such that for every family of sets
S1, . . . , Sk ⊆ V (Y1) whose union is V (Y1), there is an Si-rooted model of X1 in Y1 such that the
branch set corresponding to u1 contains u′

1. Since X1 is connected, we assume without loss of
generality that Y1 is also connected.

For every v ∈ V (Y0), let Y1,v be a copy of Y1. We label vertices in Y1,v in the following way.
The vertex corresponding to u′

1 is labeled as v and a vertex corresponding to each y ∈ V (Y1)\{u′
1}



6.4 – Coloring elimination property ofRt and St 143

Y0

Bu

X0

u′

Y1,v

Bv,u1u′
1

X0

X1

X

Y

v

. . .

u

X1

u1

Figure 6.7: The graphX is split into two graphs according to its rooted tree decom-
position witnessing X ∈ T(X ): X0 ∈ A(X ) induced by all vertices of the bags
containing the root u of X and X1 ∈ T(X ) obtained by contracting X0. Since
X0 ∈ A(X ), Claim 6.20.1 gives Y0 ∈ A(X ) which witness the coloring elimina-
tion property in A(X ) for X0 such that the root u′ of Y0 is in the branch set Bu.
Since X1 has a rooted tree decomposition witnessing X1 ∈ T(X ) with smaller
vertex-height, the induction hypothesis gives a graph Y1 ∈ T(X ) witnessing the
coloring elimination property in T(X ) for X1 and k, and such that the root u′

1 of
Y1 is in the branch set corresponding to u1. We build a graph Y ∈ T(X ) that wit-
nesses the coloring elimination property in T(X ) for X and k by taking, for every
v ∈ V (Y0), a copy Y1,v of Y1, and identifying v and the vertex corresponding to
u′

1 in Y1,v. This indeed yields a graph in T(X ). Moreover, for any family of k sets
covering V (Y ), a rooted model of X can be found using a rooted model of X0 in
Y0 and rooted models of X1 in the copies Y1,v for each v ∈ V (Y0).
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is labeled as (y, v). Finally, let Y be obtained from the disjoint union of Y0 and Y1,v for each
v ∈ V (Y0) by identifying vertices with the same labels. We claim that Y witnesses the assertion
of the claim.

First, we argue that Y ∈ T(X ) and u′ is a root of Y . For each v ∈ V (Y0), let
(︁
T ′

1,v, (W ′
1,v,a |

a ∈ V (T ′
1,v))

)︁
be a rooted tree decomposition of Y1,v witnessing Y1 ∈ T(X ), and with T ′

1,v rooted
in r′

1,v such that W ′
1,r′

1,v
= {(u′

1, v)}. Let T ′ be a tree obtained from a disjoint union of T ′
1,v for

each v ∈ V (Y0) by identifying the roots of all copies into a vertex r′′, and then adding the root
r′ with a single neighbor r′′. We define Ur′ = {u′}, Ur′′ = V (Y0), and Ua = W ′

1,v,a for every
a ∈ V (T ′) \ {r′, r′′} where a ∈ V (T ′

1,v). Since Y0 ∈ A(X ), Y0 − u′ ∈ X . Therefore,
(︁
T ′, (Ua |

a ∈ V (T ′))
)︁

is a rooted tree decomposition of Y witnessing that Y ∈ T(X ). Additionally,
Ur′ = {u′}, hence, u′ is a root of Y .

Let S1, . . . , Sk be a family of sets whose union is V (Y ). Let v ∈ V (Y0). Since Y1,v is a
copy of Y1 and v is a root of Y1,v, there exists i(v) ∈ [k] and an (Si(v) ∩ V (Y1,v))-rooted model
Mv = (Bv,x | x ∈ V (X1)) of X1 in Y1,v with v ∈ Bv,u1 .

For each j ∈ [k], let S′
j = {v ∈ V (Y0) | i(v) = j}. Clearly, the union of S′

1, . . . , S
′
k is equal

to V (Y0). Therefore, fix ℓ ∈ [k] and an S′
ℓ-rooted modelM0 = (Bx | x ∈ V (X0)) of X0 in Y0

with u′ ∈ Bu since u is a root of X0 and u′ is a root of Y0. For every x ∈ V (X0), let

Dx = Bx ∪
⋃︂
v∈Bx

Bv,u1 .

In other words, we add to each branch set B inM0, the branch set ofMv containing v for every
v ∈ B. Let D = (Dx | x ∈ V (X0)). Consider

M = D ∪
⋃︂
v∈S′

ℓ

(Mv \ {Bv,u1}).

Observe thatM is an Sℓ-rooted model in Y . Moreover,M is a model of a supergraph of X in Y .
Finally, recall that u′ ∈ V (Y0) is a root of Y and u′ ∈ Bu ⊆ Du. This completes the proof of the
claim. ♢

Since for every X ∈ T(X ), there exists X ′ ∈ T(X ) connected such that X is a subgraph of
X ′, Claim 6.20.2 implies that T(X ) has the coloring elimination property, which concludes the
proof of the lemma.

Lemma 6.21. For every nonnegative integer t, the classes of graphsRt and St have the coloring
elimination property.

Proof. By Lemma 6.20, it is enough to show thatR0, S0, S1 and S2 have the coloring elimination
property.

Since R0 and S0 consist only of the null graph, the classes R0 and S0 have the coloring
elimination property. Let k be a positive integer.

ConsiderX ∈ S1. ThenX consists of |V (X)| isolated vertices. Let Y consists of k(|V (X)|−
1) + 1 isolated vertices. For every S1, . . . , Sk whose union is V (Y ), there exists i ∈ [k] such that
|Si| ⩾ |V (X)| by the pigeonhole principle, and it follows that Y contains an Si-rooted model of
X . This proves that S1 has the coloring elimination property.

Consider X ∈ S2. Without loss of generality, X is connected, and so, X is a path, say on ℓ
vertices. We set Y to be a path on k(ℓ − 1) + 1 vertices. Let S1, . . . , Sk be sets whose union is
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V (Y ). By the pigeonhole principle, there exists i ∈ [k] such that |Si| ⩾ ℓ, and it follows that there
is an Si-rooted model of X in Y . This shows that S2 has the coloring elimination property and
ends the proof.

6.5 Proof of the induction step

Let par be a nice family of focused parameters, let g : N>0 → N>0, and let X be a class of graphs.
In several cases, to show that g is (par,X )-bounding, we first show a weaker property that in fact
implies the desired one, as shown in the lemma below.

The function g is weakly (par,X )-bounding if for every positive integer k, for every graph
X ∈ X , there exist nonnegative integers α(X) and β(X) such that for every positive integer q,
for every Kk-minor-free graph G, for every family F of connected subgraphs of G, if G has no
F-rich model of X , then there exists S ⊆ V (G) such that

(gw1) S ∩ V (F ) ̸= ∅ for every F ∈ F ;

(gw2) for every connected component C of G−S, NG(V (C)) intersects at most α(X) connected
components of G− V (C);

(gw3) parq(G,S) ⩽ β(X) · g(q).

In this case, when k is fixed, we say that α(·) and β(·) witness g being weakly (par,X )-bounding.
Recall that E denotes the class of all the edgeless graphs.

Lemma 6.22. Let par be a nice family of focused parameters, let X be a class of graphs, and
let g : N>0 → N>0. If g is (par, E)-bounding and weakly (par,X )-bounding, then g is (par,X )-
bounding.

S

C

SC

⩽ k − 1
⩽ α′

Figure 6.8: An illustration of the proof of Lemma 6.22.

Proof. Let k be a positive integer. Fix α0(·) and β0(·) witnessing that g is weakly (par,X )-
bounding and fix α′ and β′(·) witnessing that g is (par, E)-bounding. Since the only property
distinguishing graphs in E is the number of vertices, we treat β(·) as a function taking nonnegative
integers by setting β′(d) = β′(Kd)4 for every positive integer d. Let

α = α′ + (k − 1) and β(X) = β0(X) + β′
(︂(︁α0(X)

k

)︁
(k − 1) + 1

)︂
for every X ∈ X .

4For a positive integer n, we denote by Kn the edgeless graph on n vertices.
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We show that α and β(·) witness g being (par,X )-bounding. Let X ∈ X , let q be a positive
integer, let G be a Kk-minor-free graph, let F be a family of connected subgraphs of G such that
there is no F-rich model of X in G. There exists S0 ⊆ V (G) such that

(gw1’) V (F ) ∩ S0 ̸= ∅ for every F ∈ F ,

(gw2’) for every connected componentC ofG−S0,NG(V (C)) intersects at mostα0(X) connected
components of G− V (C), and

(gw3’) parq(G,S0) ⩽ β0(X) · g(q).

Let C be the family of all the connected components of G − S0, and let C ∈ C. Let U be the
family of the vertex sets of all the connected components of G − V (C) intersecting NG(V (C)).
By (gw2’), we have |U| ⩽ α0(X). Let FC be the family of all the connected subgraphs H of
C such that |{U ∈ U | NG(V (H)) ∩ U ̸= ∅}| ⩾ k. We claim that there no N =

(︁α0(X)
k

)︁
(k −

1) + 1 pairwise disjoint members of FC . Otherwise, by the pigeonhole principle, there exists
U1, . . . , Uk ∈ U and H1, . . . ,Hk ∈ F ′ pairwise disjoint such that there is an edge between Ui and
V (Hj) in G for all i, j ∈ [k]. However, then (Ui ∪ V (Hi) | i ∈ [k]) is a model of Kk in G, which
is a contradiction proving that indeed there are no N pairwise disjoint members of FC . Therefore,
there exists SC ⊆ V (G− S0) such that

(g1’) V (F ) ∩ SC ̸= ∅ for every F ∈ FC ,

(g2’) for every connected component C of C − SC , NG(V (C)) intersects at most α′ connected
components of G− V (C), and

(g3’) parq(C, SC) ⩽ β′(d) · g(q).

We set
S = S0 ∪

⋃︂
C∈C

SC .

See Figure 6.8. It suffices to verify that (g1), (g2), and (g3) hold. Since S0 ⊆ S, by (gw1’),
V (F )∩S ̸= ∅ for every F ∈ F , and so, (g1) holds. For every connected component C ′ of G−S,
there is a connected component C ∈ C such that C ′ ⊆ C. Since C ′ ̸∈ FC (by (g1’)), NG(V (C ′))
intersects at most k− 1 connected components of G−V (C). Moreover, NG(V (C ′)) intersects at
most α′ connected components of C − SC (by (g2’)). Therefore, NG(V (C ′)) intersects at most
α′ + (k − 1) = α connected components of G− V (C ′). Finally,

parq(G,S) ⩽ parq(G,S0) + parq (G− S0,
⋃︁
C∈C SC) by (z3)

⩽ parq(G,S0) + maxC∈C parq(C, SC) by (z1)

⩽ β0(X) · g(q) + β′(N) · g(q) by (gw3’) and (g3’)

= β(X) · g(q).

We obtain that g is (par,X )-bounding, which concludes the proof of the lemma.

Proof of Theorem 6.3. Without loss of generality, assume that X contains a nonnull graph. As-
sume that g is (par,X )-bounding. Let b and b′ be as in (z4) for par. Let k be a positive integer.
Fix α′ and β′(·) witnessing that q is (par,X )-bounding. Let X ∈ A(X ) and z ∈ V (X) such that
X − z ∈ X . Recall that X is closed under disjoint union and contains a nonnull graph, hence,
X ′ = K1 ⊔ (X − z) is in X . Let X ′′ witness the coloring elimination property of X for X ′ and
α′.
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G

S

R

Figure 6.9: An illustration of the statement of Claim 6.3.1.

Claim 6.3.1. Let G be a connected Kk-minor-free graph, let R be a nonempty set of at most α′

vertices in G, let F be a family of connected subgraphs of G, and let q be a positive integer. If G
has no F-rich model of X , then there exist S ⊆ V (G), a tree T rooted in s ∈ V (T ), and a tree
partition

(︁
T, (Px | x ∈ V (T ))

)︁
of (G,S) with Ps = R such that

(a) V (F ) ∩ S ̸= ∅ for every F ∈ F;

(b) for every connected component C of G − S, NG(V (C)) intersects at most 2α′ connected
components of G− V (C);

(c) for every x ∈ V (T ),

parq (Gx, Px) ⩽ max{β′(X ′′), α′} · g(q)

where for every x ∈ V (T ), Gx is the union of Ux =
⋃︁
z∈V (Tx) Pz and all the vertex sets of

the connected components C of G− S having a neighbor in Ux.

Proof of the claim. The statement is illustrated in Figure 6.9, and some ideas of the proof are
illustrated in Figure 6.10. We proceed by induction on |V (G)|. If F|G−R = ∅, then the statement
holds for S = R and T = K1. Thus, we suppose that F|G−R ̸= ∅, and in particular |V (G)\R| >
0.

Let F ′ be the family of all the connected subgraphsH ofG−R such thatR∩NG(V (H)) ̸= ∅
and F ⊆ H for some F ∈ F . We argue that there is no F ′-rich model ofX ′′ inG−R. Suppose to
the contrary that there is anF ′-rich model (Bx | x ∈ V (X ′′)) ofX ′′ inG−U . For each u ∈ U , let
Su = {x ∈ V (X ′′) | u ∈ NG(Bx)}. Since the model is F ′-rich,

⋃︁
u∈R Su = V (X ′′). Therefore,

there exists u ∈ R such that X ′′ contains an Su-rooted model of X ′. As a consequence, there is
an F-rich model (Dx | x ∈ V (X ′)) of X ′ in G − R such that every branch set Dx contains a
neighbor of u in G. Recall that X ′ = K1 ⊔ (X − z). Say that y is the vertex of K1 in X ′. Let
D′
z = Dy ∪ {u} and D′

x = Dx for every x ∈ V (X ′ \ {y}). It follows that (D′
x | x ∈ V (X)) is

an F-rich model of X in G, which is a contradiction. In turn, there is no F ′-rich model of X ′′ in
G−R.

By the definition of α′ and β′(·) applied toX ′′,G−R andF ′, there exists a set S0 ⊆ V (G−R)
such that
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(g1’) V (F ) ∩ S0 ̸= ∅ for every F ∈ F ′;

(g2’) for every connected component C of (G − R) − S0, NG−R(V (C)) intersects at most α′

connected components of (G−R)− V (C);

(g3’) parq(G−R,S) ⩽ β′(X ′′) · g(q).

Note that since G is connected and F|G−R is nonempty, there is a connected component of G−R
containing a member of F , and so F ′ is nonempty. It follows by (g1’) that S0 ̸= ∅.

Let C1 be the family of all the connected components of (G − R) − S0 with no neighbors
in U . Consider C ∈ C1. Let AC be the connected component of G − R containing C, and let
GC be the graph obtained from AC by contracting each connected component of AC − V (C)
into a single vertex. Let RC be the set of all the vertices resulting from these contractions, that is
RC = V (GC) \ V (C). Note that RC is nonempty since G is connected, and |UC | ⩽ α′ by (g2’).
Moreover, since R ̸= ∅, |V (GC)| < |V (G)|. Note also that GC is a minor of G, and so GC has
no F|C-rich model of X . By the induction hypothesis applied to GC , RC , and F|C , there exist
SC ⊆ V (GC), a tree TC rooted in sC ∈ V (TC), and a tree partition

(︁
TC , (PC,x | x ∈ V (TC))

)︁
of

(GC , SC) with PC,sC
= RC such that

(a’) V (F ) ∩ SC ̸= ∅ for every F ∈ F|C ;

(b’) for every connected component C ′ of GC − SC , NG(V (C ′)) intersects at most 2α′ con-
nected components of GC − V (C ′);

(c’) for every x ∈ V (TC) let TC,x be the subtree of TC rooted in x, then

parq(GC,x, PC,x) ⩽ max{β′(X ′′), α′} · g(q)

where for every x ∈ V (TC), GC,x is the union of UC,x =
⋃︁
z∈V ((TC)x) Pz and all the vertex

sets of the connected components C ′ of C − SC having a neighbor in UC,x.

G

S0

C1

C2

SC2
– UC2

SC1
– UC1

S

Ps

Ps′

R

C3

Figure 6.10: An illustration of the proof of Claim 6.3.1. In the sketched case,
C1, C2 ∈ C1 and C3 /∈ C1.

We set
S = R ∪ S0 ∪

⋃︂
C∈C1

(SC \RC).
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See Figure 6.10 again. Let T be obtained from the disjoint union of {TC | C ∈ C1} by identifying
the vertices {sC | C ∈ C1} into a new vertex s′ and by adding the root s adjacent only to s′ in T .
Let Ps = R, Ps′ = S0, and for each C ∈ C1, x ∈ V (TC \ {sC}), let Px = PC,x.

In order to conclude the proof of the claim, we argue that
(︁
T, (Px | x ∈ V (T ))

)︁
is a tree

partition of (G,S) and that (a)-(c) hold.
Since for every C ∈ C1, R ∩ NG(V (C)) = ∅, every edge in G[S] containing a vertex in R

has another endpoint in R ∪ S0 = Ps ∪ Ps′ . Consider an edge vw in G[S] such that v ∈ S0 and
w ∈ SC for some C ∈ C1. Since

(︁
TC , (PC,x | x ∈ V (TC))

)︁
is a tree partition of (GC , SC) with

PC,sC
= RC and S0 ⊆ V ((G−R)−V (C)), we conclude that w ∈ Px for some x ∈ V (TC) such

that s′x is an edge in T . Finally, for every edge vw of G[S] with v, w ̸∈ R ∪ S0, vw is an edge of
G[SC \ RC ] for some connected component C ∈ C1, and so v ∈ PC,x and w ∈ PC,y for adjacent
or identical vertices x, y of TC . Then v ∈ Px and w ∈ Py. For every connected component C ′ of
G−S, eitherNG(V (C ′)) ⊆ U ∪S0 = Ps∪Ps′ , or C ′ ⊆ C for some C ∈ C1. In the latter case, C ′

is a connected component ofGC−SC , andNG(U)∩V (C) = ∅. Since
(︁
TC , (PC,x | x ∈ V (TC))

)︁
is a tree partition of (GC , SC), there is x, y ∈ V (TC) such that NGC

(V (C ′)) ⊆ PC,x ∪ PC,y. If
x = sC , then NG(V (C ′)) ⊆ Ps ∪ Py and sy ∈ E(T ). If y = sC , then NG(V (C ′)) ⊆ Ps ∪ Px
and sx ∈ E(T ). Finally, if x, y ̸= sc, then NG(V (C ′)) ⊆ Ps ∪ Px and xy ∈ E(T ). This proves
that

(︁
T, (Px | x ∈ V (T ))

)︁
is a tree partition of (G,S).

Let F ∈ F . If V (F ) ∩ (R ∪ S0) ̸= ∅, then V (F ) ∩ S ̸= ∅. Otherwise, F ⊆ G − R and
V (F ) ∩ S0 = ∅, and therefore, by (g1’), we have F /∈ F ′. In this case, there is a connected
component C ∈ C1 such that F ∈ F|C . By (a’), V (F ) ∩ (SC \ RC) ̸= ∅ and so V (F ) ∩ S ̸= ∅.
This proves (a).

Consider a connected component C ′ of G − S. If C ′ ⊆ C for some C ∈ C1, then by (b’),
it follows that NGC

(V (C ′)) intersects at most 2α′ connected components of GC − V (C ′), and
so NG(V (C ′)) intersects at most 2α′ connected components of G − V (C ′). Otherwise, C ′ is a
connected component of (G−R)− S0 such that NG(R) ∩ V (C ′) ̸= ∅. By (g2’), NG−R(V (C ′))
intersects at most α′ connected components of (G − R) − V (C ′), and therefore, NG(V (C ′))
intersects at most α′ + |R| ⩽ 2α′ connected components of G− V (C ′). This proves (b).

Finally, we argue (c). Let x ∈ V (T ). If x = s, Px = Ps = R, which has size at most α′, and
thus the assertion holds by (z2). If x = s′, then Gs′ is a union of connected components of G−R,
and Px = Ps′ = S0, and so, by (z1) and (g3’),

parq(Gs′ , S0) ⩽ parq(G−R,S0) ⩽ β′(X ′′)g(q).

If x ∈ V (TC − {sC}) for some C ∈ C1, we have Tx = (TC)x and Gx = GC,x. Thus, the asserted
inequality follows from (c’). This ends the proof of the claim. ♢

Recall that X is a fixed graph in A(X ). Let

α = 2α′ and β(X) = 2b′ max{β′(X ′′), α′}.

In order to conclude the proof, we argue that α and β(·) witness q ↦→ q · g(bq) being (par,X )-
bounding. Let q be a positive integer, let G be a Kk-minor-free graph, and let F be a family of
connected subgraphs of G such that there are no F-rich model of X in G.

First, assume that G is connected. By Claim 6.3.1, applied for R an arbitrary single-
ton in V (G), there exist S ⊆ V (G), a tree T rooted in s ∈ V (T ), and a tree partition(︁
T, (Px | x ∈ V (T ))

)︁
of (G,S) with Ps = R such that (a), (b), and (c) are satisfied. Items
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(a) and (b) immediately imply (g1) and (g2), respectively. Additionally, (z4) and (c) imply (g3),
since

parq(G,S) ⩽ b′(q + 1) · max
x∈V (T )

parbq(Gx, Px) ⩽ β(X) · qg(q).

Finally, assume that G is not connected and let C be the family of all the connected components of
G. Since we have already proved the assertion for connected graphs, for every C ∈ C, there exists
SC ⊆ V (C) such that

(g1’) V (F ) ∩ SC ̸= ∅ for every F ∈ F|C ,

(g2’) for every connected component C ′ of C − SC , NC(V (C ′)) intersects at most α connected
components of C − V (C ′), and

(g3’) parq(C, SC) ⩽ β(X) · qg(bq).

Let S =
⋃︁
C∈C SC . To conclude the proof, we show that (g1), (g2), and (g3) hold for G, F , and

S. Items (g1) and (g2) follow from (g1’) and (g2’), respectively. Additionally, (z1) and (g3’)
imply (g3), since

parq(G,S) = max
C∈C

parq(C, SC) ⩽ β(X) · qg(bq).

Therefore, q ↦→ qg(bq) is (par,A(X ))-bounding, which concludes the proof.

We now prove Theorem 6.4.

Proof of Theorem 6.4. Let k be a positive integer. Suppose that g is (par,A(X ))-bounding.
Hence, there exists a positive integer α′ such that for every graph X ∈ A(X ), there is an integer
β′(X) such that for every positive integer q, for every Kk-minor-free graph G, for every family F
of connected subgraphs of G, if G has no F-rich model of X , then there exists S ⊆ V (G) such
that

(g1’) S ∩ V (F ) ̸= ∅ for every F ∈ F ;

(g2’) for every connected component C of G − S, NG(V (C)) intersects at most α′ connected
components of G− V (C);

(g3’) parq(G,S) ⩽ β′(X) · g(q).

Let α′ and β′(·) be as above.

Claim 6.3.2. Let X ∈ T(X ) connected. There exist positive integers α0(X) and β0(X) such that
for every positive integer q, for every Kk-minor-free graph G, for every family F of connected
subgraphs of G, if there is no F-rich model of X in G, then there exists S ⊆ V (G) such that

(a) V (F ) ∩ S ̸= ∅ for every F ∈ F ,

(b) for every connected componentC ofG−S,NG(V (C)) intersects at most α0(X) connected
components of G− V (C), and

(c) parq(G,S) ⩽ β0(X) · g(q).
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Proof of the claim. Let X ∈ T(X ), and let
(︁
T, (Wa | a ∈ V (T ))

)︁
be a rooted forest decomposi-

tion ofX of adhesion at most 1 witnessing the fact thatX ∈ T(X ). Without loss of generality, we
assume that Wa ̸= ∅ for every a ∈ V (T ). Since X is connected, this implies that T is a tree. We
proceed by induction on the vertex-height of T . If T = K1, then the result is clear. Now suppose
T ̸= K1.

We denote by r the root of T , and let z ∈ V (X) such that Wr = {z}. Let T0 be the subtree
of T induced by {a ∈ V (T ) | z ∈ Wa}. Observe that for every a ∈ V (T0), X[Wa \ {z}] ∈ X .
Since X is closed under disjoint union, this implies that X[

⋃︁
a∈V (T0)Wa \ {z}] ∈ X . Let

X0 = X
[︂⋃︁

a∈V (T0)Wa

]︂
,

and let X1 be obtained from X0 by adding for every x ∈ V (X0) a leaf ℓx with neighbor x. Then,
since X is stable under leaf addition, X1 \ {z} ∈ X , and so X1 ∈ A(X ).

For every x ∈ V (X0), letRx be family of all the connected componentsR of T −V (T0) such
that x ∈

⋃︁
a∈V (R)Wa, and let

Xx =

⎧⎨⎩X
[︂⋃︁

R∈Rx,a∈V (R)Wa

]︂
ifRx ̸= ∅,

X[{x}] ifRx = ∅.

Now, let X2 be obtained from X by identifying all the vertices in V (X0) into a single vertex
z2. Note that for every x ∈ V (X0), X2 contains a copy of Xx with x relabeled into z2. Then, let
X3 be obtained from the union of two copies X1

2 and X2
2 of X2 that intersect only in z2.

We now build a rooted tree decomposition
(︁
T ′, (W ′

a | a ∈ V (T ′))
)︁

of X3 witnessing the fact
that X3 ∈ T(X), and with T ′ of smaller vertex-height than T . Let T ′

0 be obtained from T by
contracting T0 into a single vertex r′, and then let T ′ be the union of two copies T ′1

0 and T ′2
0 of T ′

0
intersecting only in r′. Then, for every a ∈ V (T ′i

0 ) for i ∈ {1, 2}, let W ′
a be the union of {z2}

with the image of Wa \ V (X0) in the copy Xi
2 of X2. Then

(︁
T ′, (Wa | a ∈ V (T ′))

)︁
is a rooted

tree decomposition of X3 witnessing the fact that X3 ∈ T(X ). We claim that the vertex-height
of T ′ is smaller than the vertex-height of T . Indeed, for every neighbor s of r in T , since X is
connected and Ws ̸= ∅, we have z ∈ Ws, and so s ∈ V (T0). This proves that NT (r) ⊆ V (T0),
and so T ′ has smaller vertex-height than T . Therefore, we can call the induction hypothesis on
X3. Let

α0(X) = α′ + α0(X3) and β0(X) = β′(X1) + β0(X3).

Let q be a positive integer. LetG be aKk-minor-free graph, and letF be a family of connected
subgraphs of G such that there is no F-rich model of X in G. Let F ′ be the family of all the
connected subgraphs H of G such that there is an F|H -rich model of X3 in H .

We claim that there is no F ′-rich model of X1 in G. Suppose for contradiction that there
is an F ′-rich model (Ax | x ∈ V (X0)) of X1 in G. Then, for every x ∈ V (X0), the graph
G[Aℓx ] contains a member of F ′ and so an F-rich model (Bx,y | y ∈ V (X3)) of X3. Since
G[Aℓx ] is connected, there is an (N(Ax), Bx,y)-path P in G[Aℓx ] for some y ∈ V (X3). Recall
that X3 consists of two copies X1

2 and X2
2 of X2 that intersect only in z2, and X2 is connected.

Therefore, without loss of generality, say that y ∈ V (X2
2 ). By replacing Bx,z2 by the union

V (P ) ∪
⋃︁
y∈V (X2

2 )Bx,y, we obtain a model (Cx,y | y ∈ V (X2)) of X2 in G[Aℓx ] such that Cx,z2

contains a neighbor of a vertex in Ax. By restricting this model to (V (Xx) \ {x}) ∪ {z2}, and
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relabeling z2 by x, we obtain a model (Dx,y | y ∈ V (Xx)) of Xx in G[Aℓx ] such that Dx,x

contains a neighbor of Ax. Finally, for every y ∈ V (X), let

Ey =
{︄
Ay ∪Dy,y if y ∈ V (X0),
Dx,y if y ̸∈ V (X0), for x ∈ V (X0) such that y ∈ V (Xx).

Then, (Ey | y ∈ V (X)) is an F-rich model of X in G, a contradiction. This proves that G has no
F ′-rich model of X1 in G.

By the definition of β′ applied to X1, G, F ′, there exists S0 ⊆ V (G) such that

(g1”) V (F ) ∩ S0 ̸= ∅ for every F ∈ F ′;

(g2”) for every connected component C of G − S0, NG(V (C)) intersects at most α′ connected
components of G− V (C);

(g3”) parq(G,S0) ⩽ β′(X1) · g(q)

Since V (F ) ∩ S0 ̸= ∅ for every F ∈ F ′, G− S0 has no F|G−S0-rich model of X3. Therefore, by
the induction hypothesis, there exists S1 ⊆ V (G− S0) such that

(a’) V (F ) ∩ SA ̸= ∅ for every F ∈ F|G−S0 ;

(b’) for every connected componentC ofG−S0−S1,NG−S0(V (C)) intersects at most α0(X3)
connected components of G− S0 − V (C);

(c’) parq(G− S0, S1) ⩽ β0(X3) · g(q).

Finally, let
S = S0 ∪ S1.

We now argue (a), (b), and (c). First, observe that for every F ∈ F , either V (F ) ∩ S0 ̸= ∅, or
F ∈ F|G−S0 and so V (F ) ∩ S1 ̸= ∅ by (a’). This proves (a).

Then, for every connected component C of G − S, NG(V (C)) intersects at most α0(X3)
connected components of G − S0 − V (C) by (b’), and at most α′ connected components of
G− S0. Therefore, NG(V (C)) intersects at most α′ + α0(X3) = α0(X) connected components
of G− V (C), which proves (b).

Finally,

parq(G,S) ⩽ parq(G,S0) + parq(G− S0, S1) by (z3)

⩽ β′(X1) · g(q) + β0(X3) · g(q) by (g3”) and (c’)

⩽ β0(X) · g(q).

This proves (c). ♢

Claim 6.3.2 implies that g is weakly (par,T(X ))-bounding. Since X is nonempty and closed
under leaf addition, every edgeless graph is a subgraph of a graph in X ⊆ A(X ). Therefore, since
g is (par,A(X ))-bounding, we deduce that g is (par, E)-bounding. It follows by Lemma 6.22
that g is (par,T(X ))-bounding. This proves the theorem.
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6.6 Common arguments for the base cases

In this section, we discuss and prove some statements that are common for some of the final proofs.
In Section 6.6.1, we prove a very general tool to prove that a function is (par,S2)-bounding for
any nice family of focused parameters (parq | q ∈ N>0). In Section 6.6.2, we prove structural
properties that will be used in Sections 6.7 to 6.9 to find (par,R2)-bounding functions, for some
specific families of focused parameters (parq | q ∈ N>0).

6.6.1 Excluding a linear forest

The following theorem will be one of the base cases in the proofs of Theorems 1.34 to 1.36. Recall
that E is the class of all edgeless graphs, and S2 is the class of all linear forests.

Theorem 6.23. Let par be a nice family of focused parameters, and let g : N>0 → N>0. If g is
(par, E)-bounding, then g is (par,S2)-bounding.

This proof is a modification of an argument present in [PPT23b, Theorem 3.22].

Proof of Theorem 6.23. Let k be a positive integer. For every positive integer d, applying the
hypothesis that g is (par, E)-bounding for X = Kd, we obtain that there exists α′ and β′(d) such
that the following holds.

For every positive integer q, for everyKk-minor-free graphG, for every familyF of connected
subgraphs of G, if there are no d pairwise disjoint members of F , then there exists S ⊆ V (G)
such that

(g1’) V (F ) ∩ S ̸= ∅ for every F ∈ F ,

(g2’) for every connected component C of G − S, NG(V (C)) intersects at most α′ connected
components of G− V (C), and

(g3’) parq(G,S) ⩽ β′(d) · g(q).

Let X ∈ S2. Note that X is a subgraph of P|V (X)| ∈ S2, and so, without loss of generality,
X = Pℓ for some positive integer ℓ. We suppose that the vertices of Pℓ are 1, . . . , ℓ, in this order
along Pℓ.

We now show by induction on ℓ that for every positive integer q, for every Kk-minor-free
graph G, for every family F of connected subgraphs of G, if there is no F-rich model of Pℓ in G,
then there exists S ⊆ V (G) such that

(a) V (F ) ∩ S ̸= ∅ for every F ∈ F ,

(b) for every connected components C of G − S, NG(V (C)) intersects at most (ℓ − 1)α′

connected components of G− V (C), and

(c) parq(G,S) ⩽ (ℓ− 1) · g(q).

Let G be a Kk-minor-free graph and let F be a family of connected subgraphs of G such that
there is no F-rich model of Pℓ in G. If ℓ = 1, then F is empty and this clearly holds for S = ∅ by
(z2). Now suppose ℓ > 1 and that the result holds for ℓ− 1.
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Let C be the family of all the connected components of G, and let C ∈ C. Let F ′ be the
family of all the connected subgraphs H of C such that H contains an F-rich model of Pℓ−1.
We claim that there are no two disjoint members of F ′ in C. Indeed, if (A1, . . . , Aℓ−1) and
(B1, . . . , Bℓ−1) are two disjointF-rich models of Pℓ−1 inC, then, becauseC is connected, there is
a pathQ betweenAi andBj for some i, j ∈ [ℓ−1] which is internally disjoint from

⋃︁
k∈[ℓ−1]Ak∪⋃︁

k∈[ℓ−1]Bk. By possibly reversing the orderings (A1, . . . , Aℓ−1) and (B1, . . . , Bℓ−1), we assume
that i ⩾ ℓ−1

2 and j ⩽ ℓ−1
2 . Then, (A1, . . . , Ai, (V (Q) \ Ai) ∪ Bj , . . . , Bℓ−1) is an F-rich model

of Pℓ′ in C, where ℓ′ = i+ (ℓ− j) ⩾ ℓ−1
2 + ℓ− ℓ−1

2 = ℓ. This contradicts the fact that G has no
F-rich model of Pℓ. Therefore, there are no two disjoint members of F ′.

Hence, there exists S0,C ⊆ V (C) such that

(g1”) V (F ) ∩ S0,C ̸= ∅ for every F ∈ F ′,

(g2”) for every connected component C ′ of C−S0,C ,NC(V (C ′)) intersects at most α′ connected
components of G− V (C), and

(g3”) parq(C, S0,C) ⩽ β′(2) · g(q).

Now, by (g1”), there is no F-rich model of Pℓ−1 in C−S0,C . Therefore, by the induction hypoth-
esis applied to C − S0,C and F|C−S0,C

, there exists S1,C ⊆ V (C) such that

(a’) V (F ) ∩ S1,C ̸= ∅ for every F ∈ F|C−S0,C
,

(b’) for every connected component C ′ of C − (S0,C ∪ S1,C), NC−S0,C
(V (C ′)) intersects at

most (ℓ− 2)α′ connected components of C − S0,C .

(c’) parq(C − S0,C , S1,C) ⩽ (ℓ− 2)β′(2) · g(q).

Now, let
S =

⋃︁
C∈C(S0,C ∪ S1,C).

We now argue (a), (b), and (c). First, for every F ∈ F , since F is connected, there exists
C ∈ C such that F ⊆ V (C). Therefore, either V (F ) ∩ S0,C ̸= ∅ and so V (F ) ∩ S ̸= ∅, or
C ∈ F|C−S0,C

, but then V (F ) ∩ S1,C ̸= ∅ by (a’), and so V (F ) ∩ S ̸= ∅. This proves (a).
Second, for every connected component C ′ of G − S, there exists C ∈ C such that C is a

connected component of C −S0,C −S1,C . Then, by (g2”) and (b’), NG(V (C)) intersects at most
α′ + (ℓ− 2)α′ = (ℓ− 1)α′ connected components of G− V (C ′). This proves (b).

Finally,

parq(G,S) ⩽ max
C∈C

parq(C, S0,C ∪ S1,C) by (z1)

⩽ max
C∈C

(︂
parq(C, S0,C) + parq(C − S0,C , S1,C)

)︂
by (z3)

⩽ (ℓ− 1)β(2) · g(q) by (g3”) and (c’).

This proves (c).
Altogether, this proves that g is weakly (par,S2)-bounding. Finally, since g is (par, E)-

bounding, we conclude by Lemma 6.22 that g is (par,S2)-bounding.
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Theorem 6.24. Let par be a nice family of focused parameters, and let g : N>0 → N>0. If g is
(par,A(S2))-bounding, then there exists a positive integer b such that q ↦→ qg(bq) is (par,S3)-
bounding.

Proof. Let k be a positive integer. Since g is (par,A(S2))-bounding, there exists α′ and β′(·)
such that the following holds. For every X ∈ A(S2), for every Kk-minor-free graph G, for every
family F of connected subgraphs of G, for every positive integer q, if there is no F-rich model of
X in G, then there exists S ⊆ V (G) such that

(g1’) V (F ) ∩ S ̸= ∅ for every F ∈ F ,

(g2’) for every connected component C of G − S, NG(V (C)) intersects at most α′ connected
components of G− V (C), and

(g3’) parq(G,S) ⩽ β′(X) · g(q).

Claim 6.24.1. Let X be a connected graph in S3, there exists positive integers α0(X), β0(X)
such that the following holds. Let q be a positive integer, let G be a Kk-minor-free graph, let F be
a family of connected subgraphs of G such that there is no F-rich model of X in G. There exists
S ⊆ V (G) such that

(a) V (F ) ∩ S ̸= ∅ for every F ∈ F ,

(b) for every connected componentC ofG−S,NG(V (C)) intersects at most α0(X) connected
components of G− V (C),

(c) parq(G,S) ⩽ β0(X) · g(q).

Proof of the claim. Let
(︁
T, (Wa | a ∈ V (T ))

)︁
be a rooted forest decomposition of X witnessing

the fact that X ∈ S3. By taking such a rooted forest decomposition with |V (T )| minimum, and
because X is connected, T is a rooted tree. We will proceed by induction on the vertex-height of
T . If T = K1, then X ∈ A(S2) and so the result holds for α0(X) = α′ and β0(X) = β′(X).
Now suppose T ̸= K1.

Let T0 be the subtree of T induced by the internal vertices of T , that is the vertices of T which
are either the root of not leaves, and let X0 = X[

⋃︁
a∈V (T0)Wa]. For every x ∈ V (X0), let

Xx = X
[︂⋃︁

a∈V (T )\V (T0),x∈Wa
Wa

]︂
.

Note that Xx ∈ A(S2) for every x ∈ V (X0). Let ℓ be the maximum of |V (Xx)| − 1 over all
x ∈ V (T0).

Let
α0(X) = α0(X0) + α′ and β0(X) = β0(X0) + β′(K1 ⊕ P4ℓ).

Let q be a positive integer, let G be a Kk-minor-free graph, let F be a family of connected
subgraphs of G such that G has no F-rich model of X .

Let F ′ be the family of all the connected subgraphs H of G such that H contains an F-rich
model of K1 ⊕ P4ℓ. We claim that there is no F ′-rich model of X0 in G. To see that, suppose for
sake of a contradiction that (Bx | x ∈ V (X0)) is an F ′-rich model of X0 in G. Let x ∈ V (X0).
The subgraph G[Bx] contains an F-rich model (Cx,y | y ∈ V (K1 ⊕ P4ℓ)) of K1 ⊕ P4ℓ. We label
the vertices of P4ℓ by 1, . . . , 4ℓ, in this order. Observe that x has degree 3 in X0. Let x1, . . . , xd
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be the neighbors of x in X0. For every i ∈ [d], Bx contains a neighbor of Bxi , and since G[Bx] is
connected, there is a pathQi from a neighbor ofBxi toCx,yi inG[Bx] for some yi ∈ V (K1⊕P4ℓ),
with Qi internally disjoint from

⋃︁
y∈V (K1⊕P4ℓ)Cx,y. Since d ⩽ 3, by the pigeonhole principle,

there is an interval I ⊆ [4ℓ] of size ℓ such that I ∩ {y1, . . . , yd} = ∅. Now, relabeling the
branch sets (Cx,y | y ∈ I),

⋃︁
i∈[d] V (Qi) ∪

⋃︁
y∈V (K1⊕P4ℓ)\I Cx,y, we obtain an F-rich model

(Dx,y | y ∈ V (K1 ⊕ Pℓ)) of K1 ⊕ Pℓ in G[Bx], such that Dx,z contains a neighbor of Bxi for
each i ∈ [d], where z is the vertex of K1 in K1 ⊕ Pℓ. Now, since ℓ ⩾ |V (Xx)| − 1, the graph
K1 ⊕ Pℓ contains Xx as a subgraph. Therefore, we obtain an F-rich model (Ex,y | y ∈ V (Xx))
of Xx in G[Bx] such that Ex,x contains a neighbor of By for every y ∈ NX(x).

Now, for every x ∈ V (X), let

Fx =
{︄
Ex′,x if x ̸∈ V (X0) and x′ ∈ V (X0) is such that x ∈ V (Xx′),
Bx ∪ Ex,x if x ∈ V (X0).

Then, (Fx | x ∈ V (X)) is an F-rich model of X in G, a contradiction. This proves that there is
no F ′-rich model of X0 in G.

Since
(︁
T0, (Wa | a ∈ V (T0))

)︁
is a tree decomposition of X0 witnessing the fact that X0 ∈

T(S2), and because T0 has smaller vertex-height than T , we can apply induction. Therefore, there
exists S0 ⊆ V (G) such that

(a’) V (F ) ∩ S0 ̸= ∅ for every F ∈ F ′,

(b’) for every connected componentC ofG−S,NG(V (C)) intersects at mostα0(X0) connected
components of G− V (C), and

(c’) parq(G,S) ⩽ β0(X0) · g(q).

Now, by (a’), there is no F-rich model of K1 ⊕ P4ℓ in G − S0. Therefore, there exists
S1 ⊆ V (G− S0) such that

(g1”) V (F ) ∩ S1 ̸= ∅ for every F ∈ F|G−S0 ,

(g2”) for every connected component C of G − S0 − S1, NG−S0(V (C)) intersects at most α′

connected components of G− S0 − V (C), and

(g3”) parq(G− S0, S1) ⩽ β′(K1 ⊕ P4ℓ) · g(q).

Now, let
S = S0 ∪ S1.

First, for every F ∈ F , either V (F ) ∩ S0 ̸= ∅, or F ∈ F|G−S0 and so V (F ) ∩ S1 ̸= ∅ by (g1”).
In both cases, V (F ) ∩ S ̸= ∅. This proves (a).

Second, for every connected component G of G − S, there is a connected component C ′ of
G − S0 containing C. Since NG(V (C)) intersects at most α0(X0) connected components of
G− V (C ′) by (b’), and NG−S0(V (C)) intersects at most α′ connected components of G− S0 −
V (C) by (g2”), we conclude that NG(V (C)) intersects at most α0(X0) +α′ = α0(X) connected
components of G− V (C). This proves (b).
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Finally,

parq(G,S) ⩽ parq(G,S0) + parq(G,S1) by (z3),

⩽ (β0(X0) + β′(X1 ⊕ P4ℓ)) · g(q) by (c’) and (g3”),

= β0(X) · g(q).

This shows (c), and concludes the proof of the claim. ♢

Claim 6.24.1 implies that g is weakly (par,S3)-bounding par. Since E ⊆ A(S2), g is
(par, E)-bounding. By Lemma 6.22, this implies that g is (par,S3)-bounding, which concludes
the proof of the theorem.

6.6.2 Excluding a forest

In this section, we show structural properties for graphs with no F-rich model of a given forest.
This will be typically used in Sections 6.7 and 6.8 to show that q ↦→ log q is (par,R2)-bounding,
and in Section 6.9 to show that q ↦→ q log q is (par,R3)-bounding, for some families of focused
parameters (parq | q ∈ N>0). The main inspiration for this section is the paper [DHJ+23] by
Dujmović, Hickingbotham, Joret, Micek, Morin, and Wood.

Let h, d be positive integers. We denote by Fh,d the (rooted) complete d-ary tree of vertex-
height h. In particular, F2,d is the star with d leaves. Note that for every forest X , there exist
positive integers h, d such that X is a subgraph of Fh,d.

Lemma 6.25. Let h, d be positive integers. Let G be a graph, let D =
(︁
T, (Wx | x ∈ V (T ))

)︁
be

a tree decomposition of G, and let F be a family of connected subgraphs of G such that G has no
F-rich model of Fh+1,d. There exist pairwise disjoint S1, . . . , Sh ⊆ V (G), and for every a ∈ [h]
a path partition (Pa,0, . . . , Pa,ℓa) of (G− S1 − · · · − Sa−1, Sa) such that for S =

⋃︁
a∈[h] Sa,

(a) V (F ) ∩ S ̸= ∅ for every F ∈ F;

(b) for every a ∈ [h], for every i ∈ [ℓa], Pa,i is contained in a union of at most d+ h− 1 bags
of D.

Proof. We proceed by induction on h. For h = 1, the result follows from Lemma 3.14. Now
suppose h > 1 and that the result holds for h− 1.

Let F ′ be the family of all the connected subgraphs H of G containing an F-rich model of
Fh−1,d+1. We claim that there is no F ′-rich model of F2,d in G.

Suppose for a contradiction that there is an F ′-rich model
(︁
Bx | x ∈ V (F2,d)

)︁
of F2,d in G.

We will deduce an F-rich model of Fh,d in G. We denote by c the center of the star F2,d and by
x1, . . . , xd the leaves of F2,d. We denote by r the root of Fh−1,d+1.

Let i ∈ [d]. Since (Bx | x ∈ V (F2,d)) is F ′-rich, Bxi contains a neighbor ui of Bc, and
G[Bxi ] has an F|H -rich model (Bi

x | x ∈ V (Fh−1,d+1)) of Fh−1,d+1. By Lemma 3.16 there is an
F-rich modelMi of Fh−1,d in G[Bxi ] whose branch set of the root contains a neighbor of Bc.

It follows that the union of the modelsM1, . . . ,Md, together with Bc for the branch set of
the root, yields an F-rich model of Fh,d in G, a contradiction. This proves that there is no F ′-rich
model of F2,d in G.

Therefore, by Lemma 3.14 applied for an arbitrary u, there is a set S1 ⊆ V (G) and a path
partition (P0, . . . , Pℓ) of G[S1] such that



158 CHAPTER 6 — Centered colorings and weak coloring numbers

3.14.(a) V (F ) ∩ S1 ̸= ∅ for every F ∈ F ′;

3.14.(b) for every connected component C of G − S1, NG(V (C)) ⊆ Pi ∪ Pj for some i, j ∈
{0, . . . , ℓ} with either i = j or j = i+ 1;

3.14.(c) for every i ∈ [ℓ], Pi is contained in the union of at most d bags of D.

By 3.14.(a), G−S1 has no F-rich model of Fh−1,d+1. Therefore, by the induction hypothesis,
there exist pairwise disjoint S′

1, . . . , S
′
h ⊆ V (G), and for every a ∈ [h] there is a path partition

(P ′
a,0, . . . , P

′
a,ℓa

) of (G− S1 − S′
1 − · · · − S′

a−1, S
′
a) such that for S′ =

⋃︁
a∈[h] S

′
a,

(a’) V (F ) ∩ S′ ̸= ∅ for every F ∈ F|G−S1 ;

(b’) for every a ∈ [h], for every j ∈ [ℓa], Pa,j is contained in the union of at most d+h−1 bags
of D.

Now, for every a ∈ [h], let Sa+1 = S′
a, and let (Pa+1,0, . . . , Pa+1,ℓa+1) = (P ′

a,0, . . . , P
′
a,ℓa

).
Finally, let (P1,0, . . . , P1,ℓ1) = (P0, . . . , Pℓ). Then, S1, . . . , Sh+1 is as claimed, which concludes
the proof of the lemma.

Lemma 6.26. Let h, d be positive integers. Let G be a graph, let D =
(︁
T, (Wx | x ∈ V (T ))

)︁
be a tree decomposition of G, and let F be a family of connected subgraphs of G such that G
has no F-rich model of Fh+1,d. There exist pairwise disjoint S1, . . . , Sh+1 ⊆ V (G), and for
every a ∈ [h + 1] a path partition (Pa,0, . . . , Pa,ℓa) of (G − S1 − · · · − Sa−1, Sa) such that for
S =

⋃︁
a∈[h+1] Sa,

(a) V (F ) ∩ S ̸= ∅ for every F ∈ F;

(b) for every connected component C of G − S, NG(V (C)) intersects at most two connected
components of G− S;

(c) for every a ∈ [h+1], for every i ∈ [ℓa], Pa,i is contained in the union of at most 2h(d+h−1)
bags of D.

Proof. We proceed by induction on |V (G)|.
First suppose that G is not connected. Let C be the family of all the connected components of

G, and let C ∈ C. By the induction hypothesis, there exist pairwise disjoint SC,1, . . . , SC,h+1 ⊆
V (C), and for every a ∈ [h + 1] a path partition (PC,a,0, . . . , PC,a,ℓC,a

) of (C − SC,1 − · · · −
SC,a−1, SC,a) such that for SC =

⋃︁
a∈[h+1] SC,a,

(a’) V (F ) ∩ SC ̸= ∅ for every F ∈ F|C ;

(b’) for every connected component C ′ of C−SC ,NC(V (C ′)) intersects at most two connected
components of C − SC ;

(c’) for every a ∈ [h + 1], for every i ∈ [ℓC,a], PC,a,i is contained in the union of at most
2h(d+ h− 1) bags of D|C .
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Then, for every a ∈ [h], let
Sa =

⋃︂
C∈C

SC,a,

and let (Pa,0, . . . , Pa,ℓa) be a concatenation of (PC,a,0, . . . , PC,a,ℓC,a
) over all C ∈ C. These

objects satisfy the outcome of the lemma.

Now supposeG connected. By Lemma 5.3, we can assume thatD is a natural tree decomposi-
tion. By Lemma 6.25, there exist pairwise disjoint S1, . . . , Sh ⊆ V (G), and for every a ∈ [h− 1]
a path partition (Pa,0, . . . , Pa,ℓa) of (G− S1 − · · · − Sa−1, Sa) such that for S′ =

⋃︁
a∈[h−1] Sa,

6.25.(a) V (F ) ∩ S ̸= ∅ for every F ∈ F ;

6.25.(b) for every a ∈ [h], for every i ∈ [ℓa], Pa,i is contained in the union of at most d+ h− 1 bags
of D.

Let C ′ be a connected component of G − S′. By 6.25.(b), NG(V (C ′)) is included in the
union of at most h(d + h − 1) bags of D. By Lemma 5.4, there is a set ZC′ ⊆ V (G) containing
NG(V (C ′)) which is included in the union of at most 2h(d+h− 1) bags of D such that for every
connected component C of G−ZC′ , NG(V (C)) intersects at most two connected components of
G− V (C). Let SC′,h+1 = ZC′ ∩ V (C ′).

Then let
Sh+1 =

⋃︂
C′∈C

SC′,h+1

where C is the family of all the connected component of G− S′, and let S =
⋃︁
a∈[h+1] Sa.

First, since S′ ⊆ S, V (F ) ∩ S ̸= ∅ for every F ∈ F , which proves (a). Second, for every
connected component C of G − S, there exists C ′ ∈ C such that C ⊆ C ′, and so C is a con-
nected component of G − ZC′ , which implies that NG(V (C)) intersects at most two connected
components of G − V (C), and so (b) holds. Finally, for an arbitrary ordering C1, . . . , Cℓh+1 of
the members of C, (SC1,h+1, . . . , SCℓh+1 ,h+1) is a path partition of (G− S′, Sh+1), and for every
i ∈ [ℓh+1], SCi,h+1 is included in the union of at most 2h(d + h − 1) bags of D. This proves (c)
and concludes the proof of the lemma.

6.7 Fractional treedepth-fragility rates

In this section, we prove Theorem 1.36. We start with Theorem 1.33, which is the special corre-
sponding to excluding Kt as a minor. Its proof is an instructive example.

6.7.1 Kt-minor-free graphs

The first ingredient to prove Theorem 1.33 is a bound in the bounded treewidth case due to Dvořák
and Sereni.

Theorem 6.27 ([DS20]). For every positive integer w, there exists a constant c6.27(w) such that
for every graph G with tw(G) ⩽ w and for every positive integer q

ftdfrq(G) ⩽ c6.27(w) · qw.



160 CHAPTER 6 — Centered colorings and weak coloring numbers

Theorem 6.27 can be used to obtain a good upper-bound on the q-th fractional treedepth-
fragility rate of Kt-minor-free graphs of bounded treewidth. To this end, we need the following
result of Illingworth, Scott, and Wood.

Theorem 6.28 ([ISW24]). For every integer t with t ⩾ 2 and for every Kt-minor-free graph G
with tw(G) ⩽ w admits a vertex-partition P such that G/P has treewidth at most t− 2 and each
part of P has at most w + 1 elements5.

Theorems 6.27 and 6.28 imply that for every Kt-minor-free graph G of bounded treewidth,
we have ftdfrq(G) = O(qt−2) as we show below. Let t and w be positive integers, let G be a
Kt-minor-free with tw(G) ⩽ w and let P be a partition of V (G) as in Theorem 6.28. Since
tw(G/P) ⩽ t − 2, we have ftdfrq(G) = O(qt−2) by Theorem 6.27. In particular, there exists
a random variable Z′ over subsets of P such that td(G/P − Z′) = O(qt−2), and Z′ is equipped
with a q-thin probability distribution. Let Z =

⋃︁
Z′. Since every element of P has at most

w + 1 vertices of G, td(G − Z) ⩽ (w + 1) · td(G/P − Z′). It follows that Z witnesses that
ftdfrq(G) = O((w + 1) · qt−2).

Lifting this reasoning to the general Kt-minor-free case requires the following technical
lemma, which we prove at the end of this section.

Lemma 6.29. For all positive integers t, a, there exists a positive integer c6.29(t) such that for
every Kt-minor-free graph G and every positive integer q, there exists a random variable Y over
subsets of V (G) such that tw(G − Y) ⩽ c6.29(t) · q, and Y is equipped with a q-thin probability
distribution.

Proof of Theorem 1.33. Let t be an integer with t ⩾ 2, let c6.29(t) be the constant as
in Lemma 6.29, let c6.27(t − 2) be the constant as in Theorem 6.27. We set c = 2t · c6.29(t) ·
c6.27(t − 2). Let G be a Kt-minor-free graph and let q be a positive integer. By Lemma 6.29,
there exists a random variable Y over subsets Y of V (G) such that tw(G − Y ) ⩽ c6.29(t) · 2q,
and Y is equipped with a 2q-thin probability distribution. By Theorem 6.28, G − Y admits a
vertex-partition PY such that (G − Y)/PY has treewidth at most t − 2 and each part of PY has
at most c6.29(t) · 2q + 1 elements. Furthermore, by Theorem 6.27, ftdfr2q((G − Y)/PY) ⩽
c6.27(t − 2) · (2q)t−2, and so, there exists a random variable Z′ over subsets Z ′ of PY such that
td((G − Y)/PY − Z ′) ⩽ c6.27(t − 2) · (2q)t−2, and Z′ is equipped with a 2q-thin probability
distribution. Let

Z = Y ∪
⋃︁

Z′.

For every u ∈ V (G), if Pu ∈ PY is such that u ∈ Pu, then

Pr[u ∈ Z] ⩽ Pr[u ∈ Y] + Pr[Pu ∈ Z′]

⩽
1
2q + 1

2q = 1
q
.

Therefore, the probability distribution of Z is q-thin. Finally,

td(G− Z) ⩽ (c6.29(t) · 2q + 1) · (c6.27(t− 2) · (2q)t−2) ⩽ c · qt−2.

This proves that ftdfrq(G) ⩽ c · qt−1.

5In other words, there exists a graph A of treewidth at most t − 2 such that G ⊆ A ⊠ Kw+1, where ⊠ denotes the
strong product.
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To conclude the proof of Theorem 1.33, it suffices to show Lemma 6.29.

Proof of Lemma 6.29. Let t be a positive integer. We set c = 2cLRS(t). Let G be a Kt-minor-free
graph. By Theorem 6.1, G admits a layered RS-decomposition (T,W,A,D,L) of width at most
cLRS(t). Let q be a positive integer. We root T at an arbitrary vertex s. LetW =

(︁
T, (Wx | x ∈

V (T ))
)︁
, A =

(︁
Ax | x ∈ V (T )

)︁
, D =

(︁
Dx | x ∈ V (T )

)︁
, and L =

(︁
Lx | x ∈ V (T )

)︁
, where

Lx = (Lx,i | i ∈ N) and Dx =
(︁
Tx, (Dx,z | z ∈ V (Tx))

)︁
for every x ∈ V (T ). For every vertex

u ∈ V (G), let su be the root of the subtree of T induced by {x ∈ V (T ) | u ∈ Wx}. For every
x ∈ V (T ), let i(x) be a random variable over {0, . . . , q − 1} with uniform distribution. Then let
Y be a the random variable defined by

Y =
{︁
u ∈ V (G) | u ∈

⋃︁
k∈N Lsu,i(su)+kq

}︁
.

First, observe that for every u ∈ V (G),

Pr[u ∈ Y] =
{︄

0 if u ∈ Asx ,
1
q otherwise,

and so the distribution of Y is q-thin.
We now bound tw(G−Y). Let x ∈ V (T ). Let Ux beWx∩Wp(T,x) if x ̸= s, and ∅ otherwise.

Note that |Ux| ⩽ cLRS(t). For every connected component C of torsoG,W(Wx)−Ax − Ux − Y,
for every z ∈ V (Tx), V (C) intersects at most q − 1 layers of Lx and so

|Dx,z ∩ V (C)| ⩽ cLRS(t) · (q − 1).

It follows that tw(C) ⩽ cLRS(t) · (q − 1)− 1 as witnessed by
(︁
Tx, (Dx,z ∩ V (C) | z ∈ V (Tx))

)︁
.

Therefore, tw(torsoG,W(Wx)−Ax − Ux − Y) ⩽ cLRS(t) · (q − 1)− 1, and so

tw(torsoG,W(Wx)− Y) ⩽ |Ax|+ |Ux|+ cLRS(T ) · (q − 1)− 1
⩽ cLRS(t) · (q + 1)− 1 ⩽ 2cLRS(t) · q.

This implies that tw(G− Y) ⩽ c · q.

6.7.2 The bounded treewidth case

We now prove the bounds in Theorem 1.36 for graphs of bounded treewidth. See Figures 6.2
and 6.3 for the general plan of the proof.

Lemma 6.30. Let G be a graph and let S ⊆ V (G). For every path partition (P1, . . . , Pℓ) of
(G,S),

td(G,S) ⩽ ⌈log(ℓ+ 1)⌉ ·max
i∈[ℓ]
|Pi|.

Proof. Let (P1, . . . , Pℓ) be a path partition of (G,S), and let N = maxi∈[ℓ] |Pi|. It is enough to
show that td(G,S) ⩽ k · N if ℓ = 2k − 1. We proceed by induction on k. When k = 1 this is
clear. Now suppose k > 1. Let S0 = P2k−1 . Note that S0 intersects every path in G between⋃︁
i∈[2k−1−1] Pi and

⋃︁
i∈{2k−1+1,...,2k} Pi in G. Thus, there exists a partition V1, V2 of V (G − S0)
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such that
⋃︁
i∈[2k−1−1] Pi ⊆ V1,

⋃︁
i∈{2k−1+1,...,2k−1} Pi ⊆ V2, and there is no edge between V1 and

V2 in G. Then, by the induction hypothesis, Lemma 6.16, and Observation 6.15,

td(G,S) ⩽ td(G,S0) + max{td(G[V1], S ∩ V1), td(G[V2], S ∩ V2)}
⩽ |S0|+ (k − 1) ·N
⩽ k ·N.

Lemma 6.31. Let T be a tree. There exists an integer c such that the following holds. Let q be an
integer with q ⩾ 2, let G be a graph, and let F be a family of connected subgraphs such that G
has no F-rich model of T . There exists S ⊆ V (G) such that

(a) V (F ) ∩ S ̸= ∅ for every F ∈ F ,

(b) for every connected component C of G − S, NG(V (C)) intersects at most two connected
components of G− V (C), and

(c) ftdfrq(G,S) ⩽ c · (tw(G) + 1) · log q.

Proof. Let h, d be positive integers such that T ⊆ Fh,d. Let

c = 4(h+ 1)h(d+ h− 1).

LetD be a tree decomposition of G of width tw(G). By Lemma 6.26, there exist pairwise disjoint
S1, . . . , Sh+1 ⊆ V (G), and for every a ∈ [h+ 1] a path partition (Pa,0, . . . , Pa,ℓa) of (G− S1 −
· · · − Sa−1, Sa) such that for S =

⋃︁
a∈[h+1] Sa,

6.26.(a) V (F ) ∩ S ̸= ∅ for every F ∈ F ;

6.26.(b) for every connected component C of G − S, NG(V (C)) intersects at most two connected
components of G− S;

6.26.(c) for every a ∈ [h+1], for every i ∈ [ℓa], Pa,i is contained in the union of at most 2h(d+h−1)
bags of D.

Let q be an integer with q ⩾ 2. For every a ∈ [h + 1], let i(a) be a random variable over
{0, . . . , q − 1} with uniform distribution. Now, let

Y =
⋃︂
{Pa,i | a ∈ [h+ 1], i ∈ {0, . . . , ℓa}, i ≡ i(a) mod q}.

First, observe that for every u ∈ S, Pr[u ∈ Y] = 1
q , and so the distribution of Y is q-thin.

Moreover, for every a ∈ [h+ 1], by Lemma 6.30,

td(G− S1 − · · · − Sa−1 − Y, Sa − Y) ⩽ 2h(d+ h− 1) · (tw(G) + 1) · (log q + 1)
⩽ 4h(d+ h− 1) · (tw(G) + 1) · log q

By Lemma 6.16, it follows that

td(G− Y, S \ Y) ⩽ 4(h+ 1)h(d+ h− 1) · (tw(G) + 1) · log q = c · (tw(G) + 1) · log q.

This shows that
ftdfrq(G,S) ⩽ c · (tw(G) + 1) · log q,

which concludes the proof the lemma.
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We will now prove the following main bound on fractional treedepth-fragility rates.

Theorem 6.32. Let t be an integer with t ⩾ 2, and let X ∈ St. There exists an integer c such that
for every positive integer q, for every X-minor-free graph G,

ftdfrq(G) ⩽ c · (tw(G) + 1) · qt−2.

To prove this theorem, we will apply Theorem 6.2.

Proof of Theorem 6.32. By Lemma 6.18, the family of focused graph parameters (parq | q ∈
N>0) defined by

parq(G,S) = 1
tw(G) + 2 ftdfrq(G,S)

for every positive integer q, for every graph G, and for every S ⊆ V (G), is nice. Then, we show
by induction on t that q ↦→ qt−2 is (par,St)-bounding. Note that, by Lemma 6.21, St−1 has the
coloring elimination property. When t = 2, Lemma 1.17 and Lemma 5.2 implies that q ↦→ 1
is (par,R1)-bounding, and so, by Theorem 6.23, q ↦→ 1 is (par,S2)-bounding. When t = 3,
Theorem 6.3 and the induction hypothesis implies that q ↦→ q is (par,A(S2))-bounding. Then,
Theorem 6.24 implies that q ↦→ q is (par,S3)-bounding. Now suppose t ⩾ 4. In particular, St−1
is closed under leaf addition. Therefore, by the induction hypothesis and Theorem 6.3, q ↦→ qt−2

is (par,A(St−1))-bounding. Finally, by Theorem 6.4, q ↦→ qt−2 is (par,St)-bounding.
Let X ∈ St and let k = |V (X)|. Since q ↦→ qt−2 is (par,A(St−1))-bounding, there exists

a constant β such that the following holds. Let q be a positive integer, let G be an X-minor-free
graph, and let F be the family of all the one-vertex subgraphs of G. Since G is X-minor-free,
there is no F-rich model of X in G. Therefore, there exists S ⊆ V (G) such that, in particular,

(i) V (F ) ∩ S ̸= ∅ for every F ∈ F , and so S = V (G),

(ii) parq(G,S) ⩽ β · qt−2.

We deduce that ftdfrq(G) = ftdfrq(G,S) ⩽ β · (tw(G) + 2) · qt−2 ⩽ 2β · (tw(G) + 1) · qt−2,
which proves the theorem for c = 2β.

Theorem 6.33. Let t be an integer with t ⩾ 2, and let X ∈ Rt. There exists an integer c such that
for every integer q with q ⩾ 2, for every X-minor-free graph G,

ftdfrq(G) ⩽ c · (tw(G) + 1) · qt−2 log q.

Proof. By Lemma 6.18, the family of focused graph parameters (parq | q ∈ N>0) defined by

parq(G,S) = 1
tw(G) + 2 ftdfrq(G,S)

for every positive integer q, for every graph G, and for every S ⊆ V (G), is nice. Then, we
show by induction on t that q ↦→ qt−2 log q is (par,Rt)-bounding. When t = 2, this is given by
Lemma 6.31. Now suppose t ⩾ 3. By Lemma 6.21, Rt−1 has the coloring elimination property.
Therefore, by the induction hypothesis and Theorem 6.3, q ↦→ qt−2 log q is (par,A(Rt−1))-
bounding. Finally, by Theorem 6.4, q ↦→ qt−2 log q is (par,Rt)-bounding.

Let X ∈ Rt, and let k = |V (X)|. Since q ↦→ qt−2 log q is (par,A(Rt−1))-bounding, there
exists a constant β such that the following holds. Let q be an integer with q ⩾ 2, let G be an
X-minor-free graph, and let F be the family of all the one-vertex subgraphs of G. Since G is
X-minor-free, there is no F-rich model of X in G. Therefore, there exists S ⊆ V (G) such that,
in particular,
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(i) V (F ) ∩ S ̸= ∅ for every F ∈ F , and so S = V (G),

(ii) parq(G,S) ⩽ β · qt−2 log q.

We deduce that ftdfrq(G) = ftdfrq(G,S) ⩽ β · (tw(G) + 2) · qt−2 log q ⩽ 2β · (tw(G) + 1) ·
qt−2 log q, which proves the theorem for c = 2β.

6.7.3 The general case

We can now deduce using Lemma 6.29 the bounds in Theorem 1.36 which are independent of the
treewidth.

Theorem 6.34. Let t be an integer with t ⩾ 2, and let X ∈ St. There exists an integer c such that
for every positive integer q, for every X-minor-free graph G,

ftdfrq(G) ⩽ c · qt−1.

Proof. Let G be an X-minor-free graph and let q be a positive integer. By Lemma 6.29 applied
for 2q, there exists a random variable Y1 over the subsets of V (G) such that tw(G − Y1) ⩽
c6.29(|V (X)|) · q, and Y1 is equipped with a 2q-thin probability distribution. Now, by Theo-
rem 6.32, there exists a positive integer c0 depending only on X such that

ftdfrq(G− Y1) ⩽ c0 · (tw(G− Y) + 1) · qt−2.

Let Y2 be a random variable over subsets of V (G − Y1) witnessing this fact. Then, the random
variable Y = Y1 ∪ Y2 is such that

td(G− Y) ⩽ c0 · (tw(G− Y) + 1) · qt−2

⩽ c0 · (c6.29(|V (X)|) · q + 1) · qt−2 ⩽ c · qt−1

for c = c0 · (c6.29(|V (X)|) + 1), and for every u ∈ V (G), Pr[u ∈ Y] ⩽ Pr[u ∈ Y1] + Pr[u ∈
Y2] ⩽ 1

2q + 1
2q = 1

q . Therefore, ftdfrq(G) ⩽ c · qt−1.

Theorem 6.35. Let t be a positive integer, and let X ∈ Rt. There exists an integer c such that for
every integer q with q ⩾ 2, for every X-minor-free graph G,

ftdfrq(G) ⩽ c · qt−1 log q.

Proof. Let G be an X-minor-free graph and let q be an integer with q ⩾ 2. By Lemma 6.29
applied for 2q, there exists a random variable Y1 over the subsets of V (G) such that tw(G −
Y1) ⩽ c6.29(|V (X)|) · q, and Y1 is equipped with a 2q-thin probability distribution. Now, by
Theorem 6.33, there exists a positive integer c0 depending only on X such that

ftdfrq(G− Y1) ⩽ c0 · (tw(G− Y) + 1) · qt−2 log q.

Let Y2 be a random variable over subsets of V (G − Y1) witnessing this fact. Then, the random
variable Y = Y1 ∪ Y2 is such that

td(G− Y) ⩽ c0 · (tw(G− Y) + 1) · qt−2 log q
⩽ c0 · (c6.29(|V (X)|) · q + 1) · qt−2 log q ⩽ c · qt−1 log q

for c = c0 · (c6.29(|V (X)|) + 1), and for every u ∈ V (G), Pr[u ∈ Y] ⩽ Pr[u ∈ Y1] + Pr[u ∈
Y2] ⩽ 1

2q + 1
2q = 1

q . Therefore, ftdfrq(G) ⩽ c · qt−1 log q.
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6.8 Weak coloring numbers

In this section, we prove Theorem 1.35. We start with a few observations.

Observation 6.36. Let G be a graph, S ⊆ V (G), and U ⊆ V (G). For every nonnegative
integer q, we have

wcolq(G− U, S \ U) ⩽ wcolq(G,S).
Let G be a graph, and let u, v ∈ V (G). A (u, v)-geodesic in G is a path P with endpoints u

and v such that P has minimum length among every (u, v)-path. The following lemma is folklore,
see e.g. [DHH+24, Lemma 23] for a proof.

Lemma 6.37. Let G be a graph and let q be a nonnegative integer. For every geodesic Q in G
and for every vertex v ∈ V (G),

|N q[v] ∩ V (Q)| ⩽ 2q + 1.
Geodesics are a useful tool when bounding weak coloring numbers. For instance, Lemma 6.37

implies the following.

Observation 6.38. LetG be a graph, let S ⊆ V (G), let ℓ be a positive integer, and letQ1, . . . , Qℓ
be geodesics in G. For every nonnegative integer q, we have

wcolq(G,S ∪ V (Q1) ∪ · · · ∪ V (Qℓ)) ⩽ wcolq(G,S) + ℓ(2q + 1).
We will also use the following bound on weak coloring numbers of paths as a black box.

Lemma 6.39 ([JM22]). For every positive integer q and for every path P , wcolq(P ) ⩽ 2+⌈log q⌉.

6.8.1 The bounded treewidth case

In this section, we prove the bounds in Theorem 1.35 that depend on treewidth. See Figures 6.2
and 6.3 for the general plan of the proof. Recall that for all positive integers h and d, we denote
by Fh,d the (rooted) complete d-ary tree of vertex-height h.

Lemma 6.40. Let X be a forest. There exists a positive integer β(X) such that, for every integer
q with q ⩾ 2, for every positive integer k, for every graph G with tw(G) < k, for every family F
of connected subgraphs of G, if G has no F-rich model of X , then there is a set S ⊆ V (G) such
that

(a) V (F ) ∩ S ̸= ∅ for every F ∈ F;

(b) for every connected component C of G − S, NG(V (C)) intersects at most two connected
components of G− V (C);

(c) wcolq(G,S) ⩽ β(X) · k · log q.

Proof. Since X is a forest, there exist positive integers h, d such that X ⊆ Fh,d. Let

β(X) = 6(h+ 1)h(d+ h− 1).
Let k, q be positive integers with q ⩾ 2. Let G be a graph of treewidth less than k. By Lemma 5.3,
there is a tree decomposition D of G of width at most k − 1 which is natural. Fix such a tree
decomposition D. Let F be a family of connected subgraphs of G. Suppose that G has no F-
rich model of X . By Lemma 6.26, there exist pairwise disjoint S1, . . . , Sh+1 ⊆ V (G), and for
every a ∈ [h + 1] a path partition (Pa,0, . . . , Pa,ℓa) of (G − (S1 ∪ · · · ∪ Sa−1), Sa) such that for
S =

⋃︁
a∈[h+1] Sa,
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6.26.(a) V (F ) ∩ S ̸= ∅ for every F ∈ F ;

6.26.(b) for every connected component C of G − S, NG(V (C)) intersects at most two connected
components of G− S;

6.26.(c) for every a ∈ [h+1], for every i ∈ [ℓa], Pa,i is contained in the union of at most 2h(d+h−1)
bags of D.

Note that (a) holds by 6.26.(a), and (b) holds by 6.26.(c). In order to conclude the proof, it
suffices to show (c).

Let a ∈ [h + 1]. For convenience, let Pa,ℓa+1 = ∅. Consider the path Q with V (Q) =
{0, . . . , ℓa + 1} where two numbers are connected by an edge whenever they are consecutive.
Let σ′ = i0 . . . iℓa be an ordering of {0, . . . , ℓa + 1} given by Lemma 6.39, that is such that
wcolq(Q, σ′) ⩽ 1+⌈log q⌉ ⩽ 3 log q. For each i ∈ {0, . . . , ℓa+1}, let σi be an arbitrary ordering
of Pi. Let σ be the concatenation of σi0 . . . σiℓa+1 in this order.

Let u ∈ V (G) \ (S1 ∪ · · · ∪ Sa−1), and let W = WReachr[G− (S1 ∪ · · · ∪ Sa−1), Sa, σ, u].
We argue that

|W | ⩽ 6h(d+ h− 1) · k · log q.

Suppose W ̸= ∅. Let iu ∈ V (T ) be such that if u ∈ Sa, then u ∈ Piu , and otherwise, iu ∈
{0, . . . , ℓ} is the least value such that Piu intersects NG(C), where C is the connected component
of u in G − S. Let A = WReachq[Q, σ′, iu] ∪WReachq[Q, σ′, iu + 1]. In particular, |A| ⩽
2 · wcolq(Q, σ′) ⩽ 2 · 3 log q. Since (Pa,0, . . . , Pa,ℓa+1) is a path partition of (G − (S1 ∪ · · · ∪
Sa−1), Sa), we have W ⊆

⋃︁
j∈A Pj . By 6.26.(c), for every j ∈ {0, . . . , ℓ + 1}, Pj is contained

in the union of at most d bags of D, and since the width of D is at most k − 1, we have |Pj | ⩽
2h(d+ h− 1)k. It follows that

|W | ⩽ |A| · 2h(d+ h− 1)k ⩽ 6h(d+ h− 1)k log q.

This proves that

wcolq(G− (S1 ∪ · · · ∪ Sa−1), Sa) ⩽ 6h(d+ h− 1)k log q.

Now, applying Observation 6.6 inductively, we obtain

wcolq(G,S) ⩽
∑︂

a∈[h+1]
wcolq(G− (S1 ∪ · · · ∪ Sa−1), Sa)

⩽ 6(h+ 1)h(d+ h− 1)k log q = β(X) · k · log q.

This shows (c) and concludes the proof of the lemma.

We are now ready to prove the main results of this section.

Theorem 6.41. Let t be a positive integer, and let X ∈ St. There exists an integer c such that for
every integer q with q ⩾ 2, for every X-minor-free graph G,

wcolq(G) ⩽ c · (tw(G) + 1) · qt−2.



6.8 – 6.8.1 The bounded treewidth case 167

Proof. For every positive integer q, for every graph G, for every S ⊆ V (G), let

parq(G,S) = 1
tw(G) + 2 wcolq(G,S).

By Lemma 6.10, (parq | q ∈ N>0) is a nice family of focused parameters.
We will show by induction on t that for every integer t with t ⩾ 2, q ↦→ qt−2 is (par,St)-

bounding. First consider the case t = 2. By Lemma 1.17 and Lemma 5.4, the function q ↦→ 1 is
(par,R1)-bounding. By Theorem 6.23, q ↦→ 1 is (par,S2)-bounding. Now suppose t ⩾ 3 and
that q ↦→ qt−3 is (par,St−1)-bounding. If t = 3, then by Theorem 6.3, q ↦→ q is (par,A(S2))-
bounding, and by Theorem 6.24, q ↦→ q is (par,A(S3))-bounding. Now suppose t ⩾ 4. Recall
that St−1 has the coloring elimination property by Lemma 6.21, and St−1 is closed under disjoint
union. Therefore, by Theorem 6.3, q ↦→ qt−2 is (par,A(St−1))-bounding. By Theorem 6.4, we
deduce that q ↦→ qt−2 is (par,St)-bounding.

Let t be an integer with t ⩾ 2, and let X ∈ St. Since q ↦→ qt−2 is (par,St)-bounding, there
exists a positive integer β such that the following holds. Let q be a positive integer, let G be an
X-minor-free graph, and let F be the family of all the single vertex subgraphs of G. If G is the
null graph, then wcolq(G) = −∞. Now suppose G nonnull. Note that there is no F-rich model
of X in G. There exists S ⊆ V (G) such that

(i) V (F ) ∩ S ̸= ∅ for every F ∈ F , and so S = V (G), and

(ii) parq(G,S) ⩽ β · qt−2.

Since wcolq(G,V (G)) = wcolq(G), we deduce that

wcolq(G) ⩽ (tw(G) + 2) · parq(G,V (G)) ⩽ 2β · (tw(G) + 1) · qt−2,

which proves the theorem.

Theorem 6.42. Let t be a positive integer, and let X ∈ Rt. There exists an integer c such that for
every integer q with q ⩾ 2, for every X-minor-free graph G,

wcolq(G) ⩽ c · (tw(G) + 1) · qt−2 log q.

Proof. For every positive integer q, for every graph G, for every S ⊆ V (G), let

parq(G,S) = 1
tw(G) + 2 wcolq(G,S).

By Lemma 6.10, (parq | q ∈ N>0) is a nice family of focused parameters.
We will show by induction on t that for every integer t with t ⩾ 2, q ↦→ qt−2 log(q + 1) is

(par,Rt)-bounding. First consider the case t = 2. By Lemma 6.40, the function q ↦→ log(q+1) is
(par,R2)-bounding. Now suppose t ⩾ 3 and that g ↦→ qt−3 log(q + 1) is (par,Rt−1)-bounding.
Recall thatRt−1 has the coloring elimination property by Lemma 6.21, andRt−1 is closed under
disjoint union. Therefore, by Theorem 6.3, q ↦→ qt−2 log(q+ 1) is (par,A(Rt−1))-bounding. By
Theorem 6.4, we deduce that q ↦→ qt−2 log(q + 1) is (par,St)-bounding.

Let t be an integer with t ⩾ 2, and let X ∈ St. Since q ↦→ qt−2 log(q + 1) is (par,St)-
bounding, there exists a positive integer β such that the following holds. Let q be an integer with
q ⩾ 2, let G be an X-minor-free graph, and let F be the family of all the single vertex subgraphs
of G. Note that there is no F-rich model of X in G. There exists S ⊆ V (G) such that
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(i) V (F ) ∩ S ̸= ∅ for every F ∈ F , and so S = V (G), and

(ii) parq(G,S) ⩽ β · qt−2 log(q + 1) ⩽ 2β · qt−2 log q.

Since wcolq(G,V (G)) = wcolq(G), we deduce that

wcolq(G) ⩽ (tw(G) + 2) · parq(G,V (G)) ⩽ 4β · (tw(G) + 1) · qt−2 log q,

which proves the theorem.

6.8.2 The general case

In this section, we prove the bounds in Theorem 1.35 that do not depend on treewidth. The key idea
is that we can repeat the same argument as in the bounded treewidth case by replacing Lemma 1.17
by the following lemma.

Lemma 6.43. For all positive integers k, d, there exists a positive integer c6.43(k, d) such that, for
every connected Kk-minor-free graph G, for every family F of connected subgraphs of G, either
there are d pairwise vertex-disjoint subgraphs in F , or there exists S ⊆ V (G) such that

(a) V (F ) ∩ S ̸= ∅ for every F ∈ F;

(b) G[S] is connected;

(c) wcolq(G,S) ⩽ c6.43(k, d) · q for every positive integer q.

Lemma 6.43 is a consequence of the following statement from [DHH+24], which relies on the
Graph Minor Structure Theorem by Robertson and Seymour.

Lemma 6.44 ([DHH+24, Lemma 21]). For all positive integers k, d, there exists a positive integer
c6.44(k, d) such that, for everyKk-minor-free graphG, for every familyF of connected subgraphs
of G either

(1) there are d pairwise vertex-disjoint subgraphs in F , or

(2) there exists A ⊆ V (G) with |A| ⩽ (d − 1)c6.44(k), and there exists a subgraph X of G
which is the union of at most (d−1)2c6.44(k) geodesics inG−A, such that for every F ∈ F
we have V (F ) ∩ (V (X) ∪A) ̸= ∅.

Proof of Lemma 6.43. Let c6.43(k, d) = 12(d− 1)2c6.44(k). Let G be a Kk-minor-free graph and
let F be a family of connected subgraphs of G. Suppose that there are no d pairwise disjoint
members of F , and hence, Lemma 6.44.(2) holds, yielding A ⊆ V (G) and a subgraph X of G
such that |A| ⩽ (d−1)c6.44(k) andX is the union of at most (d−1)2c6.44(k) geodesics inG−A.
Note thatG[A∪V (X)] has at most |A|+(d−1)2c6.44(k) connected components. LetQ1, . . . , Qℓ
be a family of at most (d−1)c6.44(k)+(d−1)2c6.44(k)−1 geodesics inG such that the set S = A∪
V (X)∪

⋃︁
i∈[ℓ] V (Qi) induces a connected subgraph inG. In particular, ℓ ⩽ 2(d−1)2c6.44(k). For

every positive integer q, by Observations 6.38 and because wcolq(G,A ∪ V (X)) ⩽ |A ∪ V (X)|,

wcolq(G,S) ⩽ wcolq(G,A ∪ V (X)) + ℓ · (2q + 1)
⩽ |A|+ (d− 1)2c6.44(k) · (2q + 1) + ℓ · (2q + 1)
⩽ (d− 1)c6.44(k) + (d− 1)2c6.44(k)(2q + 1) + 2(d− 1)2c6.44(k) · (2q + 1)
⩽ 4(d− 1)2c6.44(k) · (2q + 1) ⩽ c6.43(k, d) · q.
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Lemma 6.45. Let k, d be positive integers. Let G be a connected Kk-minor-free graph, and let
F be a family of connected subgraphs of G such that G has no F-rich model of F2,d. For every
nonempty U ⊆ V (G) such that G[U ] is connected, there is a path decomposition (W0, . . . ,Wℓ)
of G with ℓ ⩾ 1 and sets R2, . . . , Rℓ ⊆ V (G) such that for S = U ∪

⋃︁
i∈{2,...,ℓ}(Wi−1 ∩Wi),

(a) W0 = U ;

(b) V (F ) ∩ S ̸= ∅ for every F ∈ F;

(c) G[S] is connected;

(d) G[Ri] is connected for every i ∈ {2, . . . , ℓ};

(e) Wi−1 ∩Wi ⊆ Ri ⊆
⋃︁
j∈{0,...,i−1}Wj for every i ∈ {2, . . . , ℓ};

(f) Wi and Wi+2 are disjoint for every i ∈ {0, . . . , ℓ− 2}; and

(g) wcolq(G,Ri) ⩽ (c6.43(k, d + 1) + 3) · q for every i ∈ {2, . . . , ℓ} and for every positive
integer q.

Proof. We proceed by induction on |V (G)| − |U |. Let U ⊆ V (G) be nonempty such that G[U ]
is connected. If F|G−U = ∅, then it suffices to take W0 = W1 = U , ℓ = 1. In particular,
this is the case for U = V (G). Therefore, assume |U | < |V (G)| and F|G−U ̸= ∅. Let F0 be
the family of all the connected subgraphs A of G − U such that A contains a member of F and
V (A)∩NG(U) ̸= ∅. We argue that F0 ̸= ∅. Since F|G−U ̸= ∅, there is a connected component C
of G− U containing a member of F . Since G is connected, V (C) ∩NG(U) ̸= ∅ and so C ∈ F0.

Observe that any collection of d + 1 pairwise disjoint A1, . . . , Ad+1 ∈ F0 yields an F-rich
model of F2,d. Indeed, it suffices to take U ∪ Ad+1 as the branch set corresponding to the root of
F2,d and A1, . . . , Ad as the branch sets of the remaining d vertices of F2,d. Therefore, there are
no d + 1 pairwise disjoint members of F0, and thus, by Lemma 6.43 applied to G and F0, there
exists a set S0 ⊆ V (G) such that

6.43.(a) V (F ) ∩ S0 ̸= ∅ for every F ∈ F0;

6.43.(b) G[S0] is connected;

6.43.(c) wcolq(G,S0) ⩽ c6.43(k, d+ 1) · q for every positive integer q.

Since F0 ̸= ∅, we have S0 \ U ̸= ∅. Let Q be a (U, S0)-geodesic in G (possibly just a one-vertex
path), and let S1 = S0 ∪ V (Q). Note that by 6.43.(b), G[S1] is connected.

Let C0 be the family of all the connected components C of G − U − S1 such that NG(U) ∩
V (C) = ∅. Let U ′ = V (G) \

⋃︁
C∈C0 V (C). Observe that |U ′| > |U | since S0 \ U ̸= ∅ and U ′

contains U ∪S0. Let F ′ = {F ∈ F | V (F )∩U ′ = ∅}. By the induction hypothesis applied to G,
F ′ and U ′, there is a path decomposition (W ′

0, . . . ,W
′
ℓ′) of G and sets R′

2, . . . , R
′
ℓ′ ⊆ V (G) such

that for S′ = U ′ ∪
⋃︁
i∈{2,...,ℓ′}(W ′

i−1 ∩W ′
i ),

(a’) W ′
0 = U ′;

(b’) V (F ) ∩ S′ ̸= ∅ for every F ∈ F ′;

(c’) G[S′] is connected;
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(d’) G[R′
i] is connected for every i ∈ {2, . . . , ℓ′};

(e’) W ′
i−1 ∩W ′

i ⊆ R′
i ⊆

⋃︁
j∈{0,...,i−1}W

′
j for every i ∈ {2, . . . , ℓ′};

(f’) W ′
i and W ′

i+2 are disjoint for every i ∈ {0, . . . , ℓ′ − 2}; and

(g’) wcolq(G,R′
i) ⩽ (c6.43(k, d + 1) + 3) · q for every i ∈ {2, . . . , ℓ} and for every positive

integer q.

Let ℓ = ℓ′ + 1, W0 = U , W1 = U ′, W2 = (W ′
1 \ U ′) ∪ (S1 \ U), Wi = W ′

i−1 for every
i ∈ {3, . . . , ℓ}, R2 = S1, and Ri = R′

i−1 for every i ∈ {3, . . . , ℓ}. Note that (a) holds by
construction. We claim that (W0, . . . ,Wℓ) is a path decomposition of G and (b)-(g) hold, which
completes the proof of the lemma.

Let u ∈ V (G). We claim that I = {i ∈ {0, . . . , ℓ} | u ∈ Wi} is an interval. Since
(W ′

0, . . . ,W
′
ℓ′) is a path decomposition of G, I ′ = {i ∈ {0, . . . , ℓ′} | u ∈ W ′

i} is an interval. If
u ̸∈ U ′ = W ′

0, then I = {i ∈ {2, . . . , ℓ} | u ∈ W ′
i−1} = {i + 1 | i ∈ I ′}, which is an interval

too. Now suppose that u ∈ U ′, and so 0 ∈ I ′. If u ̸∈ S1 \ U , then u ̸∈ W2 and u ̸∈ W ′
i for every

i ∈ {2, . . . , ℓ′} by (a’) and (f’). Hence I = {0, 1} if u ∈ U , and I = {1} otherwise, which is an
interval in both cases. If u ∈ S1 \ U , then u ̸∈ U = W0, and so I = {1} ∪ {i+ 1 | i ∈ I ′ \ {0}},
which is an interval. This proves that I is an interval.

Let uv be an edge of G. We claim that there exists i ∈ {0, . . . , ℓ} such that u, v ∈ Wi. If
there exists i′ ∈ {2, . . . , ℓ′} such that u, v ∈ W ′

i′ , then u, v ∈ W ′
i′ = Wi′−1 and we are done.

Now suppose that u and v are not both in W ′
i for every i ∈ {2, . . . , ℓ}. Since (W ′

0, . . . ,W
′
ℓ′)

is a path decomposition of G, there exists i′ ∈ {0, 1} such that u, v ∈ W ′
i′ . If i′ = 0, then

u, v ∈W ′
0 = U ′ = W1. Now suppose that u and v are not both in W ′

0 = U ′, and so, in particular,
i′ = 1. Without loss of generality assume that v /∈ U ′. It follows that v ∈ W ′

1 \ U ′ ⊆ W2.
Let C be the connected component of v in G − U − S1. Since v ̸∈ U ′, C belongs to C0, and so
NG(V (C))∩U = ∅. It follows that NG(V (C))∩U = ∅, and so, u ∈ S1 \U . Therefore, u ∈W2,
which concludes the claim. Furthermore, we obtained that (W0, . . . ,Wℓ) is a path decomposition
of G.

We now prove (b). Consider F ∈ F . If F intersects U , then V (F )∩S ̸= ∅ since U ⊆ S. If F
intersects S1 \ U , then F intersects W1 ∩W2 ⊆ S. Now suppose that F is disjoint from U ∪ S1.
Let C be the connected component containing F inG−U−S1. Since C is disjoint from S0 ⊆ S1,
by 6.43.(a), C is not a member of F0. This implies that NG(U) ∩ V (C) = ∅, and thus, C ∈ C0.
In particular, F is disjoint from U ′, and so, F ∈ F ′. By (b’), V (F ) ∩ S′ ̸= ∅, hence, there exists
i ∈ {2, . . . , ℓ′} such that V (F ) intersects W ′

i−1 ∩W ′
i . It follows that W ′

i−1 ∩W ′
i = Wi ∩Wi+1

and so V (F ) ∩ S ̸= ∅. This proves (b).
Let us pause to underline a simple observation that follows directly from the construction, (a’),

and (f’):

(⋆) for every i ∈ {3, . . . , ℓ}, we have Wi−1 ∩Wi = W ′
i−2 ∩W ′

i−1.

By (c’), S′ = U ′ ∪
⋃︁
i∈{2,...,ℓ′}(W ′

i−1 ∩W ′
i ) induces a connected subgraph of G. In particular,

every connected component ofG[S′]−U ′ has a neighbor inNG(V (G)\U ′) ⊆ S1. SinceG[U∪S1]
is connected, it follows that (S′ \ U ′) ∪ U ∪ S1 induces a connected subgraph of G. However,
S = (S′ \ U ′) ∪ U ∪ S1 by (⋆), which yields (c).

For every i ∈ {3, . . . , ℓ},Ri = R′
i−1 induces a connected subgraph ofG by (d’), andR2 = S1

induces a connected subgraph of G by definition, hence (d) follows.
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For the proof of (e), first, observe that by construction,
⋃︁
j∈{0,...,i−1}Wj =

⋃︁
j∈{0,...,i−2}W

′
j

for every i ∈ {2, . . . , ℓ}. In particular, it follows that Ri = R′
i−1 ⊆

⋃︁
j∈{0,...,i−2}W

′
j =⋃︁

j∈{0,...,i−1}Wj for every i ∈ {3, . . . , ℓ} by (e’). Moreover, R2 = S1 ⊆ W1. It remains to
show that Wi−1 ∩Wi ⊆ Ri for every i ∈ {2, . . . , ℓ′}. For i = 2, W1 ∩W2 = S1 \ U ⊆ R2. For
i ∈ {3, . . . , ℓ}, Wi−1 ∩Wi = W ′

i−2 ∩W ′
i−1 ⊆ R′

i−1 = R′
i by (⋆) and (e’). This gives (e).

For every i ∈ {3, . . . , ℓ−2}, Wi∩Wi+2 = W ′
i−1∩W ′

i+1 = ∅ by (f’). Moreover, W ′
3 = W4 is

disjoint from S1 \U ⊆W ′
0 by (f’). HenceW2∩W4 = W ′

1∩W ′
3 = ∅ by (f’). Similarly, W ′

2 = W3
is disjoint from U ′ = W ′

0 by (f’). Hence W1 ∩W3 = W ′
0 ∩W ′

2 = ∅. Finally, W0 ∩W2 = ∅ by
construction, and so, (f) holds.

It remains to show (g). First, for every i ∈ {3, . . . , ℓ}, Ri = R′
i−1 and so wcolq(G,Ri) ⩽

(c6.43(k, d + 1) + 3) · q for every positive integer q by (g’). Moreover, R2 = S1 = V (Q) ∪ S0.
Hence

wcolq(G,R2) ⩽ c6.43(k, d+ 1) · q + (2q + 1) ⩽ (c6.43(k, d+ 1) + 3) · q

for every positive integer q, using 6.43.(c) and Observation 6.38. This shows that (g) holds, which
concludes the proof of the lemma.

Now we are ready to consider graphs with no F-rich model of a fixed star. This part of the
argument follows ideas from the proof by [JM22] that wcolq(P ) ⩽ 2 + ⌈log q⌉ for every path P
and every positive integer q.

Lemma 6.46. Let k, d be positive integers. For every integer q such that q ⩾ 2, for every con-
nected Kk-minor-free graph G, for every family F of connected subgraphs of G, if G has no
F-rich model of F2,d, then there is a set S ⊆ V (G) such that

(a) V (F ) ∩ S ̸= ∅ for every F ∈ F;

(b) G[S] is connected;

(c) wcolq(G,S) ⩽ 5(c6.43(k, d+ 1) + 3) · q log q.

Proof. Let q be an integer with q ⩾ 2, let G be a connected Kk-minor-free graph, let F be a
family of connected subgraphs of G, and suppose that G has no F-rich model of F2,d. Let q be an
integer with q ⩾ 2. Let U be an arbitrary singleton of a vertex in G. Lemma 6.45 applied to G,
F , and U gives a path decomposition (W0, . . . ,Wℓ) and sets R2, . . . , Rℓ ⊆ V (G) such that for
S′ = U ∪

⋃︁
i∈{2,...,ℓ}(Wi−1 ∩Wi),

6.45.(a) W0 = U ;

6.45.(b) V (F ) ∩ S′ ̸= ∅ for every F ∈ F ;

6.45.(c) G[S′] is connected;

6.45.(d) G[Ri] is connected for every i ∈ {1, . . . , ℓ};

6.45.(e) Wi−1 ∩Wi ⊆ Ri ⊆
⋃︁
j∈{0,...,i−1}Wj for every i ∈ {2, . . . , ℓ};

6.45.(f) Wi and Wi+2 are disjoint for every i ∈ {0, . . . , ℓ− 2}; and

6.45.(g) wcolq(G,Ri) ⩽ (c6.43(k, d+ 1) + 3) · q for every i ∈ {2, . . . , ℓ}.
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For convenience, we set R1 = U .
Let s = ⌈log(q+ 1)⌉. For every i ∈ {0, . . . , s}, let Ii = {i ∈ {1, . . . , ℓ} | j = 0 mod 2i}. We

construct recursively families {R′
j}j∈{1,...,ℓ} and {Si}i∈{0,...,s} of subsets of V (G) and a family

{σj}j∈{1,...,ℓ} such that σj is an ordering of R′
j for every j ∈ {1, . . . , ℓ}. For every j ∈ Is, let

R′
j = Rj \

⋃︁
a∈{0,...,j−2s−1}Wa

and let Ss =
⋃︁
j∈Is

R′
j . Let j ∈ Is. If j < 2 · 2s, then j = 2s and R′

j = Rj , and so by 6.45.(g),
wcolq(G,R′

j) ⩽ (c6.43(k, d+1)+3) ·q. Now assume that j ⩾ 2 ·2s. Since (W0, . . . ,Wℓ) is a path
decomposition of G, Wj−2s−1 ∩Wj−2s separates

⋃︁
a∈{0,...,j−2s−1}Wa and

⋃︁
a∈{j−2s,...,ℓ}Wa in

G. Since Wj−2s−1 ∩Wj−2s ⊆ R′
j−2s (by 6.45.(e)), by Observation 6.5, we obtain

wcolq
(︂
G−

⋃︁
a∈{1,...,j−2s}∩Is

R′
a, R

′
j

)︂
= wcolq

(︂
G− (Wj−2s−1 ∩Wj−2s), R′

j

)︂
= wcolq

(︂
G−

⋃︁
a∈{0,...,j−2s−1}Wa, R

′
j

)︂
.

Finally,

wcolq
(︂
G−

⋃︁
a∈{0,...,j−2s−1}Wa, R

′
j

)︂
⩽ wcolq(G,Rj) by Observation 6.36

⩽ (c6.43(k, d+ 1) + 3) · q by 6.45.(g).

Let σj be an ordering of R′
j such that

wcolq
(︂
G−

⋃︁
a∈{1,...,j−2s}∩Is

R′
a, R

′
j , σj

)︂
⩽ (c6.43(k, d+ 1) + 3) · q.

Next, let i ∈ {0, . . . , s− 1} and assume that Si+1 is defined. Now, for every j ∈ Ii \ Ii+1, let

R′
j =

(︂
Rj \

⋃︁
a∈{0,...,j−2i−1}Wa

)︂
\ Si+1,

and let Si =
⋃︁
j∈Ii

R′
j . Note that Si+1 ⊆ Si. Also note that for every j ∈ Ii, Wj−1 ∩Wj ⊆ R′

j

by 6.45.(f). Let j ∈ Ii \ Ii+1. We have j − 2i ∈ Ii+1, and therefore, Wj−2i−1 ∩ Wj−2i ⊆
R′
j−2i ⊆ Si+1. Since (W0, . . . ,Wℓ) is a path decomposition of G, Wj−2i−1 ∩Wj−2i separates⋃︁
a∈{0,...,j−2i−1}Wa and

⋃︁
a∈{j−2i,...,ℓ}Wa in G. It follows by Observation 6.5 that

wcolq(G− Si+1, R
′
j) = wcolq

(︂
G− (Wj−2i−1 ∩Wj−2i), R′

j

)︂
= wcolq

(︂
G−

⋃︁
a∈{0,...,j−2i−1}Wa, R

′
j

)︂
.

Furthermore,

wcolq
(︂
G−

⋃︁
a∈{0,...,j−2i−1}Wa, R

′
j

)︂
⩽ wcolq(G,Rj) by Observation 6.36

⩽ (c6.43(k, d+ 1) + 3) · q by 6.45.(g).

Let σj be an ordering of R′
j such that

wcolq(G− Si+1, R
′
j , σj) ⩽ (c6.43(k, d+ 1) + 3) · q.

We define S = S0. Now, it suffices to show that (a)-(c) hold. Since S′ ⊆ S, (a) holds
by 6.45.(b).
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Recall thatG[S′] is connected by 6.45.(c). Next, let C be a connected component ofG[R′
j ] for

some fixed j ∈ Is. If V (C) ∩ (Wj−1 ∩Wj) ̸= ∅, then V (C) ∩ S′ ̸= ∅, and so, G[S′ ∪ V (C)] is
connected. Thus, assume that V (C) ∩ (Wj−1 ∩Wj) = ∅. However, Wj−1 ∩Wj ⊆ R′

j , hence, C
has a neighbor in Wj−2s−1, in particular, in Wj−2s−1 ∩Wj−2s ⊆ S′. Hence, again G[S′ ∪ V (C)]
is connected. In particular, we have just proved that G[S′ ∪ Ss] is connected. Next, suppose that
G[S′∪Si+1] is connected for some i ∈ {0, . . . , s−1}. Let C be a connected component ofG[R′

j ]
for some fixed j ∈ Ii. If V (C)∩ (Wj−1∩Wj) ̸= ∅, then V (C)∩S′ ̸= ∅, and so, G[S′∪V (C)] is
connected. Thus, assume that V (C) ∩ (Wj−1 ∩Wj) = ∅. However, Wj−1 ∩Wj ⊆ R′

j , hence, C
has a neighbor inWj−2i−1∪Si+1, in particular, in (Wj−2i−1∩Wj−2i)∪Si+1 ⊆ S′∪Si+1. Hence,
G[S′ ∪ Si+1 ∪ V (C)] is connected. Finally, G[S′ ∪ S0] = G[S] is connected, which yields (b).

The sets {R′
j}j∈{2,...,ℓ} are pairwise disjoint, and they partition S. Let σ be an ordering of S

such that

(i) σ extends σj , for every j ∈ {1, . . . , ℓ};

(ii) for every j, j′ ∈ Is with j < j′, for all u ∈ R′
j and v ∈ R′

j′ , u <σ v; and

(iii) for every i ∈ {0, . . . , s− 1}, for all u ∈ Si+1 and v ∈ Si \ Si+1, u <σ v.

For convenience, let R′
0 = ∅ and Wj = R′

j = ∅ for every integer j with j > ℓ.
We now show (c). Let u ∈ V (G). We will show that |WReachq[G,S, σ, u]| ⩽ 5(c6.43(k, d+

1) + 3) · q log q. Let ju ∈ {0, . . . , ℓ} be minimum such that u ∈Wju . We claim that

|WReachq[G,S, σ, u] ∩ Ss| ⩽ 2(c6.43(k, d+ 1) + 3) · q.

Let α = max{0} ∪ {a ∈ Is | a ⩽ ju}, and let β = α+ 2s. Thus, if β ⩽ ℓ, then β ∈ Is. Next, we
argue that

WReachq[G,S, σ, u] ∩ Ss ⊆ R′
α ∪R′

β.

Suppose to the contrary that there is a vertex v ∈ WReachq[G,S, σ, u] ∩ Ss with v ̸∈ R′
α ∪ R′

β .
Let γ ∈ Is \ {α, β} be such that v ∈ R′

γ . Then either γ < α, or γ > β. First assume that γ < α.
Since R′

γ ⊆
⋃︁
a∈{0,...,γ−1}Wa and because (W0, . . . ,Wℓ) is a path decomposition of G, every

(u, v)-path in G intersects Wa−1 ∩Wa for each a ∈ {γ, . . . , ju}. Since (Wa−1 ∩Wa)a∈{1,...,ℓ}
are pairwise disjoint, we deduce that distG(u, v) ⩾ ju − γ ⩾ α− γ ⩾ 2s > q, which contradicts
the fact that v ∈ WReachr[G,S, σ, u]. Finally, assume γ > β. Note that γ ⩽ ℓ since R′

γ ̸= ∅ as
v ∈ R′

γ . Since R′
γ ⊆

⋃︁
a∈{γ−2s,...,γ−1}Wa, and because (W0, . . . ,Wℓ) is a path decomposition

of G, every (u, v)-path in G intersects Wβ−1 ∩ Wβ . However, for every w ∈ Wβ−1 ∩ Wβ ,
we have w <σ v, thus, v ̸∈ WReachq[G,S, σ, u], which is a contradiction. We obtain that
WReachq[G,S, σ, u] ∩ Ss ⊆ R′

α ∪R′
β .

For every ε ∈ {α, β}, by definition of σ, we have

WReachq[G,S, σ, u] ∩R′
ε ⊆WReachq

[︂
G−

⋃︁
a∈Is∩{1,...,α−1}R

′
a, R

′
ε, σε, u

]︂
⊆WReachq

[︂
G−

⋃︁
a∈{1,...,ju−2s}∩Is

R′
a, R

′
ε, σε, u

]︂
and therefore,

|WReachq[G,S, σ, u] ∩R′
ε| ⩽ (c6.43(k, d+ 1) + 3) · q.
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In particular,

|WReachq[G,S, σ, u] ∩ Ss| ⩽ |WReachq[G,S, σ, u] ∩ (R′
α ∪R′

β)|
⩽ 2(c6.43(k, d+ 1) + 3) · q.

Next, let i ∈ {0, . . . , s− 1}. We claim that

|WReachq[G,S, σ, u] ∩ (Si \ Si+1)| ⩽ (c6.43(k, d+ 1) + 3) · q.

Since each vertex of Si+1 precedes each vertex of Si in σ, we have

WReachq[G,S, σ, u] ∩ (Si \ Si+1) ⊆WReachq[G− Si+1, S − Si+1, σ|S\Si+1 , u] ∩ (Si \ Si+1).

Let α = max{a ∈ Ii+1 | a ⩽ ju} and β = α + 2i+1. Let C be the connected component of
u in G − Si+1. Since Wα−1 ∩Wα,Wβ−1 ∩Wβ ⊆ Si+1, and because (W0, . . . ,Wℓ) is a path
decomposition of G, V (C) ∩ S ⊆

⋃︁
a∈{α,...,β−1}Wa. We deduce that

WReachq[G− Si+1, S \ Si+1, σ|S\Si+1 , u] ∩ (Si \ Si+1) ⊆
⋃︁
a∈{α,...,β−1}Wa.

Since the only members of Ii \ Ii+1 in {α+ 1, . . . , β − 1} is γ = α+ 2i, we in fact have

WReachq[G− Si+1, S \ Si+1, σ|S\Si+1 , u] ∩ (Si \ Si+1) ⊆ R′
γ ,

and we deduce that

|WReachq[G− Si+1, S \ Si+1, σ|S\Si+1 , u] ∩ (Si \ Si+1)| ⩽ wcolq(G− Si+1, R
′
γ , σγ)

⩽ (c6.43(k, d+ 1) + 3) · q.

For convenience let Ss+1 = ∅. Since S = S0, it follows that

|WReachq[G,S, σ, u]| ⩽
∑︂

i∈{0,...,s}
|WReachq[G,S, σ, u] ∩ (Si \ Si+1)|

⩽ (s+ 2) · (c6.43(k, d+ 1) + 3) · q
⩽ 5(c6.43(k, d+ 1) + 3) · q log q.

Lemma 6.47. Let k, h, d be positive integers with h ⩾ 2. There is an integer c6.47(h, d, k) such
that for every integer q with q ⩾ 2, for every connected Kk-minor-free graph G, for every family
F of connected subgraphs of G, if G has no F-rich model of Fh,d, then there is a set S ⊆ V (G)
such that

(a) V (F ) ∩ S ̸= ∅ for every F ∈ F;

(b) G[S] is connected;

(c) wcolq(G,S) ⩽ c6.47(h, d, k) · q log q.

Proof. We proceed by induction on h. For h = 2, the result is given by Lemma 6.46 setting
c6.47(1, d, k) = 5(c6.43(k, d + 1) + 3). Next, assume h > 2 and that c6.47(h − 1, d, k) witnesses
the assertion for h− 1. Let c6.47(h, d, k) = 5(c6.43(k, d+ 1) + 3) + 3 + c6.47(h− 1, d+ 1, k).
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Let q be an integer with q ⩾ 2, let G be a connected Kk-minor-free graph, and let F be a
family of connected subgraphs of G. Suppose that G has no F-rich model of Fh,d. Let F ′ be
the family of all the connected subgraphs H of G such that H contains an F|H -rich model of
Fh−1,d+1. We claim that there is no F ′-rich model of F2,d in G. Suppose to the contrary that(︁
Bx | x ∈ V (F2,d)

)︁
is such a model. Let s be the root of F2,d and let s′ be the root of Fh−1,d.

For every x ∈ V (F2,d) \ {s}, by Lemma 3.16, there is an F-rich model
(︁
Cy | y ∈ V (Fh−1,d)

)︁
of Fh−1,d in G[Bx] such that Cs′ contains a vertex of NG(Bs) ∩ Bx. The union of these models
together with Bs yields an F-rich model of Fh,d in G, which is a contradiction. See Figure 6.11.

F2,2 =

F3,2 =

F2,3 =

s

x y

Bs

Bx

By

Figure 6.11: We provide an example of the construction of an F-rich model of Fh,d
in G assuming that there is an F ′-rich model of F2,d in G in the case where h = 3
and d = 2. In green, we depict an F ′-rich model of F2,d = F2,2 in the graph.
Each branch set contains an F-rich model of Fh−1,d+1 = F2,3. We depict these
models in yellow and the red stars are the elements of F . The obtained model of
Fh,d = F3,2 we depict in blue. Note that this model is F-rich.

Since G has no F ′-rich model of F2,d, by Lemma 6.46, there is a set S0 ⊆ V (G) such that

6.46.(a) for every F ∈ F ′, V (F ) ∩ S0 ̸= ∅;

6.46.(b) G[S0] is connected;

6.46.(c) wcolq(G,S0) ⩽ 5(c6.43(k, d+ 1) + 3) · q log q.

Let C be a connected component of G − S0. By 6.46.(a), C /∈ F ′, and so, C has no F|C-rich
model of Fh−1,d+1. Therefore, by the induction hypothesis, there is a set SC ⊆ V (C) such that

(a’) V (F ) ∩ SC ̸= ∅ for every F ∈ F|C ;

(b’) C[SC ] is connected;

(c’) wcolq(C, SC) ⩽ c6.47(h− 1, d+ 1, k) · q log q.
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Let QC be an (SC , NG(S0))-geodesic in G. In particular, QC is a geodesic in C. Let C be the
family of the connected components of G− S0 and let

S = S0 ∪
⋃︂
C∈C

(SC ∪ V (QC)).

See Figure 6.12 for an illustration. We claim that (a)-(c) hold.

G

S0

SC1

SC2

SC3

SC4

QC1 C1

QC2 C2

QC3 C3

QC4 C4

S

Figure 6.12: An illustration of the construction of the set S in the proof of
Lemma 6.47.

Let F ∈ F . If V (F ) ∩ S0 = ∅, then V (F ) ⊆ V (C) for some connected component C of
G− S0. In particular, F ∈ F|C , and thus, by (a’), V (F ) ∩ SC ̸= ∅, which proves (a). The graph
G[S] is connected by construction, (b’) and 6.46.(b), which yields (b). The following sequence of
inequalities concludes the proof of (c) and the lemma:

wcolq(G,S) ⩽ wcolq(G,S0) + wcolq
(︁
G− S0,

⋃︁
C∈C

(︁
SC ∪ V (QC)

)︁)︁
by Observation 6.6

⩽ wcolq(G,S0) + max
C∈C

wcolq(C, SC ∪ V (QC)) by Observation 6.5

⩽ wcolq(G,S0) + max
C∈C

wcolq(C, SC) + (2q + 1) by Observation 6.38

⩽ 5(c6.43(k, d+ 1) + 3) · q log q
+ c6.47(h− 1, d+ 1, k) · q log q + 3q by 6.46.(c) and (c’)

⩽ (5(c6.43(k, d+ 1) + 3)
+ c6.47(h− 1, d+ 1, k) + 3) · q log q

= c6.47(h, d, k) · q log q.

We are now ready to prove the main results of this section.

Theorem 6.48. Let t be a positive integer, and let X ∈ St. There exists an integer c such that for
every integer q with q ⩾ 2, for every X-minor-free graph G,

wcolq(G) ⩽ c · qt−1.

Proof. By Lemma 6.9, (wcolq | q ∈ N>0) is a nice family of focused parameters.
We will show by induction on t that for every integer t with t ⩾ 2, q ↦→ qt−1 is (wcol,St)-

bounding. First consider the case t = 2. By Lemma 6.43, the function q ↦→ q is (wcol,R1)-
bounding. By Theorem 6.23, q ↦→ q is (wcol,S2)-bounding. Now suppose t ⩾ 3 and that
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g ↦→ qt−2 is (wcol,St−1)-bounding. Recall that St−1 has the coloring elimination property by
Lemma 6.21, and St−1 is closed under disjoint union. Therefore, by Theorem 6.3, q ↦→ qt−1 is
(wcol,A(St−1))-bounding. By Theorem 6.4, we deduce that q ↦→ qt−1 is (wcol,St)-bounding.

Let t be an integer with t ⩾ 2, and let X ∈ St. Since q ↦→ qt−2 is (wcol,St)-bounding, there
exists a positive integer β such that the following holds. Let q be a positive integer, let G be an
X-minor-free graph, and let F be the family of all the single vertex subgraphs of G. Note that
there is no F-rich model of X in G. There exists S ⊆ V (G) such that

(i) V (F ) ∩ S ̸= ∅ for every F ∈ F , and so S = V (G), and

(ii) wcolq(G,S) ⩽ β · qt−1.

Since wcolq(G,V (G)) = wcolq(G), we deduce that

wcolq(G) ⩽ β · qt−1,

which proves the theorem.

Theorem 6.49. Let t be a positive integer, and let X ∈ Rt. There exists an integer c such that for
every integer q with q ⩾ 2, for every X-minor-free graph G,

wcolq(G) ⩽ c · qt−1 log q.

Proof. By Lemma 6.9, (wcolq | q ∈ N>0) is a nice family of focused parameters.
We will show by induction on t that for every integer t with t ⩾ 2, q ↦→ qt−1 log(q + 1) is

(wcol,Rt)-bounding. First consider the case t = 2. By Lemma 6.47, the function q ↦→ q log(q+1)
is (wcol,R2)-bounding. Now suppose t ⩾ 3 and that g ↦→ qt−2 log(q + 1) is (wcol,Rt−1)-
bounding. Recall that Rt−1 has the coloring elimination property by Lemma 6.21, and Rt−1 is
closed under disjoint union. Therefore, by Theorem 6.3, q ↦→ qt−1 log(q+1) is (wcol,A(Rt−1))-
bounding. By Theorem 6.4, we deduce that q ↦→ qt−1 log(q + 1) is (wcol,St)-bounding.

Let t be an integer with t ⩾ 2, and let X ∈ St. Since q ↦→ qt−1 log(q + 1) is (wcol,St)-
bounding, there exists a positive integer β such that the following holds. Let q be an integer with
q ⩾ 2, let G be an X-minor-free graph, and let F be the family of all the single vertex subgraphs
of G. Note that there is no F-rich model of X in G. There exists S ⊆ V (G) such that

(i) V (F ) ∩ S ̸= ∅ for every F ∈ F , and so S = V (G), and

(ii) wcolq(G,S) ⩽ β · qt−1 log(q + 1) ⩽ 2β · qt−2 log q.

Since wcolq(G,V (G)) = wcolq(G), we deduce that

wcolq(G) ⩽ 4β · qt−1 log q,

which proves the theorem.
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6.9 Centered colorings

In this section, we prove our upper bounds for centered chromatic numbers, that is Theorem 1.34.
The case of Kt-minor-free graphs is covered in Sections 6.9.1 to 6.9.3.

6.9.1 Preliminaries

We will need the following simple combinatorial fact. Let T be a tree and let Q be a collection of
connected subgraphs of T whose vertex sets partition V (T ). For every X ⊆ V (T ), let Q(X) =
{Q ∈ Q | V (Q) ∩X ̸= ∅}.

Lemma 6.50. Let T be a tree and let Q a collection of connected subgraphs of T whose vertex
sets partition V (T ). Let X,Y ⊆ V (T ) with X ⊆ Y and LCA(T,X) = X . If Q(X) = Q(Y ),
then Q(Y ) = Q(LCA(T, Y )).

Proof. Suppose that Q(X) = Q(Y ). Since Y ⊆ LCA(T, Y ), we have Q(Y ) ⊆ Q(LCA(T, Y )).
Thus, it suffices to prove that Q(LCA(T, Y )) ⊆ Q(Y ). Consider Q ∈ Q(LCA(T, Y )). There
exist y1, y2 ∈ Y such that lca(T, y1, y2) ∈ Q. Let Q1, Q2 ∈ Q be such that y1 ∈ V (Q1),
y2 ∈ V (Q2). In particular, Q1, Q2 ∈ Q(Y ) = Q(X). Hence, there exist x1 ∈ V (Q1) ∩X and
x2 ∈ V (Q2) ∩X .

If the roots of Q1 and Q2 are not in an ancestor-descendant relation in T , then for all q1 ∈
V (Q1) and q2 ∈ V (Q2), we have lca(T, q1, q2) = lca(T, root(Q1), root(Q2)). In particular,

lca(T, x1, x2) = lca(T, root(Q1), root(Q2)) = lca(T, y1, y2) ∈ V (Q).

Observe that lca(T, x1, x2) ∈ LCA(T,X) = X , thus, V (Q) ∩ X ̸= ∅, and so, Q ∈ Q(X) =
Q(Y ).

Therefore, we can assume that one of the roots say root(Q1), is an ancestor of the other
root(Q2) in S. It follows that for all q1 ∈ V (Q1) and q2 ∈ V (Q2), lca(T, q1, q2) is either equal
to root(Q1) or is a descendant of root(Q1). In both cases, lca(T, q1, q2) lies in the path from q1
to root(Q1) in S. Since Q1 is connected, we obtain that lca(T, q1, q2) ∈ V (Q1). In particular,
lca(T, x1, x2) ∈ V (Q1), and so, Q1 = Q implying Q ∈ Q(Y ), which ends the proof.

Finally, we need the following simple fact about torsos. We give a proof for completeness.

Lemma 6.51. Let G be a graph, letW = (T, (Wx | x ∈ V (T ))) be a tree decomposition of G,
and let x ∈ V (T ). If H is a connected subgraph of G intersecting Wx, then V (H) ∩Wx induces
a connected subgraph of torsoG,W(Wx).

Proof. Let H be a connected subgraph of G intersecting Wx, and suppose to the contrary that the
subgraph H ′ of torsoG,W(Wx) induced by V (H) ∩Wx is not connected. Let u, v ∈ V (H ′) be
vertices in distinct components ofH such that the distance between u and v is minimal inH . Note
that the internal vertices of a shortest path between u and v in H do not lie in Wx as otherwise we
obtain a pair of vertices ofH ′ in distinct components that are closer inH . By the properties of tree
decompositions, such a shortest path has all its vertices in

⋃︁
z∈V (Ty|x)Wz for some y ∈ NT (x),

and so u, v ∈ Wx ∩Wy. It follows that u and v are adjacent in torsoG,W(Wx), and so, in H ′,
which contradicts the assumption and completes the proof.



6.9 – 6.9.1 Preliminaries 179

T =

= S

t1

t2

t3

s1

s3
s4

s5

s2

s7

s6

Ut1

Ut2

Ut3

Vs1
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Vs3

Vs4

Vs5

Vs6

Vs7

P1

P2

Q1

Q2

Q3

Q4

f

g
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= V

Figure 6.13: In this example, G is an 8-vertex path. P = {P1, P2} and Q =
{Q1, Q2, Q3, Q4}. One can check that (V,Q) refines (U ,P) which is witnessed by
f and g. Note that f is a function on V (S) but for the readability reasons we depict
it as it acted on bags of V .

We will also need a more explicit version of Lemma 5.3. Indeed, at one point in the proof, we
would like to assume that a tree decomposition that we consider is natural but still preserves certain
properties. For this reason, we introduce the following definitions and we prove Lemma 6.52.

Let G be a graph. A pair (U ,P) is a normal pair of G if U =
(︁
T, (Ut | t ∈ V (T ))

)︁
is a tree

decomposition ofG, and P is a collection of connected subgraphs of T whose vertex sets partition
V (T ). Consider two normal pairs (U ,P) and (V,Q) of G with U =

(︁
T, (Ut | t ∈ V (T ))

)︁
and

V =
(︁
S, (Vs | s ∈ V (S))

)︁
. We say that (V,Q) refines, or is a refinement of (U ,P) if there exist

f : V (S)→ V (T ) and g : Q → P such that

(r1) for every s ∈ V (S),
Vs ⊆ Uf(s);

(r2) for every Q ∈ Q,
f(V (Q)) ⊆ V (g(Q)).

See an example in Figure 6.13.

Lemma 6.52. Let G be a connected graph and let (U ,P) be a normal pair of G. There exists
(V,Q) a refinement of (U ,P) such that V is natural.

Proof. For every positive integer i, for every tree decomposition W of G, we denote by ni(W)
the number of bags ofW of size i. Then let n(W) = (n|V (G)|(W), . . . , n0(W)).

Since the refinement relation is reflexive, every normal pair of G has a refinement. Consider
the refinement (V,Q) of (U ,P) with n(V) minimal in the lexicographic order. We claim that V is
natural.
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Let V =
(︁
S, (Vs | s ∈ V (S))

)︁
. Suppose to the contrary that there exist x, y ∈ V (S) such

that xy ∈ E(S) and G
[︂⋃︁

s∈V (Sx|y) Vs
]︂

is not connected, and let C be the family of its connected
components.

x

y

y(C1, x)

(C2, x)

(C3, x)

C1

C2

C3

S =

S′ =

Figure 6.14: Proof of Lemma 6.52: construction of S′ from S and of Q′ from Q.
The blue partition of S is Q and the blue partition of S′ is Q′.

The plan for obtaining a contradiction is finding a refinement (V ′,Q′) of (V,Q) such that
n(V ′) < n(V) in the lexicographic order. For every C ∈ C, let SC be a copy of Sx|y with vertex
set {(C, s) | s ∈ V (Sx|y)} and edge set {(C, s1)(C, s2) | s1s2 ∈ E(Sx|y)}. Let S′ be the tree
obtained from the disjoint union of Sy|x with all the SC over C ∈ C by adding the edges (C, x)y
for each C ∈ C. See fig. 6.14. Let f : V (S′)→ V (S) be such that for every z ∈ V (S′),

f(z) =
{︄
s if z = s for some s ∈ V (Sy|x),
s if z = (C, s) for some s ∈ V (Sx|y) and C ∈ C.

Also, for every z ∈ V (S′), let

V ′
z =

{︄
Vs if z = s for some s ∈ V (Sy|x),
Vs ∩ V (C) if z = (C, s) for some s ∈ V (Sx|y) and C ∈ C.

Note that by construction, for every z ∈ V (S′), V ′
z ⊆ Vf(z). Moreover, V ′ =

(︁
S′, (V ′

z | z ∈
V (S′))

)︁
is a tree decomposition of G.

To complete the construction, we specify a collection Q′ of subtrees of S′ whose vertex sets
partition V (S′). Simultaneously, we define g : Q′ → Q. First, for every Q ∈ Q with Q ∩
V (Sy|x) ̸= ∅, let

Q′ = S′
[︄
(V (Q) ∩ V (Sy|x)) ∪

⋃︂
C∈C
{(C, z) | z ∈ V (Q) ∩ V (Sx|y)}

]︄
and g(Q′) = Q.

Next, for every Q ∈ Q with Q ⊆ V (Sx|y), for every C ∈ C, let

QC = S′ [{(C, z) | z ∈ Q}] and g
(︁
QC
)︁

= Q.
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Finally, let

Q′ =
{︂
Q′ | Q ∈ Q with V (Q) ∩ V (Sy|x) ̸= ∅

}︂
∪
⋃︂
C∈C

{︂
QC | V (Q) ⊆ V (Sx|y)

}︂
.

It follows that Q′ is a collection of subtrees of S′ whose sets of vertices partition V (S′) and and
f(V (Q′)) = Q = g(Q) for every Q′ ∈ Q′. In other words, (r2) holds. Note that (r1) also holds,
and thus, (V ′,Q′) refines (V,Q). Moreover, by transitivity of the refinement relation, (V ′,Q′)
refines (U ,P).

To conclude the proof, we show that n(V ′) is less than n(V) in the lexicographic order, which
leads to a contradiction. For every s ∈ V (Sx|y), we have

∑︁
C∈C |V ′

(C,s)| = |Vs|. Thus, either
|V ′

(C,s)| < |Vs| for every C ∈ C or there is exactly one C ∈ C with |V ′
(C,s)| = |Vs| and |V ′

(D,s)| = 0
for all D ∈ C \ {C}. Moreover, for every s ∈ V (Sy|x), we have Vs = V ′

s . Since G is connected,
Vx intersects every connected component in C. Also, note that we supposed |C| ⩾ 2. Consider
the maximum integer i0 such that there exists s ∈ V (Sx|y) with |Vs| = i0 and Vs intersects at
least two connected components in C. From the construction, we obtain that ni(V ′) = ni(V) for
every integer i with i > i0 and ni0(V ′) < ni0(V). We conclude that n(V ′) is less than n(V) in the
lexicographic order.

6.9.2 Centered colorings in Kt-minor-free graphs

In this section, we introduce the main ideas behind the proofs of our bounds on centered chromatic
numbers, and in particular the notion of (q, c)-good coloring, and we apply them to show that Kt-
minor-free graphs have q-centered chromatic numbers in O(qt−1) (Theorem 1.32).

6.9.2.1 The general idea

First, let us discuss the centered colorings of graphs of bounded treewidth. Let w and t be positive
integers with t ⩾ 2, and let G be a graph with tw(G) ⩽ w. Pilipczuk and Siebertz [PS21],
showed that cenp(G) ⩽

(︁q+w
w

)︁
= O(qw). They used elimination orderings of tree decompositions

to localize potential centers in a structured way. To state this stronger version of the result, let
us define a variant of centered colorings in ordered graphs. Let σ be an ordering of V (G). A
coloring φ of G is a q-centered coloring of (G, σ) if for every connected subgraph H of G, either
|φ(H)| > q or minσ V (H) is a φ-center of V (H). We denote by cenq(G, σ) the least nonnegative
integer k such that (G, σ) admits a q-centered coloring using k colors.

Theorem 6.53 ([PS21]). Let w be a positive integer, let G be a graph, and let W be a tree
decomposition of G of width at most w. For every elimination ordering σ of W and for every
positive integer q,

cenq(G, σ) ⩽
(︄
q + w

w

)︄
.

The bound cenq(G) ⩽
(︁q+w
w

)︁
for graphs with tw(G) ⩽ w can be used to obtain a good

upper-bound ofO(qt−2) on the q-centered chromatic number ofKt-minor-free graphs of bounded
treewidth. To this end, we again use Theorem 6.28. Let G be a Kt-minor-free with tw(G) ⩽ w
and let P be a partition of V (G) given by Theorem 6.28, that is, G/P has treewidth at most t− 2
and each part of P has at most w+1 elements. Let ξ be a coloring ofG/P given by theorem 6.53,
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and let ρ be a coloring of G using at most w + 1 colors that is injective on each P ∈ P . For every
P ∈ P and u ∈ P , let ζ(u) = (ξ(P ), ρ(u)). To show that ζ is indeed a q-centered coloring of
G, let H be a connected subgraph of G such that |ζ(V (H))| ⩽ q. The parts of P that intersect
V (H) induce a connected subgraph of G/P , thus, there is a ξ-center P ∈ P of the set of parts of
P intersecting V (H). Now, since ρ is injective on P , any vertex in P is a ζ-center of V (H).

The previous paragraph sketches the proof of the statement like in Theorem 1.32 but for Kt-
minor-free graphs of bounded treewidth. The essential property of the parts in P we used is
that their sizes are bounded. There is no hope of obtaining such a partition P , with each part
of size bounded by a constant, in the general case of Kt-minor-free graphs. This forces us to
relax the condition on parts. Instead of bounding the maximal size of a part, we want to maintain
enough structural information. We accomplish this goal with an extra pre-coloring ρ of vertices
of G to mimic the proof as in the paragraph above. Since ρ uses O(q) colors, this ultimately
gives the bound O(qt−1) instead of O(qt−2). Below is a precise technical statement that we
prove later in the chapter and a simple argument that the statement together with Theorem 6.53
implies Theorem 1.32.

Lemma 6.54. For every positive integer t, there exists a positive integer c6.54(t) such that for
every Kt-minor-free graph G and every positive integer q, there exists a partition P of V (G), a
tree decompositionW of G/P of width at most t − 2, an elimination ordering σ = (P1, . . . , Pℓ)
ofW , and a coloring ρ of G using at most c6.54(t) · (q + 1) colors such that for every connected
subgraphH ofG [

⋃︁
{Q ∈ P | Q ⩾σ P}] with V (H)∩P ̸= ∅, either |ρ(V (H))| > q, or V (H)∩P

has a ρ-center.

Proof of Theorem 1.32. Let c6.54(t) be the constant from Lemma 6.54 and let c = 2t−1 · c6.54(t).
Let G be a Kt-minor-free graph and let q be a positive integer. Let P , W , σ, and ρ be obtained
by Lemma 6.54. Let ξ be a q-centered coloring of G/P using at most

(︁p+t−2
t−2

)︁
colors obtained

from Theorem 6.53 applied to G/P , W , σ, and q. We define a coloring ζ of G in the following
way. For every P ∈ P and u ∈ P ,

ζ(u) = (ξ(P ), ρ(u)).

Note that

|ζ(V (G))| ⩽
(︄
q + t− 2
t− 2

)︄
· c6.54(t) · (q + 1) ⩽ c6.54(t) · (q + 1)t−1 ⩽ c · qt−1.

It remains to show that ζ is a q-centered coloring of G. Let H be a connected subgraph of G with
|ζ(V (H))| ⩽ q. Let PH = {P ∈ P | P ∩ V (H) ̸= ∅} and let PH = minσ PH . See fig. 6.15.
Since |ξ(PH)| ⩽ |ζ(V (H))| ⩽ q and ξ is a q-centered coloring of (G/P, σ), PH is a ξ-center of
PH . So ζ(u) ̸= ζ(v) for all u ∈ V (H)∩PH and v ∈ V (H)\PH . Now,H is a connected subgraph
of G [

⋃︁
{Q ∈ P | Q ⩾σ PH}] with V (H) ∩ PH ̸= ∅ by definition of PH . Since |ρ(V (H))| ⩽

|ζ(V (H))| ⩽ q, there exists a ρ-center u in V (H) ∩ PH . It follows that u is a ζ-center in V (H).
We conclude that ζ is indeed a q-centered coloring of G.

The key property of a graphG required for the idea in [ISW24] to work is that for every family
F of connected subgraphs of G, there is a hitting set of F of size bounded by a function of the
packing number6 of F . The parts in the final asserted partition are obtained as hitting sets of
certain families. Graphs of bounded treewidth satisfy this property as witnessed by Lemma 1.17.

6The packing number of a family F of connected subgraphs of a graph G is the maximum number of pairwise
vertex-disjoint members of F .
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H

PH

u

σ

P :

Figure 6.15: Finding a ζ-center of V (H) in PH .

However, Kt-minor-free graphs do not admit such a Helly-type property7. The observation
that will eventually lead to the proof of Theorem 1.32 is that we do not need these hitting sets to
have bounded size, as long as we can find a suitable coloring for them.

Let c be a positive integer. A coloring φ of G is (q, c)-good if for every subgraph G0 of G, for
every family F of connected subgraphs of G0, for every positive integer d, if there are no d + 1
pairwise disjoint members of F , then there exists Z ⊆ V (G0) such that

(qc1) V (F ) ∩ Z ̸= ∅ for every F ∈ F ;

(qc2) for every connected component C of G0−Z, NG0(V (C)) intersects at most two connected
components of G0 − V (C);

(qc3) for every P ⊆ Z, there exists R ⊆ Z with

(a) P ⊆ R,

(b) cenp(G0, φ,R) ⩽ c · d, and

(c) |R \ P | ⩽ c · d.

Note that (qc3) applied for P = Z yields the following

(qc4) cenq(G0, φ, Z) ⩽ c · d.

Moreover, for every graphG, for every graphH , if φ is a (q, c)-good ofG, then φ|V (H) is a (q, c)-
good coloring of H . A crucial example of (q, c)-good coloring is given by the following lemma,
which will cover the bounded treewidth case.

Lemma 6.55. Let q be a positive integer and let G be a graph. There is a (q, 2)-good coloring of
G using tw(G) + 1 colors.

Proof. Let
(︁
T, (Wx | x ∈ V (T ))

)︁
be a natural tree decomposition of G of width tw(G). Such

a tree decomposition exists by Lemma 5.3. Let φ : V (G) → [tw(G) + 1] be such that for every
x ∈ V (T ), φ|Wx is injective.

We now show that φ is a (q, c)-good of G. Let G′ be a subgraph of G, let d be a positive
integer, and let F be a family of connected subgraphs of G′ with no d + 1 pairwise disjoint
members. By Lemma 1.17 and Lemma 5.4, there is a set X ⊆ V (T ) of size at most 2d − 1 such
that for Z =

⋃︁
x∈X V (T ),

7Consider the n × n planar grid G and the family F consisting of all the unions of one row and one column in the
grid. The packing number of F is 1 but there is no hitting set of F with less than n elements. Additionally, each planar
grid is K5-minor-free.
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(i) V (F ) ∩ Z ̸= ∅ for every F ∈ F , and so (qc1) holds; and

(ii) for every connected component C of G′ −Z, NG′(V (C)) intersects at most two connected
components of G′ − V (C), and so (qc2) holds.

Now, let ψ : Z → X such that z ∈Wψ(x) for every z ∈ Z. Note that φ|Z × ψ is injective. Hence,
for every connected subgraphH ofG intersecting Z, any vertex in V (H)∩Z is a (φ|Z×ψ)-center
of V (H) ∩ Z.

Finally, for every P ⊆ Z, cenq(G0, φ, P ) ⩽ |P | ⩽ 2 · d. This shows (qc3), and proves that φ
is a (q, 2)-good coloring of G.

One of the crucial steps to bound centered chromatic numbers in minor-closed classes of
graphs is the following lemma proved in Section 6.9.3.

Lemma 6.56. For every positive integer t, there exists a positive integer c6.56(t) such that for
every Kt-minor-free graph G and every positive integer q, G admits a (q, c6.56(t))-good coloring
using q + 1 colors.

6.9.2.2 From good colorings to centered colorings

In this section, we prove Lemma 6.54 assuming Lemma 6.56 (proved in section 6.9.3). The lemma
below is an inductive setup of the proof and is inspired by the framework given in [ISW24].

Lemma 6.57. Let t be an integer with t ⩾ 2 and let q, c be positive integers. LetG be aKt-minor-
free graph, let r be an integer with 0 ⩽ r ⩽ t− 2, and let R1, . . . , Rr be pairwise disjoint subsets
of V (G) with |Ri| ∈ {1, 2} for every i ∈ [r]. Let φ be a (q, c)-good coloring of G −

⋃︁
i∈[r]Ri.

There are a partition P of V (G), a tree decompositionW =
(︁
T, (Wx | x ∈ V (T ))

)︁
of G/P of

width at most t− 2, and an elimination ordering σ = (P1, . . . , Pℓ) ofW such that

(a) Pi = Ri for every i ∈ [r];

(b) there exists s ∈ V (T ) such that R1, . . . , Rr ∈Ws;

(c) for every P ∈ P \ {R1, . . . , Rr}, there is a coloring ψP : P → [c · 2t−2(t − 1)] such that
for every connected subgraph H of G [

⋃︁
{Q ∈ P | Q ⩾σ P}] with V (H) ∩ P ̸= ∅, either

|φ(V (H))| > q, or V (H) ∩ P has a (φ× ψP )-center.

Proof. Let R = {R1, . . . , Rr}, and let R =
⋃︁
i∈[r]Ri. We proceed by induction on (|V (G −

R)|, r) in the lexicographic order. For the base case, assume that V (G − R) = ∅. Then we
set P = R and σ = (R1, . . . , Rr). Let T = K1, and let Ws = P for s the unique vertex of
T . Then (a) and (b) hold by construction, and (c) is vacuously true. From now on, we assume
V (G−R) ̸= ∅.

If r < t−2, then we setRr+1 to be an arbitrary singleton in V (G−R) and we apply induction
on G, (R1, . . . , Rr+1), φ|V (G−R−Rr+1). This gives a partition P of V (G), a tree decomposition
W of G/P , and an elimination ordering σ ofW satisfying all three items. Items (a) and (b) are
now clear by induction. Item (c) is clear for all P ∈ P \ {R1, . . . , Rr, Rr+1}, thus, it suffices to
argue it for P = Rr+1. Recall that Rr+1 = {v} for some v ∈ V (G). We set φRr+1(v) = 1.
Observe that in this case for every subgraph H of G intersecting Rr+1, V (H) ∩ Rr+1 has a
(φ× ψRr+1)-center. This completes the proof in the case r < t− 2. Therefore, from now on, we
assume r = t− 2.
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Next, suppose that G − R is not connected, and let C be the family of all the connected com-
ponents of G − R. Fix some C ∈ C and let GC = G[V (C) ∪ R]. By the induction hypothesis
applied to GC , (R1, . . . , Rt−2), and φ|V (C), there are a partition PC of V (GC), a tree decompo-
sition WC =

(︁
TC , (WC,x | x ∈ V (TC))

)︁
of GC/PC of width at most t − 2 and an elimination

ordering σC = (PC,1, . . . , PC,ℓC ) ofWC such that

(a’) PC,i = Ri for every i ∈ [r];

(b’) there exists sC ∈ V (TC) such that R1, . . . , Rt−2 ∈WC,sC
;

(c’) for every P ∈ PC \ {R1, . . . , Rt−2}, there is a coloring ψC,P : P → [c · 2t−2(t− 1)] such
that for every connected subgraphH ofGC [

⋃︁
{Q ∈ PC | Q ⩾σC P}] with V (H)∩P ̸= ∅,

either |φ(V (H))| > q, or V (H) ∩ P has a (φ× ψC,P )-center.

Then, let
P =

⋃︂
C∈C
PC ,

and let σ be the concatenation of

(R1, . . . , Rt−2), (PC1,t−1, . . . , PC1,ℓC ), . . . , (PCa,t−1, . . . , PCa,ℓC ),

for an arbitrary ordering (C1, . . . , Ca) of C. Let T be obtained from the disjoint union of TC over
all C ∈ C by adding a new vertex s with the neighborhood {sC | C ∈ C}. For every C ∈ C and
every x ∈ V (TC), let Wx = WC,x. Additionally, let Ws = {R1, . . . , Rt−2}. By construction,
W =

(︁
T, (Wx | x ∈ V (T ))

)︁
is a tree decomposition of G/P of width at most t − 2 and σ is an

elimination ordering ofW . Moreover, (a) and (b) are clearly satisfied. It remains to show that (c)
holds. Let P ∈ P \ {R1, . . . , Rt−2}. There exists C ∈ C such that P ∈ PC . Let ψP = ψC,P .
Let H be a connected subgraph of G [

⋃︁
{Q ∈ P | Q ⩾σ P}] with V (H) ∩ P ̸= ∅. Note that H is

a connected subgraph of GC [
⋃︁
{Q ∈ PC | Q ⩾σC P}]. Hence, by (c’) either |φ(V (H))| > q or

V (H)∩P has a (φ×ψC,P )-center u. In the former case, we are immediately satisfied, and in the
latter case, u is also a (φ × ψP )-center of V (H) ∩ P . Therefore, (c) holds, which concludes the
case where G−R is not connected. From now on, we assume that G−R is connected.

Suppose that there exists i ∈ [t− 2] such that NG(Ri) ∩ V (G−R) = ∅. In this case, we call
induction onG−Ri, (R1, . . . , Ri−1, Ri+1, . . . , Rt−2), φ. We deduce that there is a partition P ′ of
V (G−Ri), a tree decompositionW ′ =

(︁
T ′, (Wx | x ∈ V (T ))

)︁
of (G−Ri)/P ′ of width at most

t−2, and an elimination ordering σ′ = (P ′
1, . . . , P

′
ℓ′) ofW ′ satisfying all three items. In particular

there exists s′ ∈ V (T ′) such that R1, . . . , Ri−1, Ri+1, . . . , Rt−2 ∈ Ws′ . Let P = P ′ ∪ {Ri} and
let σ = (P ′

1, . . . , P
′
i−1, Ri, P

′
i+1, . . . , P

′
ℓ′). Let T be obtained from T ′ by adding a new neighbor

s of s′. Finally, let Ws = {R1, . . . , Rt−2} and let Wx = W ′
x for every x ∈ V (T ′). We obtain

thatW =
(︁
T, (Wx | x ∈ V (T ))

)︁
is a tree decomposition of G/P of width at most t − 2 and σ

is an elimination ordering of W . It is immediate from the induction hypothesis that P , W , and
σ satisfy (a)-(c). From now on, we assume that for every i ∈ [t − 2], there is an edge between
V (G−R) and Ri.

This completes the series of simple reductions. As a result we can assume the following:
V (G−R) ̸= ∅, r = t− 2, G−R is connected, and for every i ∈ [t− 2], there is an edge between
V (G−R) and Ri. We proceed with the main argument.

Let F be the family of all connected subgraphs H of G − R such that NG(Ri) ∩ V (H) ̸= ∅
for every i ∈ [t − 2]. We claim that there are no 2t−2(t − 1) + 1 pairwise disjoint members of
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r1 r2 r3

H1 H2 H3 H4 H5

Figure 6.16: After pigeonholing pairwise disjoint members of F , we obtain a situ-
ation as in the figure. Here, t = 5. The model of Kt is constructed in blue.

F . Suppose to the contrary that there are 2t−2(t− 1) + 1 pairwise disjoint members of F . Since
for each i ∈ [t − 2], |Ri| ⩽ 2, and every member of F has a neighbor in Ri, by the pigeonhole
principle, there exist pairwise disjointH1, . . . ,Ht ∈ F and there exists ri ∈ Ri for each i ∈ [t−2]
such that for all j ∈ [t] and i ∈ [t − 2], we have that Hj contains a neighbor of ri in G. Since
G − R is connected, there exist distinct i1, i2 ∈ [t] such that there is a (V (Hi1), V (Hi2))-path
in G − R internally disjoint from

⋃︁
j∈[t] V (Hj). Let A be the set of internal vertices of this path.

Without loss of generality, suppose that i1 = t− 1 and i2 = t. Then(︁
V (H1) ∪ {r1}, . . . , V (Ht−2) ∪ {rt−2}, V (Ht−1), V (Ht) ∪A

)︁
is a model of Kt in G (see fig. 6.16), which contradicts the assumption as G is Kt-minor-free.
This contradiction concludes the proof that F has no 2t−2(t− 1) + 1 pairwise disjoint members.

Since φ is a (q, c)-good coloring of G − R, it follows that there exists a set Z ⊆ V (G − R)
and ψZ : Z → [c · 2t−2(t− 1)] such that

(qc1’) V (F ) ∩ Z ̸= ∅ for every F ∈ F ;

(qc2’) for every connected subgraph H of G− R with V (H) ∩ Z ̸= ∅, either |φ(V (H))| > q, or
V (H) ∩ Z has a (φ× ψZ)-center;

(qc3’) for every connected component C of G − R − Z, NG−R(V (C)) intersects at most two
connected components of G−R− V (C).

Note that G−R ∈ F , and so F is nonempty. In particular, Z is nonempty. Let C be the family of
all the connected components of G−R− Z.

Fix some C ∈ C. Since V (C) ∩ Z = ∅, by (qc1’), we have, C /∈ F . In particular, there exists
i ∈ [t − 2] such that NG(Ri) ∩ V (C) = ∅. Let GC be obtained from G − Ri by contracting
each connected component of G − R − V (C) into a single vertex. See fig. 6.17. Let ZC be the
set of the resulting contracted vertices. Since Z ̸= ∅, we have 1 ⩽ |ZC |, and since G − R is
connected, by (qc3’), |ZC | ⩽ 2. Moreover, GC is a minor of G, thus, GC is Kt-minor-free. Let
RC = (R \ {Ri}) ∪ {ZC} and let (RC,1, . . . , RC,t−2) be an arbitrary ordering of RC . Since
Z ̸= ∅, we have

|V (GC −
⋃︁
RC)| < |V (G−R)|.
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R1 R2 R3

C

z1
z2

Z

→

R1 ZC R3

C

Figure 6.17: The pink vertices depict the set Z. The yellow pieces are connected
components of G−R−Z. In the figure, i = 2, that is, C does not have a neighbor
in R2. The set ZC consists of two vertices z1 and z2 obtained by contracting the
orange parts. In order to apply induction, we replace R2 with {z1, z2}.

Hence, by the induction hypothesis applied to GC , (RC,1, . . . , RC,t−2), and φ|V (C), there is a
partition PC of V (GC), a tree decompositionWC =

(︁
TC , (WC,x | x ∈ V (TC))

)︁
of GC/PC of

width at most t− 2, and an elimination ordering σC = (PC,1, . . . , PC,ℓC ) ofWC such that

(a”) PC,i = RC,i for every i ∈ [t− 2];

(b”) there exists sC ∈ V (TC) such that RC,1, . . . , RC,r ∈WC,sC
; and

(c”) for every P ∈ PC \{RC,1, . . . , RC,t−2}, there is a coloring ψC,P : P → [c·2t−2(t−1)] such
that for every connected subgraphH ofGC [

⋃︁
{Q ∈ PC | Q ⩾σC P}] with V (H)∩P ̸= ∅,

either |φ(V (H))| > q, or V (H) ∩ P has a (φ× ψC,P )-center.

Then let
P =

⋃︂
C∈C

(PC \ RC) ∪R ∪ {Z},

and let σ be the concatenation of

(R1, . . . , Rt−2, Z), (PC1,t−1, . . . , PC1,ℓC1
), . . . , (PCa,t−1, . . . , PCa,ℓCa

),

for an arbitrary ordering (C1, . . . , Ca) of C. Let T be obtained from the disjoint union of TC over
all C ∈ C by adding a new vertex s with the neighborhood {sC | C ∈ C}. For every C ∈ C and
every x ∈ V (TC), let Wx = WC,x. Additionally, let Ws = {R1, . . . , Rt−2, Z}. By construction,
W =

(︁
T, (Wx | x ∈ V (T ))

)︁
is a tree decomposition of G/P of width at most t − 2 and σ is an

elimination ordering ofW . Moreover, (a) and (b) are clearly satisfied.
It remains to show that (c) holds. Let P ∈ P \ {R1, . . . , Rt−2}. First, suppose that P ̸=

Z. Then there exists C ∈ C such that P ∈ PC . We set ψP = ψC,P . Let H be a connected
subgraph of G [

⋃︁
{Q ∈ P, Q ⩾σ P}] with V (H) ∩ P ̸= ∅. Then H is a connected subgraph

of GC [
⋃︁
{Q ∈ PC | Q ⩾σC P}]. Hence, by (c”) either |φ(V (H))| > q or V (H) ∩ P has a

(φ× ψC,P )-center u. In the former case, we are immediately satisfied, and in the latter case, u is
also a (φ× ψP )-center of V (H) ∩ P . This yields (c) when P ̸= Z. Finally, suppose that P = Z.
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Let H be a connected subgraph of G [
⋃︁
{Q ∈ P | Q ⩾σ Z}] = G− R. Now (c) follows directly

from (qc2’). Summarizing, we constructed P ,R, and σ satisfying (a)-(c), as desired.

Proof of Lemma 6.54. Let t be a positive integer and set c6.54(t) = c6.56(t) ·2t−2(t−1). Let G be
a Kt-minor-free graph and let q be a positive integer. By Lemma 6.56, there exists a (q, c6.56(t))-
good coloring φ of G using at most q + 1 colors. Next, we apply Lemma 6.57 with c = c6.56(t)
and r = 0. We obtain a partition P of V (G), a tree decomposition W of G/P of width at
most t − 2, and an elimination ordering σ = (P1, . . . , Pℓ) of W such that for every P ∈ P ,
there is a coloring ψP : P → [c6.56(t) · 2t−2(t − 1)] such that for every connected subgraph H
of G [

⋃︁
{Q ∈ P | Q ⩾σ P}] with V (H) ∩ P ̸= ∅, either |φ(V (H))| > q, or V (H) ∩ P has a

(φ × ψP )-center. For every P ∈ P and u ∈ P , let ρ(u) = (φ(u), ψP (u)). Thus, ρ is a coloring
of G using at most c6.54(t) · (q + 1) colors and satisfying the assertion of Lemma 6.54.

6.9.3 Constructing good colorings

In this subsection, we prove Lemma 6.56, namely, we show that for every positive integer t, there
exists a positive integer c6.56(t) such that for every Kt-minor-free graph G and every positive
integer q, G admits a (q, c6.56(t))-good coloring using q + 1 colors.

For purposes of a short discussion, consider a simpler variant of good colorings, where we
drop (qc2), which is required in the real definition for very technical reasons. Observe that in the
definition of good colorings, a subgraph G0 occurs only in (qc2), hence, if we ignore this item, we
can also assume that G0 = G. We say that a coloring is a simple (q, c)-good coloring if it admits
the relaxed definition above.

For graphs of bounded treewidth, there is a straightforward way of constructing simple good
colorings. Let G be a graph. We can set φ to use only one color, and for a family F of connected
subgraphs of G having no d + 1 pairwise disjoint members we take Z as given by Lemma 1.17,
so (qc1) is satisfied. For an injective ψ : Z → [(tw(G) + 1) · d], (qc4) is clearly satisfied. This
gives a (q, tw(G) + 1)-good coloring of G using one color for every positive integer q. A true
inspiration for the definition of good colorings comes from the case of graphs of bounded layered
treewidth.

Let G be a graph, let q be a positive integer, and let ltw(G) be witnessed by (W,L), where
W =

(︁
T, (Wx | x ∈ V (T ))

)︁
and L = (Li | i ∈ N). For all i ∈ N and v ∈ Li, we define

φ(v) = i mod (q + 1). We claim that φ is a simple (p, ltw(G))-good coloring of G. Let F be
a family of connected subgraphs of G with no d + 1 pairwise disjoint members. Let Z be the
union of at most d bags ofW that is a hitting set of F in G (given by Lemma 1.17). In particular,
|Z ∩ Li| ⩽ ltw(G) · d for every i ∈ N. Let ψ : Z → [ltw(G) · d] be any injective coloring
on Z ∩ Li for every i ∈ N. It remains to verify (qc4). Let H be a connected subgraph of G
with V (H) ∩ Z ̸= ∅. Since H is connected and L is a layering of G, V (H) intersects a set of
consecutive layers in L. If this set has at least q+ 1 elements, then |φ(V (H))| > q, and otherwise
any element of V (H) ∩ Z is a (φ× ψ)-center of V (H) ∩ Z.

To lift this idea to the class of general Kt-minor-free graphs, we again use a layered RS-
decomposition (see Section 6.1).

Given a layered RS-decomposition of a graphG of bounded width, the strategy to find a simple
good coloring ofG is the following. Let q be a positive integer. The intention is to mimic the proof
for the bounded layered treewidth case. That is, ignoring the overlapping between the bags ofW ,
we set φ(v) ≡ i mod (q + 1) for every i ∈ N and every v ∈ Lx,i. We claim that φ is a simple
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(q, c)-good coloring, where c depends only on the width of the given decomposition. Let F be a
family of connected subgraphs of G with no d + 1 pairwise disjoint members. We glue all tree
decompositions inD in a natural way to obtain a tree decomposition U ofG. The vertices ofAx do
not occur in bags of tree decompositions ofD, but we can add them to all bags of U corresponding
to Wx. The important property of U is that (lrs5) is preserved. Next, we apply Lemma 1.17 to F
and U obtaining a hitting set Z of F in G, which is the union of at most d bags of U . Note that
there are also at most d bags of W , whose union contains Z. Say that these bags correspond to
the vertices in X ⊆ V (T ). The next step is to “disconnect” elements of Z in different bags of
W . To this end, we root T arbitrarily and we define B as the union of

⋃︁
x∈X Ax and the union

of adhesions between Wx and the bag corresponding to the parent of x in W for all x ∈ X . In
particular, the size of B is bounded. Finally, we define a coloring ψ of Z so that ψ is injective
on B and ψ is injective on Lx,i ∩ Z but the colors used are disjoint from ψ(B). Checking that
ψ witnesses φ being a simple (q, c)-good coloring of G is very similar to the bounded layered
treewidth case.

Proof of Lemma 6.56. Let t be a positive integer. Let cLRS(t) be the constant from Theorem 6.1.
We set

c6.56(t) = cLRS(t) (12cLRS(t) + 10) .

Let G be a Kt-minor-free graph, and q be a positive integer. By Theorem 6.1, G admits a
layered RS-decomposition (T,W,A,D,L) of width at most cLRS(t). Let W = (Wx | x ∈
V (T )), A = (Ax | x ∈ V (T )), D =

(︁(︁
Tx, (Dx,z | z ∈ V (Tx))

)︁
| x ∈ V (T )

)︁
, and L = ((Lx,i |

i ∈ N) | x ∈ V (T )). We root T in an arbitrary vertex r ∈ V (T ).
We define a coloring φ : V (G)→ {0, . . . , q} as follows. For every v ∈ V (G) let

φ(v) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
0 if v ∈ Ar,
i mod (q + 1) if v ∈Wr \Ar and v ∈ Lr,i,
0 if v ∈ Ax \Wp(T,x) for x ∈ V (T ) \ {r},
i mod (q + 1) if v ∈Wx \ (Ax ∪Wp(T,x)) and v ∈ Lx,i for x ∈ V (T ) \ {r}.

It remains to show that φ is a (q, c6.56(t))-good coloring of G. Fix a subgraph G0 of G.
Now, we reduce to the case where G0 is connected. Indeed, if G0 is not connected, consider

the family C of all the connected components of G0. Let d be a nonnegative integer and let F
be a family of connected subgraphs of G0 such that there are no d + 1 disjoint members of F .
For every C ∈ C, let dC be the smallest integer such that there are no dC + 1 disjoint members
of FC = {F ∈ F | F ⊆ C}. Clearly dC ⩽ d. Assuming we can prove the result when G0 is
connected, we apply it for C and FC and obtain a set ZC ⊆ V (C) and ψC : ZC → [c · d] such
that (qc1)-(qc2) holds. Now take Z =

⋃︁
C∈C ZC and let ψ be defined by ψ(u) = ψC(u) for every

C ∈ C and every u ∈ ZC . Recall that each F ∈ F is connected, so F ⊆ C for some C ∈ C,
and therefore ZC ∩ V (F ) ̸= ∅. Thus, (qc1) holds. Since every connected subgraph H of G0 is
a subgraph of C for some C ∈ C, (qc4) holds. Finally, (qc2) holds because for every connected
component C ′ of G− Z, there exists C ∈ C such that C ′ ⊆ C.

Therefore, from now on we assume that G0 is connected. We start by building a normal pair
(U ,P) where U is a tree decomposition of G0 obtained from “gluing” tree decompositions in D
along the edges of T . This construction is depicted in Figure 6.18.

For all x, y ∈ V (T ) with xy ∈ E(T ), Wx ∩ Wy induces a clique in both torsoG,W(Wx)
and torsoG,W(Wy), hence, there exist zxy ∈ V (Tx) and zyx ∈ V (Ty) such that Wx ∩ Wy =
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→

U :

P :

Wx

Wy

zyx

zxy

Figure 6.18: Tree decompositions Dx and Dy are “glued” in a natural way. Addi-
tionally, we add all corresponding apices (members of Ax and Ay) to each bag of
the corresponding part in the tree decomposition U . The partition P indicates from
which of {Tx | x ∈ V (T )} a given vertex comes from.

Dx,zxy ∩Dy,zyx . Let T0 be the tree defined by

V (T0) = {(x, z) | x ∈ V (T ), z ∈ V (Tx)} and

E(T0) = {(x, z1)(x, z2) | x ∈ V (T ), z1z2 ∈ E(Tx)} ∪ {(x, zxy)(y, zyx) | xy ∈ E(T )}.

In other words, T0 is obtained from the disjoint union of Tx over x ∈ V (T ) by adding the edges
between zxy and zyx for adjacent vertices x and y in T . Next, let U(x,z) = (Dx,z∪Ax)∩V (G0) for
every (x, z) ∈ V (T0). We claim that U =

(︁
T0, (U(x,z) | (x, z) ∈ V (T0))

)︁
is a tree decomposition

of G0. For every v ∈ V (G0), T0[{(x, z) ∈ V (T0) | v ∈ U(x,z)}] is isomorphic to the connected
subgraph of T0 formed by replacing every vertex x of T (v) = T [{x ∈ V (T ) | v ∈ Wx}] with
Tx[{z ∈ V (Tx) | v ∈ Dx,z}] when v /∈ Ax or with Tx when v ∈ Ax, and every edge xy of
T (v) with zxyzyx. For every edge uv ∈ E(G0), there exists x ∈ V (T ) such that u, v ∈ Wx.
If u, v ∈ Wx \ Ax, then there exists z ∈ V (Tx) such that u, v ∈ Dx,z and thus u, v ∈ U(x,z).
If u ∈ Ax and v ∈ Wx \ Ax, then for any z ∈ V (Tx) with v ∈ Dx,z we have v ∈ U(x,z) and
u ∈ Ax ∩ V (G0) ⊆ U(x,z). If u, v ∈ Ax, then for every z ∈ V (Tx), we have u, v ∈ U(x,z). Thus,
indeed U is a tree decomposition of G0.

Observe that P = {T0[{x} × V (Tx)] | x ∈ V (T )} is a collection of subtrees of T0 whose
vertex sets partition V (T0). Therefore,

(︁
U ,P

)︁
is a normal pair of G0.

By Lemma 6.52, there exists V =
(︁
S, (Vy | y ∈ V (S))

)︁
and Q such that V is natural and

(V,Q) is a normal pair of G refining (U ,P). Among all such pairs (V,Q), we take one with |Q|
minimum. Let f : V (S) → V (T0) and g : Q → P witness the refinement relation. For every
Q ∈ Q, let x(Q) ∈ V (T ) be such that g(Q) = T0[{x(Q)} × V (Tx(Q))]. See Figure 6.19.

In the next two claims, we show that the new tree decomposition V in some sense preserves
small adhesions (only ones coming fromW) and small intersections with layers of the layerings
in L. In the first claim, we exploit the minimality of (V,Q).
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Claim 6.56.1. Let y, y′ ∈ V (S) and Q,Q′ ∈ Q be such that y ∈ V (Q), y′ ∈ V (Q′) and Q ̸= Q′.
Then

|Vy ∩ Vy′ | ⩽ cLRS(t).

Proof of the claim. By properties of tree decompositions, there is an edge zz′ in S such that Vy ∩
Vy′ ⊆ Vz∩Vz′ . Therefore, without loss of generality, we assume that yy′ is an edge in S. We argue
that g(Q) ̸= g(Q′). Suppose to the contrary that g(Q) = g(Q′). Since yy′ is an edge in S, the
subgraphs Q and Q′ are adjacent in S, and thus, Q′′ = S[V (Q)∪ V (Q′)] is a connected subgraph
of S. Observe that (V,Q \ {Q,Q′} ∪ {Q′′}) is a normal pair which refines (U ,P) as witnessed
by f and g′ defined by g′(P ) = g(P ) for every P ∈ Q \ {Q,Q′} and g′(Q′′) = g(Q) = g(Q′).
However, this contradicts the minimality of |Q|. We obtain that indeed g(Q) ̸= g(Q′), and so,
x(Q) ̸= x(Q′). In particular,

|Vy ∩ Vz| ⩽ |U(x(Q),f(y)) ∩ U(x(Q′),f(y′))| ⩽ |Wx(Q) ∩Wx(Q′)| ⩽ cLRS(t),

where the first inequality follows from (r1), the second from the properties of tree decompositions,
and the last from (lrs1). ♢

S :

Q :

g

Wx(Q)

Q

Figure 6.19: Intuitively, the part of the tree decomposition V corresponding to the
vertices in Q comes from Dx(Q).

Claim 6.56.2. Let x ∈ V (T ), y ∈ V (S), and let i ∈ N. Then

|Vy ∩ Lx,i| ⩽ cLRS(t).

Proof of the claim. Since (V,Q) refines (U ,P) we have that Vy ⊆ Uf(y). Let f(y) = (x′, z)
where x′ ∈ V (T ) and z ∈ V (Tx′). Thus, Uf(y) = U(x′,z) = (Dx′,z ∪ Ax′) ∩ V (G0). Recall that
Ax ∩ Lx,i = ∅. Thus in the case of x = x′,

|Vy ∩ Lx,i| ⩽ |U(x,z) ∩ Lx,i| ⩽ |(Dx,z ∪Ax) ∩ Lx,i| ⩽ |Dx,z ∩ Lx,i| ⩽ cLRS(t),

where the last inequality follows by (lrs5). Finally, in the case of x ̸= x′, we have U(x′,z) ⊆ Wx′

and Lx,i ⊆Wx, and so,

|Vy ∩ Lx,i| ⩽ |U(x′,z) ∩ Lx,i| ⩽ |Wx′ ∩Wx| ⩽ cLRS(t),
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where the last inequality follows from (lrs1). ♢

We root S in an arbitrary vertex root(S). For every X ⊆ V (S), we define

Q(X) = {Q ∈ Q | V (Q) ∩X ̸= ∅}.

Let d be a positive integer and let F be a family of connected subgraphs of G0 such that there
are no d + 1 pairwise disjoint members of F . In the remainder of the proof, we construct Z
satisfying (qc1)-(qc3).

By Lemma 1.17, there existsX0 ⊆ V (S) of size at most d such that
⋃︁
y∈X0 Vy intersects every

member of F . Let
X1 = LCA(S,X0).

By Lemma 5.2,
|Q(X1)| ⩽ |X1| ⩽ 2d− 1. (6.1)

The set
⋃︁
y∈X1 Vy is a hitting set of F , thus, it is a good candidate to be Z. However, we

still need to define ψ and the ultimate goal is to repeat the idea of coloring that we applied in
the bounded layered treewidth case. Since Lx is a layering of torsoG,W(Wx) − Ax, we need to
take into account the vertices in Ax when building the final Z. Moreover, the coloring φ may
not be compatible with layerings on the adhesions ofW , we also need to consider some of them.
To this end, we will add some more vertices to Z, which we ultimately color injectively with a
separate palette of colors. Because we work with V instead of U we need the following notions of
projections. See also Figure 6.20 for an illustration.

S :

Sv1

Sv2 Sv3

Sv4

V :Q
π(Q,V )

Π(Q,V )

v1

v2
v3

v4

Figure 6.20: Here, V = {v1, v2, v3, v4}. Note that
⋃︁
y∈V (Q) Vy is separated from V

by Π(Q,V ) in G0 as we show later in Claim 6.56.3.

Let Q ∈ Q and v ∈ V (G0). Let Sv = S[{z ∈ V (S) | v ∈ Vz}]. Thus, Q and Sv are
two subtrees of S. We define projections π(Q, v) and Π(Q, v) as follows. If Q and Sv share a
vertex, then choose such a vertex z arbitrarily and set π(Q, v) = z and Π(Q, v) = {v}. If V (Q)
and V (Sv) are disjoint, then consider the shortest (V (Q), V (Sv))-path path in S. Let z be the
endpoint of that path in Q and let y be the vertex adjacent to z in that path. Then set π(Q, v) = z
and Π(Q, v) = Vy ∩ Vz . The definition can be naturally extended to subsets of V (G0). For each
V ⊆ V (G0), let

π(Q,V ) = {π(Q, v) | v ∈ V } and Π(Q,V ) =
⋃︂
v∈V

Π(Q, v).
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Note that by Claim 6.56.1,
|Π(Q,V )| ⩽ cLRS(t) · |V |. (6.2)

The key property of these objects is the following. See Figure 6.20 again.

Claim 6.56.3. Let Q ∈ Q and let V ⊆ V (G0). Every connected subgraph H of G0 − Π(Q,V )
that intersects

⋃︁
y∈V (Q) Vy is disjoint from V .

Proof. It suffices to observe that by the properties of tree decompositions and construction,
Π(Q,V ) intersects every path between

⋃︁
y∈V (Q) Vy and V in G0. Thus, if a connected subgraph

H of G0 has a vertex is both
⋃︁
y∈V (Q) Vy and V , then it has a vertex in Π(Q,V ).

Let

YQ =
{︄
π(Q,Ax(Q)) if x(Q) = r,
π(Q,Ax(Q) ∪ (Wx(Q) ∩Wp(T,x(Q)))) if x(Q) ̸= r.

Recall that |Ax(Q)| ⩽ cLRS(t) by (lrs2), and if x(Q) ̸= r, then |Wx(Q) ∩Wp(T,x(Q))| ⩽ cLRS(t)
by (lrs1). Thus, we have

|YQ| ⩽ |Ax(Q)| ⩽ cLRS(t) if x(Q) = r,

|YQ| ⩽ |Ax(Q)|+ |Wx(Q) ∩Wp(T,x(Q))| ⩽ 2cLRS(t) if x(Q) ̸= r.
(6.3)

Moreover, by definition YQ ⊆ V (Q).
Let

X2 = X1 ∪ {root(Q) | Q ∈ Q(X1)} ∪
⋃︂
{YQ | Q ∈ Q(X1)}

and
X3 = LCA(S,X2).

Observe that

|X3| ⩽ 2|X2| − 1 by Lemma 5.2

⩽ 2(|X1|+ |Q(X1)|+ |Q(X1)| · 2cLRS(t))− 1 by (6.3)

⩽ 2((2d− 1) + (2d− 1) + (2d− 1) · 2cLRS(t))− 1 by (6.1)

⩽ (8cLRS(t) + 8)d.

(6.4)

Recall that by Lemma 6.50, for all X,Y ⊆ V (S) with X ⊆ Y and LCA(S,X) = X , if
Q(X) = Q(Y ), then Q(Y ) = Q(LCA(S, Y )). Since by construction Q(X1) = Q(X2), we can
apply the above with X = X1 and Y = X2 to obtain that

Q(X1) = Q(X2) = Q(X3).

Finally, the set Z that witnesses the assertion of the claim is given by

Z =
⋃︂
y∈X3

Vy.

Next, consider Q ∈ Q(X1) and let

BQ =
{︄

Π(Q,Ax(Q)) if x(Q) = r,
Π(Q,Ax(Q) ∪ (Wx(Q) ∩Wp(T,x(Q)))) if x(Q) ̸= r.
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Since for every v ∈ V (G0), Π(Q, v) ⊆ Vπ(Q,v) and YQ ⊆ X2 ⊆ X3, we have

BQ ⊆
⋃︂
y∈YQ

Vy ⊆
⋃︂
y∈X2

Vy ⊆ Z.

Recall that |Ax(Q)| ⩽ cLRS(t) by (lrs2), and if x(Q) ̸= r, then |Wx(Q) ∩Wp(T,x(Q))| ⩽ cLRS(t)
by (lrs1). Thus, by (6.2), we have

|BQ| ⩽ |Ax(Q)| · cLRS(t) ⩽ (cLRS(t))2 if x(Q) = r,

|BQ| ⩽
⃓⃓⃓
Ax(Q) ∪ (Wx(Q) ∩Wp(T,x(Q))))

⃓⃓⃓
· cLRS(t) ⩽ 2(cLRS(t))2 if x(Q) ̸= r.

(6.5)

Let

B =

⎛⎝ ⋃︂
Q∈Q(X1),root(S) ̸∈V (Q)

Vroot(Q) ∩ Vp(S,root(Q))

⎞⎠ ∪
⎛⎝ ⋃︂
Q∈Q(X1)

BQ

⎞⎠ .
Recall that for every Q ∈ Q(X1) with root(S) ̸∈ V (Q), root(Q) ∈ X2 and so Vroot(Q) ∩
Vp(S,root(Q)) ⊆ Vroot(Q) ⊆ Z. Moreover, for every Q ∈ Q(X1), BQ ⊆ Z. Therefore,

B ⊆ Z.

Observe also that

|B| ⩽ |Q(X1)| · cLRS(t) + |Q(X1)| · 2(cLRS(t))2 by Claim 6.56.1 and (6.5)

⩽ (2d− 1) · cLRS(t) + (2d− 1) · 2(cLRS(t))2 by (6.1)

⩽ cLRS(t)(4cLRS(t) + 2)d.
(6.6)

Claim 6.56.4. For all distinct Q1, Q2 ∈ Q(X1), there is no path between
⋃︁
y∈V (Q1) Vy \ B and⋃︁

y∈V (Q2) Vy \B in G0 −B. In particular,
⋃︁
y∈V (Q1) Vy \B and

⋃︁
y∈V (Q2) Vy \B are disjoint.

Proof of the claim. Let Q1, Q2 be distinct members of Q(X1). Recall that Q1, Q2 are disjoint
subtrees of S. Note that there exists i ∈ {1, 2} such that root(Qi) ̸= root(S) and every path in
S between Q1 and Q2 goes through the edge root(Qi) p(S, root(Qi)) of S. Hence by properties
of tree decompositions, Vroot(Qi) ∩ Vp(S,root(Qi)) intersects every path between

⋃︁
y∈V (Q1) Vy and⋃︁

y∈V (Q2) Vy in G0. Since Vroot(Qi) ∩ Vp(S,root(Qi)) ⊆ B, this proves the claim. ♢

As a consequence of Claim 6.56.4,
{︁(︁⋃︁

y∈V (Q) Vy
)︁
∩ (Z \ B) | Q ∈ Q(X1)

}︁
is a family of

pairwise disjoint sets covering Z \ B (because Q(X1) = Q(X3)). We want to refine this family
with the layerings of the torsos. To this end, we need the following fact where we substantially
use the fact that (V,Q) refines (U ,P).

Claim 6.56.5. For every Q ∈ Q(X1) and V ⊆ V (G0) such that Π(Q,V ) ⊆ BQ, we have⋃︂
y∈V (Q)

Vy \B ⊆Wx(Q) \ V.
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Proof of the claim. Let Q ∈ Q(X1) and let V ⊆ V (G0) be such that Π(Q,V ) ⊆ BQ. Since
Π(Q,V ) ⊆ BQ ⊆ B, then⋃︂

y∈V (Q)
Vy \B ⊆

⋃︂
y∈V (Q)

Vy \BQ ⊆
⋃︂

y∈V (Q)
Vy \Π(Q,V ).

By claim 6.56.3,
⋃︁
y∈V (Q) Vy \Π(Q,V ) is disjoint from V . Thus, to conclude the claim, it suffices

to show that
⋃︁
y∈V (Q) Vy ⊆Wx(Q). Recall that g(Q) = T0[{x(Q)} × Tx(Q)]. We have⋃︂

y∈V (Q)
Vy ⊆

⋃︂
y∈V (Q)

Uf(y) ⊆
⋃︂

z∈V (g(Q))
Uz =

⋃︂
z∈{x(Q)}×Tx(Q)

Uz ⊆Wx(Q)

where the first inclusion follows from (r1), the second from (r2), and the last one from the con-
struction of U . ♢

Since Π(Q,Ax(Q)) ⊆ BQ for every Q ∈ Q(X1), by claim 6.56.5,(︁⋃︁
y∈V (Q) Vy \B

)︁
∩Ax(Q) = ∅.

Recall that for every Q ∈ Q(X1), (Lx(Q),i | i ∈ N) is a layering of torsoG,W(Wx(Q))−Ax(Q). It
follows that the family

B =
{︂(︁⋃︁

y∈V (Q) Vy
)︁
∩ Lx(Q),i ∩ (Z \B) | Q ∈ Q(X1), i ∈ N

}︂
is a family of pairwise disjoint sets covering Z \B. Moreover, the members of B are of reasonable
size, namely, for every Q ∈ Q(X1) and i ∈ N,⃓⃓⃓(︁ ⋃︁

y∈V (Q) Vy
)︁
∩ Lx(Q),i ∩ (Z \B)

⃓⃓⃓
⩽ |Lx(Q),i ∩ Z| ⩽

∑︂
y∈X3

|Lx(Q),i ∩ Vy|

⩽
∑︂
y∈X3

|Lx(Q),i ∩ Uf(y)| by (r1)

⩽ cLRS(t) · |X3| by (lrs5)

⩽ cLRS(t) ·
(︁
8cLRS(t) + 8

)︁
d by (6.4).

(6.7)

We define a coloring ψ of Z using at most c6.56(t) colors. See also Figure 6.21. First, we color
B injectively, and then we color each member of B also injectively avoiding colors in ψ(B). In
the first step we used at most cLRS(t)(4cLRS(t) + 2)d colors by (6.6) and in the second step, we
used at most cLRS(t) ·

(︁
8cLRS(t) + 8

)︁
d colors by (6.7), thus, ψ is well-defined.

We now show that Z satisfy (qc1)-(qc3).
Recall that X0 was chosen so that X0 ⊆ X3 and

⋃︁
y∈X0 Vy intersects every member of F .

Therefore, (qc1) holds. Item (qc2) holds by Lemma 5.4 since Z =
⋃︁
y∈LCA(S,X2) Vy, and V =(︁

S, (Vy | y ∈ V (S))
)︁

is a natural tree decomposition of G0.
It remains to prove (qc3). Let P ⊆ Z and let R = P ∪ B. First, |R \ P | ⩽ |B| ⩽

cLRS(t)(4cLRS(t) + 2)d. Consider a connected subgraph H of G0 such that V (H) ∩ P ̸= ∅.
If V (H) ∩ B ̸= ∅, then since every vertex of B has a unique color, any vertex in V (H) ∩ B
is a ψ|R-center of V (H) ∩ P , and so, a (φ × ψ)-center of V (H) ∩ Z. Thus, we assume that
V (H) ∩B = ∅.
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Wx
Ax

Lx

Wp(T,x)

B

B1

B2

Figure 6.21: The set Z is the union of B and the members of B. We color the
vertices in B injectively. The role of the set B is to separate members of B so
that if B is intersected by a connected subgraph H of G0, we immediately get a
center. In the figure, B1 =

⋃︁
y∈V (Q1) Vy \ B and B2 =

⋃︁
y∈V (Q2) Vy \ B for some

Q1, Q2 ∈ Q(X3). If a connected subgraph H of G0, intersects both B1 and B2, it
has to intersect B.

Since V (H) ∩ B = ∅, it follows from Claim 6.56.4, that V (H) ∩ Z ⊆
⋃︁
z∈V (Q) Vz for some

Q ∈ Q(X1).
Additionally, by Claim 6.56.5,

V (H) ∩ Z ⊆Wx \Ax if x = r,

V (H) ∩ Z ⊆Wx \ (Ax ∪Wp(T,x)) if x ̸= r.

Recall that (Lx,i | i ∈ N) is a layering of torsoG,W(Wx)− Ax. Moreover, by definition of φ, for
every u ∈ V (H) ∩ Z, φ(u) = i mod (q + 1) where i ∈ N is such that u ∈ Lx,i.

Consider u ∈ V (H) ∩ R. Let i ∈ N be such that u ∈ Lx,i. If u is a (φ × ψ)-center in
V (H) ∩ R, then we are done. Assume now that there exists u′ ∈ V (H) ∩ R distinct from u
such that φ(u) = φ(u′) and ψ(u) = ψ(u′). Let j ∈ N be such that u′ ∈ Lx,j . Without loss
of generality, assume that i ⩽ j. By the definition of ψ, j ̸= i, and by the definition of φ,
|j − i| > q. By Lemma 6.51, V (H)∩Wx induces a connected subgraph of torsoG,W(Wx)−Ax.
Since (Lx,k | k ∈ N) is a layering of torsoG,W(Wx) − Ax, it follows that V (H) intersects Lx,k
for every k ∈ {i, . . . , j − 1}. We deduce that |φ(V (H))| > q. This proves that ψ|V (H) witnesses
the fact that

cenq(G,φ,R) ⩽
(︁
cLRS(t)(4cLRS(t) + 2) + cLRS(t)(8cLRS(t) + 8)

)︁
· d

Therefore, we obtain (qc3), which ends the proof.

6.9.4 Excluding an apex-forest

In this section, we prove what will be the base case in the proof of Theorem 1.34, which corre-
sponds to excluding an apex-forest. The core of the proof is inspired by a result of Dębski, Felsner,
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Micek, and Schröder [DMSF21] which asserts that outer-planar graphs have q-centered chromatic
number in O(q log q). See Figure 6.22 for a sketch of their argument. Since outer-planar graphs
exclude an apex-forest, namely K2,3, this section can be seen as a generalization of their result.
As in Section 6.6, we also use ideas from Dujmović, Hickingbotham, Joret, Micek, Morin, and
Wood’s paper [DHJ+23]. We start by proving structural properties for graphs with no F-rich
model of a given star. Then, we will apply it inductively to extend it to graphs with no F-rich
model of a given forest, and finally graphs with no F-rich model of a given apex-forest. Recall
that for all positive integer h, d, we denote by Fh,d the complete d-ary tree of vertex-height h. In
particular, F2,d is the star with d leaves.

Lemma 6.58. Let q, c, d be positive integers, let G be a connected graph, let φ be a (q, c)-good
coloring of G, let F be a family of connected subgraphs of G such that G has no F-rich model of
F2,d, and let U ⊆ V (G) such thatG[U ] is connected. There exists S ⊆ V (G) and a path partition
(P0, . . . , Pℓ) of (G,S) and sets R1, . . . , Rℓ ⊆ V (G) such that

(a) P0 = U ;

(b) V (F ) ∩ S ̸= ∅ for every F ∈ F;

(c) for every connected component C of G− S, NG(V (C)) intersects at most three connected
components of G− V (C);

(d) Pi ⊆ Ri for every i ∈ [ℓ];

(e) cenq(G,φ,Ri) ⩽ c · d for every i ∈ {2, . . . , ℓ}; and

(f) |Ri \ Pi| ⩽ c · d for every i ∈ {2, . . . , ℓ}.

Proof. We proceed by induction on |V (G)\U |. If every member ofF intersects U , then the result
holds for ℓ = 0 and P0 = U . Now suppose that F|G−U ̸= ∅ (and so V (G) \ U ̸= ∅), and that the
result holds for smaller values of |V (G) \U |. Let F ′ be the family of all the connected subgraphs
H of G− U such that NG(V (H)) ∩ U ̸= ∅ and there exists F ∈ F such that F ⊆ H .

We claim that there are no d + 1 pairwise disjoint members of F ′. Indeed, if H1, . . . ,Hd+1
are d+ 1 pairwise disjoint members of F ′, then (V (H1), . . . , V (Hd), U ∪V (Hd+1)) is an F-rich
model of F2,d in G, a contradiction. Hence, since φ is a strongly (q, c)-good coloring of G, there
exists Z ⊆ V (G) such that

(qc1’) V (F ) ∩ Z ̸= ∅ for every F ∈ F ′;

(qc2’) for every connected component C of G − Z, NG(V (C)) intersects at most two connected
components of G− V (C); and

(qc3’) for every P ⊆ Z, there exists R ⊆ Z with

(a) P ⊆ R,

(b) cenq(G,φ,R) ⩽ c · d, and

(c) |R \ P | ⩽ c · d.

Let P be an inclusion wise minimal subset of Z \ U satisfying the following properties:
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({•}, ∅, ∅, ∅, ∅, ∅, ∅)

({•, •, •}, {•}, ∅, ∅, ∅, ∅, ∅)

({•, •, •, •}, {•, •, •}, {•}, ∅, ∅, ∅, ∅)

({•, •, •, •}, {•, •, •, •}, {•, •, •}, {•}, ∅, ∅, ∅)

({•}, {•, •, •, •}, {•, •, •, •}, {•, •, •}, {•}, ∅, ∅)

Figure 6.22: Sketch of Dębski, Felsner, Micek, and Schröder’s argument
in [DMSF21] to prove that outer-planar graphs have q-centered chromatic num-
ber in O(q log q). Assume q = 2k − 1 for some k ∈ N (k = 3 and q = 7 = 23 − 1
in the picture). For simplicity, we consider a graph G which is a “tree of fans”. Let
Y be a set of q(k + 2) + 1 = O(q log q) colors. We will construct from top to
bottom a q-centered coloring of G using only colors in Y . For the root, we chose
an arbitrary color in Y . Now, to color a subtree with root path P , we will have
some forbidden colors because of the above layers. This is encoded as a sequence
(Y1, . . . , Yq) of subsets of Y , each of size at most k + 1. The set Ya for a ∈ [q]
represents the colors forbidden because of the a-th previous layer. To color the
current path P , we use q + 1 colors in Y \

⋃︁
a∈[q] Ya. Among these colors, we

chose one to be special, and we arrange the q = 2k − 1 other ones in a complete
binary tree. Then, we color P periodically with a pattern starting with the special
color, followed by the q colors in the auxiliary tree in a post-order. This special
color and this tree are depicted next some paths (we ignore the other paths due to
lack of space). Once P is colored, it remains to color the subgraphs under P . For
a vertex u ∈ V (P ), we apply the induction hypothesis to the subgraph under u
for the new buffer (Ỹ u, Y1, . . . , Yq−1), where Ỹ u contains the special color and the
ancestors of the color of u in the auxiliary tree. It remains to show that the obtained
coloring ψ is q-centered. Let H be a connected subgraph of G using at most q col-
ors, and let P be the highest path P in this tree structure intersecting V (H). Then
V (P ) ∩ V (H) induces a subpath of P . If V (H) ∩ V (P ) contains a vertex with
the special color, then this vertex is a ψ-center of V (H), since V (H) uses at most
q colors, and because the color of u is forbidden in every subtree below P in the
next q layers. Otherwise, let u ∈ V (H) ∩ V (P ) be such that the color ψ(u) is the
highest in the auxiliary tree. This is well defined because the set of colors used by
V (H)∩V (P ) as a unique element closest to the root. By construction, the color of
u is forbidden in the next q layers of each subtree below P intersecting V (H), and
so u is a ψ-center of V (H).
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(i) V (F ) ∩ P ̸= ∅ for every F ∈ F ′; and

(ii) for every connected componentC ofG−U−P such thatF|C = ∅,NG−U (V (C)) intersects
at most three connected components of G− U − V (C).

Note that Z \ U satisfies these two items and so P is well-defined.
Let W be the union of the vertex sets of all the connected components C of G− U − P such

that F|C ̸= ∅. Note that NG(W ) ∩ U = ∅.
We claim that for every u ∈ P ∩ NG(W ), there is a path from u to U in G disjoint from

W . Indeed, by minimality of P , either there exists F ∈ F ′ disjoint from P \ {u}, or there is a
connected component C of G− U − (P \ {u}) with F|C = ∅ such that NG−U (V (C)) intersects
at least four connected components of G − U − V (C). In the first case, this member F of F ′

contains u and so there is a path from NG(U) to u in F . However, since NG(W ) ∩ U = ∅, this
path is disjoint from W and we are done. In the second case, there is a connected component C
of G − U − (P \ {u}) with F|C = ∅ such that NG−U (V (C)) intersects at least three connected
components of G − U − V (C). Since P satisfies (ii), C contains u. As u ∈ NG(W ), it follows
that there is a connected component C ′ of G − U − P with F|C′ ̸= ∅ and C ′ ⊆ C. But then
F|C ̸= ∅, a contradiction.

Because G and G[U ] are connected, this implies that U ′ = V (G) \W induces a connected
subgraph of G. Moreover, since F|G−U ̸= ∅, the family F ′ is nonempty and so P is non-empty.
This implies that |V (G) \ U ′| < |V (G) \ U |. Hence, by the induction hypothesis, there exists
S′ ⊆ V (G) and a path partition (P ′

0, . . . , P
′
ℓ′) of (G,S′) and sets R′

1, . . . , R
′
ℓ′ ⊆ V (G) such that

(a’) P ′
0 = U ′;

(b’) V (F ) ∩ S′ ̸= ∅ for every F ∈ F ′;

(c’) for every connected component C of G−S′, NG(V (C)) intersects at most three connected
components of G− V (C);

(d’) P ′
i ⊆ R′

i for every i ∈ [ℓ′];

(e’) cenq(G,φ,R′
i) ⩽ c · d for every i ∈ {2, . . . , ℓ′}; and

(f’) |R′
i \ P ′

i | ⩽ c · d for every i ∈ {2, . . . , ℓ′}.

By (qc3’), there exists R ⊆ Z with P ⊆ R, cenq(G,φ,R) ⩽ c · d, and |R \P | ⩽ c · d. We set
ℓ = ℓ′ + 1, and

P0 = U,
P1 = P, R1 = R,
Pi = P ′

i−1, Ri = R′
i−1 for every i ∈ {2, . . . , ℓ}.

Finally, let S =
⋃︁
i∈[ℓ] Pi.

By construction, (a) holds. Moreover, for every F ∈ F , either V (F )∩P ̸= ∅ or V (F )∩(P ′
1∪

· · · ∪ P ′
ℓ′) ̸= ∅ by (b’). In both cases, V (F ) ∩ S ̸= ∅ and so (b) holds.

Let C be a connected component of G − S. If V (C) ∩ U ′ = ∅, then C is a connected
component of G − S′ and so by (c’), NG(V (C)) intersects at most three connected components
of G − V (C). Otherwise, C is a connected component of G − U − P which does not contain
any member of F . Hence, by (ii), NG−U (V (C)) intersects at most two connected components
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of G − U − V (C). Since G[U ] is connected, we deduce that NG(V (C)) intersects at most three
connected components of G− V (C). This proves (c).

By construction and (d’), (d) holds. By (e’) and since cenq(G,φ,R) ⩽ c ·d, (e) holds. Finally,
by (f’) and because |R \ P | ⩽ c · d, (f) holds. This proves the lemma.

Lemma 6.59. Let q, c, d be positive integers with q ⩾ 2 and let h be a nonnegative integer, let G
be a graph, let φ be a (q, c)-good coloring of G, let F be a family of connected subgraphs of G
such thatG has no F-rich model of Fh+1,d. There exists a set Y of at most 48c

(︂
hd+

(︁h
2
)︁)︂
·q log q

colors, a set S ⊆ V (G), and a function λ : S → Y such that

(a) V (F ) ∩ S ̸= ∅ for every F ∈ F;

(b) for every connected component C of G− S, NG(V (C)) intersects at most 8c
(︂
hd+

(︁h
2
)︁)︂
·

log q connected components of G− V (C);

(c) there exists a family of subsets YC ⊆ Y for C connected components of G− S, each of size
at most 48c

(︂
dh+

(︁h
2
)︁)︂
· log q, such that for every connected subgraph H of G intersecting

S, if C1, . . . , Cm are connected components of G− S intersecting V (H), then

(a) |φ(V (H))| > q, or

(b) |λ(V (H) ∩ S)| > q, or

(c) there is a (λ× φ)-center u of V (H) ∩ S with λ(u) ∈ YCi for every i ∈ [m].

Proof. We proceed by induction on h + |V (G)|. When h = 0, Fh+1,d = K1 and so F is empty.
Hence S = ∅ satisfies the outcome of the lemma. Now suppose h > 0 and that the result holds for
h− 1.

First assume that G is not connected. Let C be the family of all the connected components of
G. By the induction hypothesis, and by possibly relabeling the obtained color sets, there exists
a set Y of at most 48c

(︂
hd+

(︁h
2
)︁)︂
· q log q colors, such that for every C ∈ C, there exists a set

SC ⊆ V (C) and a function λC : SC → YC such that

(a’) V (F ) ∩ SC ̸= ∅ for every F ∈ F|C ;

(b’) for every connected componentC ′ ofC−SC ,NC(V (C ′)) intersects at most 8c
(︂
hd+

(︁h
2
)︁)︂
·

log q connected components of C − V (C ′);

(c’) there exists a family of subsets YC′ ⊆ Y forC ′ connected component ofC−SC , each of size
at most 48c

(︂
dh+

(︁h
2
)︁)︂
· log q, such that for every connected subgraph H of C intersecting

SC , if C1, . . . , Cm are connected components of C − SC intersecting V (H), then

(a) |φ(V (H))| > q, or

(b) |λC(V (H) ∩ SC)| > q, or

(c) there is a (λC × φ)-center u of V (H) ∩ SC with λC(u) ∈ YCi for every i ∈ [m].

Let
S =

⋃︂
C∈C

SC ,
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and let λ : S → Y such that λ|SC
= λC for every C ∈ C. Then, S, λ, (YC′ |

C ′ connected component of G− S) satisfies the outcome of the lemma. Now suppose that G
is connected.

Let F ′ be the family of all the connected subgraphs of G containing an F-rich model of
Fh,d+1. We claim that there are no F ′-rich model of F2,d in G.

Suppose for a contradiction that there is an F ′-rich model
(︁
Bx | x ∈ V (F2,d)

)︁
of F2,d in G.

We will deduce an F-rich model of Fh,d in G. We denote by c the center of the star F2,d and by
x1, . . . , xd the leaves of F2,d. Let i ∈ [d]. Since

(︁
Bx | x ∈ V (F2,d)

)︁
is F ′-rich, Bxi contains

a neighbor ui of Bc, and G[Bxi ] has an F-rich model
(︁
Bi
x | x ∈ V (Fh−1,d+1)

)︁
of Fh−1,d+1.

By taking the sets
(︁
Bi
x | x ∈ V (Fh−1,d+1)

)︁
inclusion wise maximal, and because G[Bxi ] is

connected, we can assume that ui ∈ Bi
yi

for some yi ∈ Fh−1,d+1. By Lemma 3.16, there is an
F-rich modelMi of Fh−1,d in G[Bxi ] whose branch set of the root contains a neighbor of Bc. It
follows that the union of the modelsM1, . . . ,Md, together with Bc as the branch set of the root,
yields an F-rich model of Fh,d in G, a contradiction. This proves that there is no F ′-rich model
of F2,d in G.

Hence by Lemma 6.58, applied for U being an arbitrary singleton, there exists S′ ⊆ V (G)
and a path partition (P0, . . . , Pℓ) of (G,S′) and sets R1, . . . , Rℓ ⊆ V (G) such that

6.58.(a) P0 = U ;

6.58.(b) V (F ) ∩ S′ ̸= ∅ for every F ∈ F ′;

6.58.(c) for every connected component C of G−S′, NG(V (C)) intersects at most three connected
components of G− V (C);

6.58.(d) Pi ⊆ Ri for every i ∈ [ℓ];

6.58.(e) cenq(G,φ,Ri) ⩽ c · d for every i ∈ {2, . . . , ℓ}; and

6.58.(f) |Ri \ Pi| ⩽ c · d.

We set R0 = P0 = U . Note that 6.58.(d)-6.58.(f) also holds for i = 0.
Let i ∈ {0, . . . , ℓ}. Let ηi : Ri → [c ·d] witness 6.58.(e), and let ψi : Ri → [2c ·d] be such that

ψi|Pi = ηi|Pi , ψi|Ri\Pi
is injective, and ψi(u) ̸= ψi(v) for every u ∈ Pi and v ∈ Ri \ Pi. Such a

coloring exists by 6.58.(f).
Let C be the family of all the connected components of G− S′. For every C ∈ C, fix an index

i(C) ∈ [ℓ] such that NG(V (C)) ⊆ Pi(C)−1 ∪ Pi(C). Now, for every i ∈ [ℓ], let

Wi = Pi−1 ∪ Pi ∪
⋃︂

C∈C,i(C)=i
V (C).

Note that (W1, . . . ,Wℓ) is a path decomposition of G.
For every u ∈ V (G), let

µ(u) =
{︄
i mod (q + 1) if u ∈ S′, where i ∈ {0, . . . , ℓ} is such that u ∈ Pi,
0 otherwise.

Let s = ⌈log(3q + 2)⌉. For every r ∈ {0, . . . , s}, let Ir = {i ∈ {0, . . . , ℓ} | i ≡ 0 mod 2r}.
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We will now build by induction on s − r pairwise disjoint sets R′
i for i ∈ Ir. We will denote

by Sr the set
⋃︁
i∈Ir

R′
i. We maintain the property that Pi ⊆

⋃︁
j∈Ir

R′
j for every i ∈ Ir.

First consider the base case r = s. For every i ∈ Is, let

R′
i = Ri ∩

⋃︂
j∈{0,...,ℓ},i−q⩽j⩽i+q+1

Wj .

Since Wi ∩Wi+2 = ∅ for every i ∈ [ℓ − 2], and because 2s ⩾ 3q + 2, the sets R′
i for i ∈ Is are

pairwise disjoint. Let Ss =
⋃︁
i∈Is

R′
i.

Now suppose r < s and that R′
i for i ∈ Ir+1 has been constructed. For sake of presentation,

we set R′
i = Pi = ∅ for every integer i with i < 0 or i > ℓ. Let i ∈ Ir \ Ir+1. Note that

i− 2r, i+ 2r ≡ 0 mod 2r+1. Let

R′
i =

⎛⎝Ri ∩ ⋃︂
j∈{0,...,ℓ},i−2r+1⩽j⩽i+2r

Wi

⎞⎠ \ Sr+1.

This complete the definition of the sets R′
i for i ∈ {0, . . . , ℓ}. We define a coloring λ of S0 as

follows. For every r ∈ {0, . . . , s}, for every i ∈ Ir \ Ir+1 with the convention Is+1 = ∅, let

λ0(u) = (r, ψi(u))

for every u ∈ R′
i.

Now that S0 and λ0 are defined, we decompose G − S0. Since S′ =
⋃︁
i∈{0,...,ℓ} Pi intersects

every member of F ′, and because S′ ⊆ S0, G − S0 does not have any F-rich minor of Fh,d+1.
Hence, by the induction hypothesis, there exists a set Ỹ of at most 48c

(︂
(h− 1)(d+ 1) +

(︁h−1
2
)︁)︂
·

q log q colors, a set S̃ ⊆ V (G− S0) and a function λ̃ : S̃ → Y such that

(a”) V (F ) ∩ S̃ ̸= ∅ for every F ∈ F|G−S0 ;

(b”) for every connected component C of G − S0 − S̃, NG−S0(V (C)) intersects at most
9c
(︂
(h− 1)(d+ 1) +

(︁h−1
2
)︁)︂
· log q connected components of G− S0 − V (C);

(c”) there exists a family of subsets Ỹ C ⊆ Ỹ for C connected component ofG−S0− S̃, each of
size at most 48c

(︂
(d+ 1)(h− 1) +

(︁h−1
2
)︁)︂
· log q, such that for every connected subgraph

H ofG−S0 intersecting S̃, ifC1, . . . , Cm are connected components ofG−S0 intersecting
V (H), then

(a) |φ(V (H))| > q, or

(b) |λ̃(V (H) ∩ S̃)| > q, or

(c) there is a (λ̃× φ)-center u of V (H) ∩ S̃ with λ̃(u) ∈ Ỹ Ci for every i ∈ [m].

Up to relabeling the elements of Ỹ , we can assume that Ỹ is disjoint from the image of µ× λ0.
Now, let

S = S0 ∪ S̃,

and for every u ∈ S, let

λ(u) =
{︄

(µ(u), λ0(u)) if u ∈ S0,
λ̃(u) if u ∈ S̃.
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Let Y be the image of λ. First, note that

|Y | ⩽ (q + 1) · (s+ 1) · 2c(d+ 1) + 48c
(︂
(h− 1)(d+ 1) +

(︁h−1
2
)︁)︂
· q log q

⩽ 48cd · q log q + 48c
(︂
(h− 1)(d+ 1) +

(︁h−1
2
)︁)︂
· q log q

⩽ 48c
(︂
hd+

(︁h
2
)︁)︂
· q log q.

The main difficulty is now to prove (c). To do so, we use the following claim.

Claim 6.59.1. There is a family of subsets Yi ⊆ Y for i ∈ {0, . . . , ℓ}, each of size at most
48cd · log q, such that for every connected subgraph H of G intersecting S0, if V (H) intersects
Wi1 , . . . ,Wim for i1, . . . , im ∈ {0, . . . , ℓ}, then

(1) |φ(V (H))| > q, or

(2) |λ(V (H) ∩ S0)| > q, or

(3) there is a (φ× λ)-center u of V (H) ∩ S0 with λ(u) ∈ Yij for every j ∈ [m].

Proof of the claim. Let i ∈ {0, . . . , ℓ}. For every r ∈ {0, . . . , s}, let i−r be the maximum element
of Ir less or equal to i, or 0 if no such index exists, and let i+r be the minimum element of Ir
greater than i, or ℓ if no such index exists. Let

Yi =
⋃︂

r∈{0,...,s},ε∈{−,+}

(︂
λ(R′

iεr
\ Piεr ) ∪ ({r} × ψiεr (Piεr ))

)︂
.

Observe that

|Yi| ⩽ 2(s+ 1) · (c(d+ 1) + c(d+ 1))
⩽ 2(2 + log(3q + 2)) · 4cd
⩽ 8cd(2 + log(5q))
⩽ 8cd(5 + log q)
⩽ 48cd · log q.

We now prove that Yi for i ∈ {0, . . . ,m} is as desired. Let H be a connected subgraph of
G intersecting S0, and let i1, . . . , im ∈ {0, . . . , ℓ} be such that V (H) intersects Wij for each
j ∈ [m]. If |φ(V (H))| > q or |λ(V (H) ∩ S0)| > q we are done. Now suppose |φ(V (H))| ⩽ q
and |λ(V (H) ∩ S0)| ⩽ q. This second inequality implies |µ(V (H) ∩ S0)| ⩽ q, and so V (H)
intersects at most q parts of the path partition (P0, . . . , Pℓ). Let r ∈ {0, . . . , s} be maximum such
that V (H) ∩ Sr ̸= ∅.

First suppose that r = s. Since V (H) intersects at most q parts of the path partition
(P0, . . . , Pℓ), and because s ⩾ 3q + 2, V (H) intersects at most one of the sets R′

j for j ∈ Is. Let
j ∈ Is be this unique index. Then j = iεs for some ε ∈ {−,+} and every i ∈ {i1, . . . , im}. By the
properties ofRj , there is a (φ×ηj)-center u of V (H)∩Rj . If u ∈ R′

j , then u is a (φ×ψj)-center
of V (H)∩R′

j , and so u is a (φ×λ)-center of V (H)∩R′
j . This implies that u is a (φ×λ)-center

of V (H)∩S0, and λ(u) ∈ {s}×ψiεs(Piεs) ⊆ Yi for every i ∈ {i1, . . . , im}. Otherwise, if u ̸∈ R′
j ,

then since V (H) intersects at most q parts of the path partition (P0, . . . , Pℓ), V (H) is disjoint
from Pj . But then, since ψj |R′

j\Pj
is injective, any vertex v in V (H) ∩ R′

j is a (φ × λ)-center of
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V (H) ∩ S0, and λ(v) ∈ λ(R′
iεs
\ Piεs) ⊆ Yi for every i ∈ {i1, . . . , im}. In each case, we found a

(φ× λ)-center w of V (H) ∩ S0 with λ(w) ∈ Yi for every i ∈ {i1, . . . , im}.
Now assume r < s. In particular, V (H) is disjoint from Sr+1. Since Sr+1 separates every pair

R′
j1 , R

′
j2 for distinct j1, j2 ∈ Ir \ Ir+1, there is a unique j ∈ Ir \ Ir+1 such that V (H) ∩R′

j ̸= ∅.
Moreover, j = iεr for some ε ∈ {−,+}, for every i ∈ {i1, . . . , im}. Then, by the properties of Rj ,
there is a (φ× ηj)-center u of V (H) ∩ Rj . Since Sr+1 separates R′

j from Rj \ R′
j , this vertex u

belongs toR′
j . This implies that u is a (φ×λ)-center of V (H)∩S0, and λ(u) ∈ {r}×ψiεr (Piεr ) ⊆

Yi for every i ∈ {i1, . . . , im}. This proves the claim. ♢

We now show that (a)-(c) hold.
For every member F ofF , either V (F )∩S0 ̸= ∅, or V (F )∩S̃ ̸= ∅ by (a”), and so V (F )∩S ̸=

∅. This proves (a).
We now prove (b). Let C be a connected component of G − S. Let C ′ be the connected

component of G − S′ containing C. First, by (b”), NG−S0(V (C)) = NG(V (C)) ∩ S̃ intersects
at most 9c

(︂
(h− 1)(d+ 1) +

(︁h−1
2
)︁)︂
· log q connected component of G − S0 − V (C). Second,

by 6.58.(c), NG(V (C ′)) intersects at most three connected components of G − V (C ′). It is now
enough to bound |NG(V (C)) ∩ (S0 \ S′)|. The set NG(V (C)) intersects at most two of the R′

j

for j ∈ Is, and so, since |R′
j \ Pj | ⩽ c · d for every j ∈ Is, we deduce

|NG(V (C)) ∩ (Ss \ S′)| ⩽ 2c · d.

Let r ∈ {0, . . . , s − 1}. Again, by construction, NG(V (C)) intersects at most one of the R′
j for

j ∈ Ir \ Ir+1, and so
|NG(V (C)) ∩ ((Sr \ Sr+1) \ S′)| ⩽ c · d.

Altogether, this yields

|NG(V (C)) ∩ (S0 \ S′)| ⩽ c · d · (s+ 2)

and so the number of connected components of G− V (C) intersecting NG(V (C)) is at most

3 + cd · (s+ 2) + 9c
(︂
(h− 1)(d+ 1) +

(︁h−1
2
)︁)︂
· log q

⩽ 3 + cd(3 + log(2q + 3)) + 9c
(︂
(h− 1)(d+ 1) +

(︁h−1
2
)︁)︂
· log q

⩽ 3 + cd(3 + log(5q)) + 9c
(︂
(h− 1)(d+ 1) +

(︁h−1
2
)︁)︂
· log q

⩽ 3 + cd · 6 log(q) + 9c
(︂
(h− 1)(d+ 1) +

(︁h−1
2
)︁)︂
· log q

⩽ 9cd · log(q) + 9c
(︂
(h− 1)(d+ 1) +

(︁h−1
2
)︁)︂
· log q

⩽ 9c
(︂
h(d+ 1) +

(︁h
2
)︁)︂
· log q.

This proves (b).
Let C be a connected component of G − S. Let C ′ be the connected component of G − S0

containing C, and let Ỹ C′ ⊆ Ỹ be the set given by (c”). Let i be the unique index in [ℓ] such that
Wi intersects V (C). We set

YC = Yi ∪ Ỹ C′ .
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Note that

|YC | ⩽ 24cd · log q + 24c
(︂
(h− 1)(d+ 1) +

(︁h−1
2
)︁)︂
· log q

⩽ 24c
(︂
hd+

(︁h
2
)︁)︂
· log q.

We claim that the family YC for C connected component of G− S satisfies (c).
Let H be a connected subgraph of G intersecting S, and let C1, . . . , Cm be connected compo-

nents of G− S intersecting V (H). For each j ∈ [m], we denote by C ′
j the connected component

of G − S0 containing Cj , and by ij the unique integer in [ℓ] such that V (Cj) ⊆ Wij . If H is
disjoint from S0, then C ′

1 = · · · = C ′
m, and by (c”), either

(i) |φ(V (H))| > q,

(ii) |λ̃(V (H) ∩ S̃)| > q and so λ(V (H) ∩ S)| > q, or

(iii) there is a (φ× λ̃)-center u of V (H) ∩ S̃ with λ̃(u) ∈ Ỹ C′
1
, and so u is a (φ× λ)-center of

V (H) ∩ S with λ(u) ∈ YCi for every i ∈ [m].

Now suppose that V (H) intersects S0. Then by the claim, either

(i) |φ(V (H))| > q,

(ii) |λ(V (H) ∩ S)| > q, or

(iii) there is a (φ × λ)-center u of V (H) ∩ S0 with λ(u) ∈ Yi for every i ∈ {i1, . . . , im}.
Because the colors in

⋃︁
i∈{i1,...,im} Yi are used by λ only for vertices in S0, we deduce that

u is a (φ× λ)-center of V (H) ∩ S with λ(u) ∈ YCi for every i ∈ [m].

This shows (c), and concludes the proof of the lemma.

The following lemma is folklore. See e.g. [Die17, Proposition 7.2.1] for a proof.

Lemma 6.60 (Folklore). Let k be an integer with k ⩾ 3. For every Kk-minor-free graph G, G as
at most 2k−3 · |V (G)| − 1 edges.

We now show a slightly modified version of Lemma 6.61, where in (b), the number of con-
nected components of G − V (C) intersecting NG(V (C)) is now only a function of k, under the
assumption that G is Kk-minor-free for some fixed positive integer k.

Lemma 6.61. Let q, c, d, k be positive integers with q ⩾ 2 and k ⩾ 3. Let h be a nonnegative
integer, let G be a Kk-minor-free graph, let φ be a (q, c)-good coloring of G, let F be a family of
connected subgraphs of G such that G has no F-rich model of Fh+1,d. There exists a set Y of at
most 48c2

(︂
hd+

(︁h
2
)︁)︂
· q log q colors, a set S ⊆ V (G), and a function λ : S → Y such that

(a) V (F ) ∩ S ̸= ∅ for every F ∈ F;

(b) for every connected component C of G− S, NG(V (C)) intersects at most 2k−1 connected
components of G− V (C);

(c) there exists a family YC ⊆ Y for C connected component of G − S, each of size at most
56c2

(︂
dh+

(︁h
2
)︁)︂
· log q, such that for every connected subgraph H of G intersecting S, if

H intersects the connected components C1, . . . , Cm of G− S, then



206 CHAPTER 6 — Centered colorings and weak coloring numbers

(1) |φ(V (H))| > q, or

(2) |λ(V (H) ∩ S)| > q, or

(3) there is a (λ× φ)-center u of V (H) ∩ S with λ(u) ∈ YCi for every i ∈ [m].

Proof. By Lemma 6.59, there exists a set Y0 of at most 48c
(︂
hd+

(︁h
2
)︁)︂
· q log q colors, a set

S0 ⊆ V (G) and a function λ0 : S0 → Y0 such that

6.59.(a) V (F ) ∩ S0 ̸= ∅ for every F ∈ F ;

6.59.(b) for every connected component C of G−S0, NG(V (C)) intersects at most 8c
(︂
hd+

(︁h
2
)︁)︂
·

log q connected components of G− V (C);

6.59.(c) there exists a family Y0,C ⊆ Y0 for C connected component of G−S0, each of size at most
48c

(︂
dh+

(︁h
2
)︁)︂
· log q, such that for every connected subgraph H of G intersecting S, if

V (H) intersects the connected components C1, . . . , Cm of G− S0, then

(a) |φ(V (H))| > q, or

(b) |λ0(V (H) ∩ S)| > q, or

(c) there is a (φ× λ0)-center u of V (H) ∩ S0 with λ0(u) ∈ Y0,Ci for every i ∈ [m].

We assume that Y0 is disjoint from N.
Let C be the family of all the connected components ofG−S0. LetC ∈ C. LetF ′ be the family

of all the connected subgraphs H of C such that NG(V (H)) intersects at least 2k−2 connected
components of G− V (C). Let N = 8c

(︂
hd+

(︁h
2
)︁)︂
· log q. We claim that there are no N pairwise

disjoint members ofF ′. Suppose for contradiction thatH1, . . . ,HN are pairwise disjoint members
of F . Let A be the minor of G obtained from G by contracting every connected component of
G − V (C) having a neighbor in V (C) in to a single vertex, and every Hi into a single vertex.
We denote by u1, . . . , um the vertices resulting the contractions of these connected components of
G− V (C), and by v1, . . . , vN the vertices resulting from the contractions of H1, . . . ,Hm. Then,
A is a graph with m + N ⩽ 2N vertices, and every vi for i ∈ [N ] has at least 2k−2 neighbors in
u1, . . . , um. Hence |E(A)| ⩾ 2k−2N . On the other hand, A is a minor of G and so is Kk-minor-
free. By Lemma 6.60, this implies that |E(A)| ⩽ 2k−3|V (A)| − 1 < 2k−2N . This contradiction
proves that there are no N pairwise disjoint members of F ′.

Hence, since φ is a (q, c)-good coloring, there exists a set ZC ⊆ V (C) and a coloring
ψC : ZC → [c ·N ] such that

(i) V (F ) ∩ ZC ̸= ∅ for every F ∈ F ′;

(ii) for every connected component C ′ of C −Z, NC(V (C ′)) intersects at most two connected
components of C − V (C ′); and

(iii) for every connected subgraph H of C, either |φ(V (H))| > q, or there is a (φ× ψC)-center
of V (H) ∩ Z.

Let
S = S0 ∪

⋃︂
C∈C

ZC ,
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and for every u ∈ S, let

λ(u) =
{︄
λ0(u) if u ∈ S0,
ψC(u) otherwise, where C is the unique member of C containing u.

We now prove (a)-(c). First, S0 ⊆ S and so V (F ) ∩ S ̸= ∅ for every F ∈ F by 6.59.(a).
Hence (a) holds.

Let C ′ be a connected component of G − S. Let C be the connected component of G − S0
containing C ′. Since C ′ is disjoint from ZC , NG(V (C ′)) intersects at most 2k−2 − 1 connected
components of G−V (C) by (i). Moreover, NG(V (C ′)) intersects at most two connected compo-
nents ofC−V (C ′). HenceNG(V (C ′)) intersects at most 2k−2+1 ⩽ 2k−1 connected components
of G− V (C ′). This proves (b).

Let C be a connected component of G − S. Let C ′ be the connected component of G − S0
containing C ′. Let Y0,C′ be the set given by 6.59.(c). Let

YC = Y0,C′ ∪ [c ·N ].

Note that |YC | ⩽ 56c2
(︂
dh+

(︁h
2
)︁)︂
· log q. Let H be a connected subgraph of G intersecting S

such that |φ(V (H))| ⩽ q and |λ(V (H) ∩ S)| ⩽ q. Suppose that C1, . . . , Cm are connected
components of G − S intersecting V (H). For every i ∈ [m], we denote by C ′

i the connected
component of G− S0 containing V (Ci). If H intersects S0, then by 6.59.(c), there is a (φ× λ0)-
center u of V (H) ∩ S0 with λ0(u) ∈

⋃︁
i∈[m] Y0,C′

i
, and so u is a (φ × λ)-center of V (H) ∩ S

with λ(u) ∈
⋃︁
i∈[m] YCi . Now suppose that H is disjoint from S0. Then C ′

1 = · · · = C ′
m. By

(iii), there is a (φ × ψC′
1
)-center u of V (H) ∩ ZC′

1
, and so u is a (φ × λ)-center of V (H) ∩ S

with λ(u) ∈ [c · N ] ⊆ YCi for every i ∈ [m]. This shows (c), and concludes the proof of the
lemma.

We now apply iteratively Lemma 6.61 to obtain a coloring for graphs with no F-rich model
of a given apex-forest. We use the same technique as in Claim 6.3.1, while building a suitable
coloring. The main inspiration here is Dębski, Felsner, Micek, and Schröder’s paper [DMSF21].
See Figure 6.22. The item (c) in Lemma 6.61 will be very useful here, because it basically says that
in a connected component C of G− S, we can reuse most of the colors, except a few ones which
are given in the set YC . To formally apply this idea, we maintain a “buffer” of colors (Y1, . . . , Yq)
which are not yet reusable. Here, Ya for a ∈ [q] corresponds to a set of the form YC obtained
a steps before the current induction call. We will maintain the fact that any connected subgraph
between the currently processed connected component and a vertex with color in Ya must also use
colors in each of Y1, . . . , Ya−1, and so already contains at least a colors. When we reach a = q+1,
we can then actually reuse these colors since we are only interested in connected subgraphs using
at most q colors.

Lemma 6.62. Let c, k be positive integers, let X be a forest. There exists an integer c6.62(c, k,X)
such that the following holds. Let q be an integer with q ⩾ 2, let G be a Kk-minor-free graph, let
φ be a (q, c)-good coloring of G, let F be a family of connected subgraphs of G such that G has
no F-rich model of K1 ⊕X . Let U ⊆ V (G), and let C be a connected component of G− U . Let
Y be a set of at least 2c6.62(c, k,X) · q log q colors. Let λ0 : U → Y and let Y1, . . . , Yq be subsets
of Y with |Ya| ⩽ c6.62(c, k,X) · log q for every a ∈ [q] such that
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(i) NG(V (C)) intersects at least one and at most 2k−1 connected components of G− V (C);

(ii) for every connected subgraph H of G intersecting both U and V (C)

(1) |φ(V (H))| > q, or

(2) |λ0(V (H) ∩ S)| > q, or

(3) there exists a (φ × λ0)-center uH of V (H) ∩ U and a ∈ [q] such that λ0(uH) ∈ Ya
and |λ0(V (H) ∩ U) ∩ (

⋃︁
b∈[a] Yb)| ⩾ a. We fix such a vertex uH .

Then there exists S ⊆ V (C) ∪ U containing U and a coloring λ : S → Y extending λ0 such that

(a) V (F ) ∩ S ̸= ∅ for every F ∈ F|C;

(b) for every connected component C ′ of C − S, NG(V (C ′)) intersects at most 2k connected
components of G− V (C ′); and

(c) for every connected subgraph H of G intersecting both S and V (C),

(1) |φ(V (H))| > q, or

(2) |λ(V (H) ∩ U)| > q, or

(3) there is a (φ× λ)-center u of V (H) ∩ S such that, if V (H) ∩ U ̸= ∅, then u = uH .

Proof. By Lemma 6.21, the class of all forests has the coloring elimination property. Therefore,
there is a forest X ′ such that for all sets S1, . . . , S2k−1 ⊆ V (X ′) whose union is V (X ′), there
exists i ∈ [2k−1] such that X ′ contains a Si-rooted model of X ⊔K1. Since X ′ is a forest, there
exists positive integers h, d such that X ′ ⊆ Fh,d. Let

c6.62(c, k,X) = 56c2
(︂
hd+

(︁h
2
)︁)︂
.

We now proceed by induction on |V (C)|. If F|C = ∅, then set S = U, λ = λ0 and we are
done. Now suppose that F|C ̸= ∅.

Let A1, . . . , Aℓ be the connected components of G− V (C) intersecting NG(V (C)). For each
i ∈ [ℓ], let Si = NG(V (Ai)) ∩ V (C). Let F ′ be the family of all the connected subgraphs H
of C such that H contains a member of F and intersects

⋃︁
i∈[ℓ] Si. We claim that there are no

F ′-rich model of X ′ in C. Indeed, if there is such a model, then by the properties of X ′, there
exists i ∈ [ℓ] such that C contains an F-rich model (Bx | x ∈ V (X ⊔K1)) of X ⊔K1 such that
every branch set has a neighbor in Ai. Then, if x0 is the vertex of K1 in X ⊔K1, then the model
(Bx | x ∈ V (X)) together with Bx0 ∪ Ai is an F-rich model of K1 ⊕ X in G, a contradiction.
This shows that there is no F ′-rich model of X ′ in C.

Let Ỹ = Y \
⋃︁
a∈[q] Ya. Note that |Ỹ | ⩾ 56c2

(︂
hd+

(︁h
2
)︁)︂
· q log q. By Lemma 6.61, there

exists a set S̃ ⊆ V (C) and a function λ̃ : S̃ → Ỹ such that

6.61.(a) V (F ) ∩ S̃ ̸= ∅ for every F ∈ F ′;

6.61.(b) for every connected component C ′ of C− S̃, NC(V (C ′)) intersects at most 2k−1 connected
components of C − V (C ′); and

6.61.(c) there exists a family Ỹ C′ ⊆ Ỹ for C ′ connected component of C − S̃, each of size at most
56c2

(︂
dh+

(︁h
2
)︁)︂
· log q, such that for every connected subgraph H of C ′ intersecting S̃, if

C ′
1, . . . , C

′
m are connected components of C − S̃ intersecting V (H), then
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(1) |φ(V (H))| > q, or

(2) |λ̃(V (H) ∩ S̃)| > q, or

(3) there is a (φ × λ̃)-center ũH of V (H) ∩ S̃ with λ̃(ũH) ∈ Ỹ C′
i

for every i ∈ [m]. We
fix such a vertex ũH .

Note that since F|C ̸= ∅ and G is connected, S̃ is nonempty. Let

U ′ = U ∪ S̃,

and let λ′
0 : U ′ → Y be defined by

λ′
0(u) =

{︄
λ0(u) if u ∈ U ,
λ̃(u) if u ∈ S̃,

for every u ∈ U ′. Let H be a connected subgraph of G intersecting U ′ with |φ(V (H))| ⩽ q and
|λ′

0(V (H) ∩ U ′)| ⩽ q. Note that in particular |λ0(V (H) ∩ U)| ⩽ q and |λ̃(V (H) ∩ Ũ | ⩽ q. If
V (H) ∩ U ̸= ∅, then let u′

H = uH , and if V (H) ∩ U = ∅, then let u′
H = ũH .

Let C be the family of all the connected components of C − S̃ that contain a member of F .
Let C ′ ∈ C. Let Ỹ C′ be the set given by 6.61.(c). Let (Y ′

1 , . . . , Y
′
q ) = (Ỹ C′ , Y1, . . . , Yq−1). We

now show that U ′, C ′, λ′
0, Y, (Y ′

1 , . . . , Y
′
q ), (u′

H)H , satisfies the hypothesis of the lemma, and so
we can call induction. First observe that, since C ′ ̸∈ F ′, we have NG(V (C ′)) ∩ U = ∅, and so
NG(V (C ′)) intersects at most 2k−1 connected components of G − V (C ′) by 6.61.(b). Let H be
a connected subgraph of G intersecting both U ′ and V (C ′), and such that |φ(V (H))| ⩽ q and
|λ′

0(V (H) ∩ U ′)| ⩽ q. Let C ′
1, . . . , C

′
m be connected components of C − S̃ intersecting V (H)

with C ′
1 = C ′. First suppose that V (H) intersects U . By hypothesis, u′

H = uH is a (φ × λ0)-
center of V (H) ∩ U such that, for some a ∈ [q], we have λ0(u′

H) ∈ Ya. Since the colors used
by λ0 and λ̃ are pairwise distinct, u′

H is a (φ × λ′
0)-center of V (H) ∩ U ′. Moreover, since C is

a member of F , the set V (H) intersects S̃. By hypothesis, |λ0(V (H) ∩ U) ∩ (
⋃︁
b∈[q] Yb)| ⩾ a.

Since Ỹ is disjoint from
⋃︁
b∈[a] Yb, we deduce that

|λ′
0(V (H) ∩ U ′) ∩ (

⋃︁
b∈[a+1] Y

′
b )| = |λ0(V (H) ∩ U) ∩ (

⋃︁
b∈[a] Yb)|+ |λ′

0(V (H) ∩ U ′) ∩ Ỹ C′ |
⩾ a+ 1.

If a = q, then we have |λ′
0(V (H) ∩ U ′)| > q, a contradiction. Otherwise, since λ′

0(u) ∈ Ya =
Y ′
a+1, the vertex u′

H is as wanted. Now assume that V (H) is disjoint from U . Then V (H) is a
connected subgraph of C. Hence, by 6.61.(c), and because |φ(V (H))| ⩽ q and |λ̃(V (H)∩ S̃)| ⩽
q, the vertex u′

H is a (φ× λ̃)-center of V (H)∩ S̃ = V (H)∩U ′ such that λ′
0(u′

H) ∈ Ỹ C′
i

for every
i ∈ [m]. Since λ′

0(u′
H) ∈ Y ′

1 , we clearly have |λ′
0(V (H) ∩ U) ∩ (

⋃︁
b∈[1] Y

′
b )| ⩾ 1. This proves

that U ′, C ′, Y, λ′
0, (Y ′

1 , . . . , Y
′
q ), (u′

H)H satisfies the hypothesis of the lemma.
Since F ′ ̸= ∅, the set S̃ is nonempty, and so |V (C ′)| < |V (C)|. Hence we can call the

induction hypothesis onU ′,C ′, Y , λ′
0, (Y ′

1 , . . . , Y
′
q ). This gives a set SC′ ⊆ V (C ′)∪U ′ containing

U ′ and a coloring λC′ : SC′ → Y extending λ′
0 such that

(a’) V (F ) ∩ S ̸= ∅ for every F ∈ F|C′ ;

(b’) for every connected componentC ′′ ofC ′−SC′ ,NG(V (C ′′)) intersects at most 2k connected
components of G− V (C ′′); and
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(c’) for every connected subgraph H of G intersecting V (C ′) and SC′ , either

(1) |φ(V (H))| > q, or

(2) |λC′(V (H) ∩ S)| > q, or

(3) there is a (φ×λC′)-center u of V (H)∩SC′ such that, if V (H)∩U ′ ̸= ∅, then u = u′
H .

Then let
S =

⋃︂
C′∈C

SC′

and let λ : S → Y be defined by
λ(u) = λC′(u)

for every u ∈ SC′ , for every C ′ ∈ C. This is well defined because the colorings λC′ for C ′ ∈ C
coincide on U ′. We now show (a)-(c).

Let F ∈ F intersecting C. If V (F ) ∩ U ′ ̸= ∅ then V (F ) ∩ S ̸= ∅. Otherwise, there exists
C ′ ∈ C such that F ⊆ C ′. Then, by (a’), V (F ) ∩ SC′ ̸= ∅ and so V (F ) ∩ S ̸= ∅. This proves (a).

LetC ′′ be a connected component ofC−S. SinceC ′′ is disjoint from S̃, eitherNG(V (C ′′)) ⊆
U ∪ S̃, or there exists C ′ ∈ C such that C ′′ ⊆ C ′. In the first case, NG(V (C ′′)) intersects at most
2k−1 connected components ofG−V (C) by assumption, and at most 2k−1 connected components
of C − S̃ by 6.61.(b). This implies that NG(V (C ′′)) intersects at most 2k connected components
of G − V (C ′′). In the second case, let C ′ ∈ C such that C ′′ ⊆ C ′. Then, by (b’), NG(V (C ′′))
intersects at most 2k connected components of G− V (C ′′). This proves (b).

Let H be a connected subgraph of G intersecting both V (C) and S such that |φ(V (H))| ⩽ q
and |λ(V (H) ∩ S)| ⩽ q. Let C ′

1, . . . , C
′
m be the connected components of C − S̃ intersecting

V (H) (with possibly m = 0). First suppose that V (H) intersects U . By hypothesis, the vertex
u′
H = uH is a (φ × λ0)-center of V (H) ∩ SC′

i
for every i ∈ [m]. Therefore, uH is a (φ × λ)-

center of V (H) ∩ S. Now suppose that V (H) is disjoint from U . Assume that V (H) intersects
S̃. By (c’), the vertex u′

H is a (φ× λ̃)-center u of V (H) ∩ SC′
i

for every i ∈ [m], and so u′
H is a

(φ×λ)-center of V (H)∩S. Finally, assume that V (H) is disjoint from S̃∪U . Then, there exists
C ′ ∈ C such that H ⊆ C ′. Therefore, by (c’), there is a (φ × λC′)-center u of V (H) ∩ SC′ . By
the definition of λ, and because V (H)∩SC′ = V (H)∩S, we conclude that u is a (φ×λ)-center
of V (H) ∩ S. This shows (c) and concludes the proof of the lemma.

We can now deduce the main result of this section.

Lemma 6.63. Let k, c be positive integer. There exists a constant α such that for every X ∈
A(R2), there exists a constant β(X) such that the following holds. For every Kk-minor-free
graph G, for every integer q with q ⩾ 2, for every (q, c)-good coloring φ of G, for every family F
of connected subgraphs of G, for every integer q with q ⩾ 2, if there is no F-rich model of X in
G, then there exists S ⊆ V (G) such that

(a) V (F ) ∩ S ̸= ∅ for every F ∈ F ,

(b) for every connected component C of G − S, NG(V (C)) intersects at most α connected
components of G− V (C), and

(c) cenq(G,φ, S) ⩽ β(X) · q log q.
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Proof. Let α = 2k, and let X ∈ A(R2). There exists X ′ ∈ R2 such that X ⊆ K1⊕X ′. Fix such
a forestX ′, and let β(X) = c6.62(c, k,X ′). Let q be an integer with q ⩾, letG be aKk-minor-free
graph, let F be a family of connected subgraphs of G such that there is no F-rich model of X in
G.

Let Y be a set of c6.62(c, k,X ′) · q log q colors, let y0 ∈ Y arbitrary, let Y1 = {y0} and
Y2 = · · · = Yq = ∅.

Let C be the family of all the connected components of G. Let C ∈ C, let UC be an arbitrary
singleton in V (C), and let λ0 : U → {y0}. For every connected subgraph H of C intersecting
UC , let uH be the unique vertex in UC .

Let CC be the family of all the connected components of C − UC , and let C ′ ∈ CC . By
Lemma 6.62 there exists SC′ ⊆ V (C ′) ∪ UC containing UC and a coloring λC′ : SC′ → Y
extending λ0 such that

6.62.(a) V (F ) ∩ SC′ ̸= ∅ for every F ∈ F|C′ ;

6.62.(b) for every connected componentC ′′ ofC ′−SC′ ,NC(V (C ′′)) intersects at most 2k connected
components of C − V (C ′′); and

6.62.(c) for every connected subgraph H of C intersecting V (C ′′) and SC′ , either

(1) |φ(V (H))| > q, or
(2) |λC′(V (H) ∩ S)| > q, or
(3) there is a (φ× λC′)-center u of V (H) ∩ S, and if V (H) ∩ U ̸= ∅, then u = uH .

Then the coloring λC :
⋃︁
C′∈CC

SC′ → Y defined by λ(u) = λC′(u) for every C ′ ∈ CC and
u ∈ SC′ , witnesses the fact that cenq(C,φ|V (C),

⋃︁
C′∈CC

SC′) ⩽ c6.62(c, k,X ′) · q log q.
Then, by Observation 6.11, we conclude that the set

S =
⋃︂
C∈C

⋃︂
C′∈CC

SC′

satisfies
cenq(G,φ, S) ⩽ c6.62(c, k,X ′) · q log q = β(X) · q log q,

which proves (c).
Moreover, by 6.62.(a), V (F ) ∩ S ̸= ∅ for every F ∈ F , and for every connected components

C ofG−S,NG(V (C)) intersects at most 2k = α connected components ofG−V (C) by 6.62.(b).
This proves (a) and (b).

6.9.5 Applying the induction

We can now prove Theorem 1.34, which is covered by the following two theorems. See Figures 6.2
and 6.3 for a general view of these proofs.

Theorem 6.64. Let t be an integer with t ⩾ 2, and let X ∈ St. There is constant a such that, for
every X-minor-free graph G, for every positive integer q,

cenq(G) ⩽ a · (tw(G) + 1) · qt−2,

and

cenq(G) ⩽ a · qt−1.
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Proof. Let k = |V (X)|. By Lemma 6.56, there exists a positive integer c such that for every
positive integer q, every Kk-minor-free graph admit a (q, c)-good coloring using q+ 1 colors. We
assume c ⩾ 2. For every positive integer q, for every graph G, for every S ⊆ V (G), let

parq(G,S) = max
φ (q, c)-good coloring of G

cenq(G,φ, S).

We show by induction that for every integer t with t ⩾ 2, q ↦→ qt−2 is (par,St)-bounding.
By Lemma 6.14, (parq | q ∈ N>0) is a nice family of focused parameters. We first show the
cases t = 2 and t = 3. By the definition of (q, c)-good colorings, q ↦→ 1 is (par,R1)-bounding.
Then, Theorem 6.23 implies that q ↦→ 1 is (par,S2)-bounding. By Theorem 6.3, because S2 is
closed under disjoint union and has the coloring elimination property by Lemma 6.21, we deduce
that the function q ↦→ q is (par,A(S2))-bounding. By Theorem 6.24, the function q ↦→ q is
(par,S3)-bounding.

Now suppose t ⩾ 4. By the induction hypothesis, q ↦→ qt−3 is (par,St−1)-bounding. Then,
by Theorem 6.3, because St−1 is closed under disjoint union and has the coloring elimination
property by Lemma 6.21, q ↦→ qt−2 is (par,A(St−1))-bounding. By Theorem 6.4, because St−1
is closed under disjoint union, this implies that q ↦→ qt−2 is (par,St)-bounding. This concludes
the proof of the induction.

By the definition of (par,St)-bounding functions applied for k = |V (X)|, there exists a
positive integer β such that the following holds. Let G be an X-minor-free graph, and let F be the
family of all the one-vertex subgraphs of G. Note there is no F-rich model of X in G. For every
positive integer q, there exists S ⊆ V (G) such that (in particular)

(i) V (F ) ∩ S ̸= ∅ for every F ∈ F , and so S = V (G), and

(ii) parq(G,S) ⩽ β · qt−2.

We deduce that
max

φ (q, c)-good coloring of G
cenq(G,φ, V (G)) ⩽ β · qt−2.

Now, by Lemma 6.55, there is a (q, c)-good coloring φ of G using tw(G) + 1 colors. Let
ψ : V (G)→ [β · qt−2] witnessing the fact that cenq(G,φ, V (G)) ⩽ β · qt−2. We claim that φ×ψ
is a q-centered coloring of G. Indeed, for every H ⊆ G connected, by the definition of ψ, one of
the following holds

(i) |φ(V (H))| > q, and so |(φ× ψ)(V (H))| > q,

(ii) |(φ× ψ)(V (H))| > q, or

(iii) there is a (φ× ψ)-center of V (H).

Therefore, φ×ψ is a q-centered coloring using at most β · (tw(G) + 1) · qt−2 colors. This proves
that

cenq(G) ⩽ β · (tw(G) + 1) · qt−2.

By the definition of c, there is a (q, c)-good coloring of G using q+ 1 colors. Let ψ : V (G)→
[β · qt−2] witnessing the fact that cenq(G,φ, V (G)) ⩽ β · qt−2. For the same reason as above,
φ× ψ is a q-centered coloring of G, and we conclude that

cenq(G) ⩽ β · (q + 1) · qt−2 ⩽ 2β · qt−1.

This proves the theorem for a = 2β.
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Theorem 6.65. Let t be an integer with t ⩾ 3, and let X ∈ Rt. There is constant a such that, for
every X-minor-free graph G, for every integer q with q ⩾ 2,

cenq(G) ⩽ a · (tw(G) + 1) · qt−2 log q,

and

cenq(G) ⩽ a · qt−1 log q.

Proof. Let k = |V (X)|. By Lemma 6.56, there exists a positive integer c such that for every
positive integer q, every Kk-minor-free graph admit a (q, c)-good coloring using q+ 1 colors. We
assume c ⩾ 2. For every positive integer q, for every graph G, for every S ⊆ V (G), let

parq(G,S) = max
φ (q, c)-good coloring of G

cenq(G,φ, S).

We show by induction that for every integer t with t ⩾ 3, q ↦→ qt−2 log(q + 1) is (par,St)-
bounding. By Lemma 6.14, (parq | q ∈ N>0) is a nice family of focused parameters. When
t = 3, by Lemma 6.63, the function q ↦→ q log(q + 1) is (par,A(R2))-bounding. If t ⩾ 4 and
q ↦→ qt−3 log(q + 1) is (par,Rt−1)-bounding, then, by Theorem 6.4, and becauseRt−1 is closed
under disjoint union, the function q ↦→ qt−2 log(q + 1) is (par,Rt)-bounding. This concludes the
proof of the induction.

By the definition of (par,Rt)-bounding functions applied for k = |V (X)|, there exists a
positive integer β such that the following holds. Let G be an X-minor-free graph, and let F be the
family of all the one-vertex subgraphs of G. Note there is no F-rich model of X in G. For every
positive integer q, there exists S ⊆ V (G) such that (in particular)

(i) V (F ) ∩ S ̸= ∅ for every F ∈ F , and so S = V (G), and

(ii) parq(G,S) ⩽ β · qt−2 log(q + 1).

We deduce that

max
φ (q, c)-good coloring of G

cenq(G,φ, V (G)) ⩽ β · qt−2 log(q + 1).

Now, by Lemma 6.55, there is a (q, c)-good coloring φ of G using tw(G) + 1 colors. Let
ψ : V (G)→ [⌊β ·qt−2 log(q+1)⌋] witnessing the fact that cenq(G,φ, V (G)) ⩽ β ·qt−2 log(q+1).
We claim that φ × ψ is a q-centered coloring of G. Indeed, for every H ⊆ G connected, by the
definition of ψ, one of the following holds

(i) |φ(V (H))| > q, and so |(φ× ψ)(V (H))| > q, or

(ii) |(φ× ψ)(V (H))| > q, or

(iii) there is a (φ× ψ)-center of V (H).

Therefore, φ×ψ is a q-centered coloring using at most β · (tw(G) + 1) · qt−2 colors. This proves
that

cenq(G) ⩽ β · (tw(G) + 1) · qt−2 log(q + 1).
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By the definition of c, there is a (q, c)-good coloring of G using q+ 1 colors. Let ψ : V (G)→
[⌊β · qt−2 log(q + 1)⌋] witnessing the fact that cenq(G,φ, V (G)) ⩽ β · qt−2 log(q + 1). For the
same reason as above, φ× ψ is a q-centered coloring of G, and we conclude that

cenq(G) ⩽ β · (q + 1) · qt−2 log(q + 1) ⩽ 2β · qt−1 log(q + 1).

When q ⩾ 2, we have log(q + 1) ⩽ 2 log(q), and so the theorem holds for a = 4β.
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CHAPTER 7
Conclusion and open

problems
In this thesis, I studied several questions of the form: which structural property on
graphs X1, . . . , Xℓ ensures that {X1, . . . , Xℓ}-minor-free graphs have a given struc-
ture. The structures on {X1, . . . , Xℓ}-minor-free graphs I considered were: bounded
k-treedepth in Chapter 2, bounded layered pathwidth and bounded layered treedepth in
Chapter 4, a product structure in Chapter 5, and polynomially bounded centered chro-
matic numbers and weak coloring numbers in Chapter 6. To conclude, I propose as open
problems several generalizations and improvements of these results.

7.1 Minor-monotone graph parameters . . . . . . . . . . . . . . . . . . . . . . 217
7.2 Rooted minors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 220
7.3 Weak coloring numbers and centered chromatic numbers . . . . . . . . . . 221

7.1 Minor-monotone graph parameters

One of the motivations behind the systematic study of obstructions for minor-monotone graph
parameters is the following conjecture by Robertson, Seymour, and Thomas [RST96].

Conjecture 7.1 (Robertson, Seymour, and Thomas [RST96]). For every minor-monotone graph
parameter p, there exist finitely many minor-closed classes of graphs X1, . . . ,Xℓ such that for
every minor-closed class of graphs C, the following are equivalent:

(1) p is bounded in C, that is, there exists an integer N such that p(G) ⩽ N for every G ∈ C,

(2) C excludes a member of Xi, that is Xi ̸⊆ C, for every i ∈ [ℓ].

For example, for p = tw, one can take ℓ = 1, and for X1 the class of planar graphs, since
a class of graphs has bounded treewidth if and only if it excludes a planar graph (Grid-Minor
Theorem). Conjecture 7.1 is a very special case of a broader conjecture asserting that infinite
countable graphs form a well-quasi-ordering for the graph minor relation. This should be seen
as an extension for graph parameters of Robertson-Seymour Theorem, which asserts that every
minor-closed class of graphs can be characterized by finitely many excluded minors. See the

217
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recent article [PPT23a] by Paul, Protopapas, and Thilikos for more information on this topic, and
some possible algorithmic applications.

The importance of Conjecture 7.1 motivates a more systematic study of minor-monotone pa-
rameters. In Chapter 2, we characterized classes of graphs having bounded k-treedepth in terms
of excluded minors. It would be interesting to obtain such results for broader families of minor-
monotone parameters. Recall that, informally, k-treedepth measures how a graph can be built by
alternatively adding a vertex and performing (< k)-clique-sums. In the remaining of this section,
we define a large family of minor-monotone graph parameters using these two operations. These
parameters will be indexed by the languages over an alphabet Σ which describes which sequences
of vertex additions and clique-sums are allowed to construct the input graph.

Let Σ be the alphabet containing the letters a and sk for all k ∈ N>0. We denote by ε the empty
word in Σ∗. Intuitively, the letter a corresponds to a vertex addition, and the letter sk to (< k)-
clique-sums. We will identify regular expressions over Σ with their corresponding languages.
For every w ∈ Σ∗, we define pw as the graph parameter taking values in N⩾0 ∪ {+∞} defined
inductively as follows. For every graph G, for every w ∈ Σ∗, for every positive integer k,

pε(G) =
{︄

0 if G = ∅,
+∞ otherwise,

pwa(G) = min
(︁
{pw(G)} ∪ {pw(G− u) + 1 | u ∈ V (G)}

)︁
,

pwsk
(G) = min

(︁
{pw(G)} ∪ {max{pwsk

(G1),pwsk
(G2)} | (G1, G2)}

)︁
where in the last equality, (G1, G2) ranges over all the pairs of graphs such that G is a (< k)-
clique-sum of G1 and G2 with |V (G1)|, |V (G2)| > |V (G1) ∩ V (G2)|. Less formally, we read
from left to right w as follows. When reading the letter a, we can add a vertex (with arbitrary
neighborhood) to a previously obtained graph, and when reading the letter sk, we can make ar-
bitrarily many (< k)-clique-sums of previously obtained graphs. Then pw(G) is the minimum
number of times we add a vertex (when reading the letter a) in such a construction of G. If it is
not possible to construct G this way, then pw(G) = +∞. Now, for every L ⊆ Σ∗, let

pL(G) = min
w∈L

pw(G),

with the convention min ∅ = +∞. An induction as in the proof of Lemma 2.5 shows that for
every L ⊆ Σ∗, the parameter pL is minor-monotone. Note that pL(G) ⩾ tw(G) + 1 for every
graph G, for every L ⊆ Σ∗. We denote by s+∞ the language {sk | k ⩾ 1}. Several classical
minor-monotone graph parameters are of the form pL for L ⊆ Σ∗: for every graph G with at least
one edge, for every positive integer k,

pa∗(G) = |V (G)|,
pa∗s1(G) = max

C connected
component of G

|V (C)|,

pa∗s2(G) = max
B block of G

|V (B)|,

pa∗sk
(G) = twk(G) + 1,
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where twk(G) is the k-treewidth of G, which is defined in [GJ16] as the minimum width of a tree
decomposition of G of adhesion less than k,

pa∗s+∞(G) = tw(G) + 1,
p(ask)∗(G) = tdk(G),

p(as1)∗s2(G) = max
B block of G

td(B),

pas1a∗(G) = vc(G) + 1, where vc(G) is the vertex cover number of G,

pa2s2a∗(G) = fvs(G) + 2, where fvs(G) is the feedback vertex set number of G.

The last two examples follows from the following property: for every graph G,

pas1(G) =

⎧⎪⎪⎨⎪⎪⎩
0 if G = ∅,
1 if E(G) = ∅ and V (G) ̸= ∅,
+∞ if E(G) ̸= ∅,

and

pa2s2(G) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
0 if G = ∅,
1 if E(G) = ∅ and V (G) ̸= ∅,
2 if E(G) ̸= ∅ and G is a forest,
+∞ otherwise.

Another noteworthy example is pa2s2(as1)∗ , which is (two plus) the elimination distance to a forest,
a parameter used in the context of parameterized complexity, see [DJ24].

Problem 7.2. Given a language L ⊆ Σ∗, characterize classes of graphs having bounded pL in
terms of excluded minors.

There is little hope that a general answer can be given to this problem. Indeed, for every
nonnegative integer k, for every graph G,

pak+1s+∞(G) =
{︄

tw(G) + 1 if tw(G) ⩽ k,
+∞ otherwise,

and so a class of graphs has bounded pak+1s+∞ if and only if it excludes all the minimal obstruc-
tions to treewidth at most k, which have not been determined yet, even for k = 4 (see [Ram97]).
Nonetheless, proving Conjecture 7.1, that is just the existence of such a characterization, for the
parameters pL for L ⊆ Σ∗ would be very interesting.

An important observation is that it is enough to consider only very specific languages L ⊆ Σ∗,
namely the downward closed languages under a specific order ≼∗ on Σ∗, that we now define.
Let ≼ be the order on Σ whose relations are a ≼ a and si ≼ sj for every positive integers
i, j with i ⩽ j, and let ≼∗ be the order on Σ∗ defined by, for all x1, . . . , xℓ, y1, . . . , ym ∈ Σ,
x1 . . . xℓ ≼∗ y1 . . . ym if and only if there exist 1 ⩽ i1 < · · · < iℓ ⩽ m such that xj ≼ yij
for every j ∈ [ℓ]. It follows from the definition that pw(G) ⩾ pw′(G) for every graph G and
for every w,w′ ∈ Σ∗ with w ≼∗ w′. Hence, for every L ⊆ Σ∗, pL = p↓L, where ↓ L is the
language {u ∈ Σ∗ | ∃w ∈ L, u ≼∗ w}. Moreover, by Higman’s Lemma [Hig52], (Σ∗,≼∗) is a
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well-quasi-ordering. Hence for every L ⊆ Σ∗, there exists a finite set F ⊆ Σ∗ (namely the set of
all the minimal elements of Σ∗\ ↓L) such that ↓L = {w ∈ Σ∗ | ∀u ∈ F, u ̸≼∗ w}. In particular,
pL is computable for every fixed L ⊆ Σ∗.

Another direction of research is to obtain good bounds for the k-treedepth of a graph G as a
function of the maximum size of a minor of G of the form T□Pℓ for T a tree on k vertices. We
proved in Chapter 2 that the former is bounded by a function of the latter, but this function is very
large, and we did not compute it explicitly. We conjecture that a bound polynomial in both k and
ℓ holds.

Conjecture 7.3. There exists a polynomial function f : N>0 → N>0 such that, for every graph G,
for all positive integer k, ℓ, either

(i) there is a tree T on k vertices such that T□Pℓ is a minor of G, or

(ii) tdk(G) ⩽ f(ℓ+ k).

Using the same technique as in Section 2.8, one can show that this would imply the Polynomial
Grid-Minor Theorem [CC16, CT21]: for every positive integer ℓ, graphs that do not contain the
ℓ× ℓ as a minor have treewidth bounded from above by a polynomial function of ℓ.

7.2 Rooted minors

In Chapter 4, we proved several structural properties for graphs excluding a specific graph as a
rooted minor. The general problem is to describe, given a graph X , the structure of a graph G
“focused” on a subset S of vertices if G has no S-rooted model of X . We investigated the cases
where X is a path (Theorem 4.2), and a tree (Theorem 4.5). The obtained bounds do not precisely
match the lower bounds, and we leave as open problems to bridge these gaps.

Within Theorem 4.2, we show that for every positive integer ℓ, for every graph G, and for
every S ⊆ V (G), if G has no S-rooted model of Pℓ, then td(G,S) ⩽

(︁ℓ
2
)︁
. A first question is

whether this can be improved to ℓ− 1.

Conjecture 7.4. For every positive integer ℓ, for every graph G, for every S ⊆ V (G), if there is
no S-rooted model of Pℓ in G, then

td(G,S) ⩽ ℓ− 1.

This would be tight as shown by G = Kℓ−1 and S = V (G).
Within Theorem 4.5, we show that for every forest F with at least one vertex, for every graph

G, for every S ⊆ V (G), if G has no S-rooted model of F , then pw(G,S) ⩽ 2|V (F )| − 2. A
second problem is whether this factor two can be removed.

Conjecture 7.5. For every nonnull forest F , for every graph G, for every S ⊆ V (G), if there is
no S-rooted model of F in G, then

pw(G,S) ⩽ |V (F )| − 2.

Again, this would be tight as shown by G = K|V (F )|−1 and S = V (G).
Within Corollary 4.17, we show the Erdős-Pósa property for S-rooted trees with a bound

(2k|V (T )| − 1)(k − 1) = O(k2)|V (T )|. I tend to believe that the bound |V (T )| · (k − 1) holds.
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Conjecture 7.6. For every tree T , for every positive integer k, for every graph G, for every
S ⊆ V (G), if there is no S-rooted model of k · T in G, then there exists X ⊆ V (G) intersecting
every S-rooted model of T in G with

|X| ⩽ |V (T )| · (k − 1).

This would be tight as shown byG = K|V (T )|k−1 and S = V (G). For T = K2, this is a celebrated
theorem of Gallai about the so-called “S-paths” [Gal64]. Another known interesting case is when
S = V (G), which was proved by Dujmović, Joret, Micek, and Morin in [DJMM24].

Overall, I think that the notion of rooted minors is interesting in itself, and so deserves a more
systematic study. A noteworthy statement in this direction is the following, which informally says
that, for all graph G and S ⊆ V (G), if G excludes an S-rooted minor, then there is a torso of a
superset of S that excludes a slightly larger minor. Here, we use the notation torsoG(W ) for a set
W ⊆ V (G) to denote the graph with vertex set W and where two vertices u, v are adjacent if and
only if there is a path from u to v in G internally disjoint from W .1

Theorem 7.7 ([DHH+24, Lemma 14]). Let t be a positive integer, let G be a graph, and let
S ⊆ V (G). If there is no S-rooted model of Kt in G, then there exists S′ ⊆ V (G) with S ⊆ S′

such that torsoG(S′) is K2t−1-minor-free.

The statement of Lemma 14 in [DHH+24] is actually slightly different, but its proof shows
Theorem 7.7. For sake of completeness, we provide a proof in Appendix B.

In light of these results, it is tempting to believe that, for every finite family X of graphs,

for every graph G, and for every S ⊆ V (G), if for every X ∈ X , G has no S-
rooted model of X , then there exists S′ ⊆ V (G) containing S such that torsoG(S′)
is X -minor-free.

(7.1)

Such a property would imply Conjectures 7.4 to 7.6 by reducing the problem to the non-rooted
case. However, this does no holds for every X . To see that, consider X = {K4}. Let G be the
ℓ × ℓ grid for some positive integer ℓ with ℓ ⩾ 4, and let S be the vertex set of the outer face
of G (i.e. the unique face of G of size 4(ℓ − 1)). Then, since K4 is not outer-planar, G has no
S-rooted model ofK4. However, tw(G,S) ⩾ ℓ−1 (see Section 4.4). SinceK4-minor-free graphs
have treewidth at most 2, and because tw(G,S) = minS′⊆V (G),S⊆S′ tw(torsoG(S)), we deduce
that there is no S′ ⊆ V (G) containing S with torsoG(S′) K4-minor-free. We leave as an open
problem to determine for which family X the statement (7.1) holds.

Problem 7.8. Characterize the finite families of graphs X for which (7.1) holds.

7.3 Weak coloring numbers and centered chromatic numbers

In Chapter 6, we proved generic bounds on the weak coloring numbers and centered chromatic
numbers of minor-closed classes of graphs which are tight up to a O(q) factor. Closing this O(q)
gap is a very challenging open problem.

1Note that torsoG(W ) = torsoG,W(W ) = torsoG(W, B) where B = {V (C) ∪ NG(V (C)) |
C component of G − W }, and W is the tree decomposition of G indexed by a star whose central bag is W and the
other bags are the elements of B.
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Problem 7.9. Given a finite family X of graphs, determine the growth rates of the maximum q-th
weak coloring number and q-centered chromatic number of X -minor-free graphs.

One of the most tantalizing special case of this problem is X = {K5,K3,3}, that is to de-
termine the growth rates of weak coloring numbers and centered chromatic numbers of planar
graphs. A first motivation for this particular case is the central role of planar graphs in graph
theory. Moreover, we solved Problem 7.9 in Chapter 6 for every family X containing a planar
graph. Therefore, the smallest minor-closed class of graphs with unknown weak coloring num-
bers and centered chromatic numbers growth rates is the class of planar graphs. For weak coloring
numbers, the current best bounds are Ω(q2 log q) [JM22] and O(q3) [vdHOQ+17]. For centered
chromatic numbers, the gap is slightly bigger with Ω(q2 log q) and O(q3 log q) [DMSF21]. It was
conjectured by Joret and Micek in [JM22] for weak coloring numbers, and by Dębski, Micek,
Schröder, and Felsner in [DMSF21] for centered chromatic numbers, that the aforementioned
lower bounds are optimal.

Conjecture 7.10 ([JM22, DMSF21]). The maximum q-th weak coloring number and q-centered
chromatic number of planar graphs are in Θ(q2 log q).

Note that these lower bounds in Ω(q2 log q) are reached for the same construction which con-
sists of planar graphs with treewidth at most 3 (namely graphs in S4, see Appendix A). Moreover,
our results imply the upper bound O(q2 log q) for planar graphs of bounded treewidth. Therefore,
any improvement in the lower bounds will require graphs of unbounded treewidth.

Another challenging line of research is to consider graphs that exclude a fixed topological
minor. We say that a graph H is a topological minor of a graph G if there exists an injective
function φ : V (H)→ V (G) and a family (Pxy | xy ∈ E(H)) of pairwise internally disjoint paths
in G such that the endpoints of Pxy are φ(x) and φ(y), for every xy ∈ E(H). Note that every
topological minor of a graph G is a minor of G. If a graph X is not a topological minor of a graph
G, then we say that G is X-topological-minor-free.

Dębski, Micek, Schröder, and Felsner proved in [DMSF21] that for every graph X , there ex-
ists f(X) such that graphs that do not have X as a topological minor have q-centered chromatic
numbers in O(qf(X)). However, no explicit bound on f(X) is known, and finding good estima-
tions of f(X), even when X = Kt, is a challenging open problem. I tend to believe that the upper
bound O(qt−1) given by Theorem 1.32 for Kt-minor-free graphs also holds for Kt-topological-
minor-free graphs.

Conjecture 7.11. For every positive integer t, for every positive integer q, the maximum q-centered
chromatic number of a Kt-topological-minor-free graph is in O(qt−1).

Note that weak coloring numbers have a very different behavior in this setting. Indeed, graphs
with maximum degree at most 3 have exponential weak coloring numbers [GKR+18], while they
excludeK1,4 as a topological minor. As a consequence, the similarity highlighted in Chapter 6 be-
tween weak coloring numbers and centered chromatic numbers does not survive in the topological
minor setting.

The technique used in [DMSF21] to prove that graphs of fixed maximum degree ∆ have q-
centered chromatic number at most polynomial in q (and even linear in q) is entropy compression,
and so is essentially probabilistic. This seems very far from the tools we developed in Chapter 6
forKt-minor-free graphs. Since Conjecture 7.11 covers both graphs of bounded maximum degree
and Kt-minor-free graphs, a positive answer would probably require to combine these apparently
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very different approaches. This problem was circumvent by Dębski, Micek, Schröder, and Felsner
in [DMSF21] by using a decomposition theorem of Grohe and Marx [GM15], which asserts that,
for every fixed positive integer t, there exists f(t) such that Kt-topological-minor-free graphs ad-
mits tree decompositions in which the torso of every bags is eitherKf(t)-minor-free, or is obtained
from a graph of maximum degree at most f(t) by adding at most f(t) vertices. Combined with a
lemma by Pilipczuk and Siebertz [PS21], this gives a polynomial bound for the q-centered chro-
matic numbers of Kt-topological-minor-free graphs, knowing such a polynomial bound for both
Kf(t)-minor-free graphs and graphs of bounded maximum degree. However, this approach seems
to fail to obtain more accurate bounds.

We finish this conclusion with a remark concerning the distinction between excluding one or
several minors. The bounds exposed in Chapter 6 are essentially the same when excluding one or
several minors. We conjecture that this is a general fact.

Conjecture 7.12. Let par ∈ {cen,wcol}, and let X be a nonempty finite family of graphs. There
exists X ∈ X such that, for every positive integer q,

max
G X -minor-free

parq(G) = Θ
(︃

max
GX-minor-free

parq(G)
)︃
.

Again, one of the most intriguing open case is X = {K5,K3,3}, which corresponds to planar
graphs.
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APPENDIX A
Appendix to Chapter 6

In this appendix, we provide proofs for the already known lower bounds used in Chap-
ter 6, as well as some properties of rooted 2-treedepth, and in particular its link with
2-treedepth.

A.1 Lower bounds

A.1.1 Weak coloring numbers

In this section, we present a construction by Grohe, Kreutzer, and Siebertz [GKR+18], which was
initially presented as a lower bound for weak coloring numbers of graph of treewidth t. This was
later adapted to graph of simple treewidth at most t by Joret and Micek [JM22]. To show the
link between these constructions and the families (Rt | t ∈ N>0), (St | t ∈ N>0), we elected to
provide them in the current appendix. The core of the argument is the following lemma.

Lemma A.1. Let G be a nonempty class of graphs, and let g(q) = maxG∈G wcolq(G) for every
nonnegative integer q. For every nonnegative integer q, there exists G ∈ T(G) such that

wcolq(G) ⩾
q∑︂
i=0

g(i).

Proof. We proceed by induction on q. First suppose that q = 0. Then consider G ∈ G such that
wcolq(G) = g(0). Since G ⊆ T(G), G is a as desired.

Now suppose q ⩾ 1. By the inductive hypothesis there exists G0 ∈ T(G) with

wcolq−1(G0) ⩾
q−1∑︂
i=0

g(i).

Let H ∈ G be such that wcolq(H) = g(q). Let N =
∑︁q
i=0 g(i). Let G be a graph obtained from

G0 by adding for each u ∈ V (G0), N disjoint copiesHu,1, . . . ,Hu,N ofH , and all possible edges
between u and V (Hu,i), for every i ∈ [N ].

We claim that G ∈ T(G). Let
(︁
T0, (W0,a | a ∈ V (T0))

)︁
be a rooted forest decomposition of

G0 witnessing the fact that G0 ∈ T(G). Then, for every u ∈ V (G0), choose au ∈ V (T0) such
that u ∈ W0,au . Let T be the rooted forest obtained from T0 by adding, for every u ∈ V (G0) and
for every i ∈ [N ], a leaf au,i with parent a vertex au. Then, for every a ∈ V (T ), let

Wa =
{︄
W0,a if a ∈ V (T0)
{u} ∪ V (Hu,i) if a = au,i for u ∈ V (G0), i ∈ [N ].
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It follows that
(︁
T, (Wa | a ∈ V (T ))

)︁
is a rooted forest decomposition of G witnessing the fact

that G ∈ T(G).
It remains to show that wcolq(G) ⩾ N . Let σ be an ordering of V (G). Since wcolq−1(G0) ⩾∑︁q−1

i=0 g(i), there exists v ∈ V (G0) such that

|WReachq−1[G0, σ|V (G0), v]| ⩾
q−1∑︂
i=0

g(i).

If for every i ∈ [N ], there is a vertex w in V (Hv,i) such that w <σ v, then |WReachq[G, σ, v]| ⩾
N . Otherwise, there exists i ∈ [N ] such that every vertex w in Hv,i is such that
w >σ v. Since wcolq(Hv,i) = wcolq(H) = g(q), there exists u ∈ V (Hv,i) such that
|WReachq[Hv,i, σ|V (Hv,i), u]| ⩾ g(q). Then,

WReachq−1[G0, σ|V (G0), v] ∪WReachq[Hv,i, σ|V (Hv,i), u] ⊆WReachq[G, σ|V (G), u],

and we conclude that |WReachr[G, σ, u]| ⩾
(︂∑︁q−1

i=0 g(i)
)︂

+ g(q) = N .

Corollary A.2. For every integer t with t ⩾ 1,

max
G∈Rt

wcolq(G) = Ω(qt−1).

Proof. We show by induction on t that for every nonnegative integer q,

max
G∈Rt

wcolq(G) ⩾
(︄
q + t− 1
t− 1

)︄
.

For t = 1, recall that K1 ∈ R1. Therefore, for all nonnegative integers q we have wcolq(K1) =
1 ⩾

(︁q
0
)︁
, as desired.

For t ⩾ 2, by the induction hypothesis, for every nonnegative integer q,

max
G∈Rt−1

wcolq(G) ⩾
(︄
q + t− 2
t− 2

)︄
.

Therefore, by Lemma A.1,

max
G∈Rt

wcolq(G) ⩾
q∑︂
i=0

(︄
q + t− 2
t− 2

)︄
=
(︄
q + t− 1
t− 1

)︄
.

Corollary A.3. For every positive integer t with t ⩾ 2,

max
G∈St

wcolq(G) = Ω(qt−2 log q).

Proof. We proceed by induction on t. For t = 2, S2 contains every path, which have q-th weak
coloring number in Ω(log q), see [JM22].

For t ⩾ 3, by the induction hypothesis, there exists c > 0 such that for every integer q with
q ⩾ 2,

max
G∈St−1

wcolq(G) ⩾ c · qt−3 log q.
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Therefore, by Lemma A.1, for every integer q with q ⩾ 4,

max
G∈St

wcolq(G) ⩾ c ·
q∑︂
i=1

it−3 log i

⩾ c ·
∑︂

q/2⩽i⩽q
it−3 log i

⩾ c ·
⌊︃
q − 1

2

⌋︃
(q/2)t−3 log(q/2)

⩾ c · q4 ·
1

2t−3 · q
t−3 · log q

2
⩾

c

2t · q
t−2 log q.

A.1.2 Centered colorings

In this section, we prove lower bounds for centered chromatic numbers of graphs in Rt and St.
This is a rewriting with our notations of the proof published in [DMSF21].

Let q, t be positive integers, let G be a graph. A mapping Ψ: V (G) → 22C
is said to be

t-good if for every u ∈ V (G), ∅ ∈ Ψ(u), and for every U ⊆ C, if there exists Y ∈ Ψ(u) such that
U ⊆ Y , then there exists Y ′ ∈ Ψ(u) such that

(i) U ⊆ Y ′, and

(ii) |Y ′ \ U | ⩽ t.

A pair ψ = (ψ1,Ψ2) where ψ1 : V (G) → C and Ψ2 : V (G) → 22C
, is a q-centered general-

ized coloring if for every connected subgraph H of G, for every ψ2 ∈
∏︁
u∈V (H) Ψ2(u)1, either

(i) |ψ1(V (H)) ∪
⋃︁
ψ2(V (H))| > q, or

(ii) there is a ψ-center of V (H), that is a vertex u ∈ V (H) such that ψ1(u) ̸∈ ψ1(V (H) \
{u}) ∪

⋃︁
Ψ2(V (H)).

The number of colors used by ψ is the integer |ψ1(V (H)) ∪
⋃︁
u∈V (G)

⋃︁
Ψ2(u)|.

Now, we define cen(N)
q,t (G) to be the minimum integer k, such that there exists a generalized

q-centered coloring ψ = (ψ1,Ψ2) of G using at most N colors such that

(i) Ψ2 is t-good, and

(ii) for every u ∈ V (G), there exists Y ∈ Ψ2(u) such that |ψ1(V (G)) \ Y | ⩽ k.

By convention, we set cen(N)
q,t (G) =∞ if there is no such integer k.

Lemma A.4. Let q,N be positive integers. For every positive integer n with n ⩽ 2q,

cen(N)
4q,q(Pn) ⩾ ⌊logn⌋.

1Given a set X and a family (Yx | x ∈ X) of sets, we denote by
∏︁

x∈X
Yx the set of all the functions f : X →⋃︁

x∈X
Yx such that f(x) ∈ Yx for every x ∈ X .
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Proof. It is enough to consider the case n = 2k for some nonnegative integer k. Let (ψ1,Ψ2) be
a generalized 4q-centered coloring of Pn with Ψ2 q-good, and let U be the set of the colors of all
the ψ1-centers of V (Pn). We will prove by induction on k that there exists u ∈ V (Pn) such that

|U \ Y | ⩾ k

for every Y ∈ Ψ2(u). This is clear when k = 0. Now suppose k ⩾ 1.
Let U be the set of the colors of all the ψ1-centers of V (Pn). Let Q1, Q2 be the subpaths of

Pn induced by, respectively, the first n/2 = 2k−1 vertices and last n/2 = 2k−1 vertices of Pn. Let
U1 = U ∩ V (Q1) and U2 = U ∩ V (Q2). Note that U1 and U2 are disjoint.

Suppose there exists u1 ∈ V (Q1) and Y1 ∈ Ψ2(u1) such that U2 ⊆ Y1, and u1 ∈ V (Q1) and
Y1 ∈ Ψ2(u1) such that U1 ⊆ Y2. Then, since Ψ2 is q-good, there exists Y ′

1 ∈ Ψ2(u1) and Y ′
2 ∈

Ψ2(u2) such that U2 ⊆ Y ′
1 , U1 ⊆ Y ′

2 , and |Y ′
1 \U2|, |Y ′

2 \U1| ⩽ q. Then, let ψ2 ∈
∏︁
u∈V (Pn) Ψ2(u)

be defined by

ψ2(u) =

⎧⎪⎪⎨⎪⎪⎩
Y ′

1 if u = u1,
Y ′

2 if u = u2,
∅ otherwise.

Since (ψ1,Ψ2) is 4q-centered, either

(i) |ψ1(V (Pn)) ∪
⋃︁
u∈V (H) ψ2(u)| > 4q, but then |V (Pn)|+ |Y ′

1 \ U |+ |Y ′
2 \ U | > 4q, which

implies n > 2q, a contradiction; or

(ii) there is a (ψ1, ψ2)-center u of V (H). In particular, ψ1(u) ∈ U . Without loss of generality,
suppose ψ1(u) ∈ U1. But then, ψ1(u) ∈ Y ′

2 = ψ2(u2), contradicting the fact that u is
(ψ1, ψ2)-center of V (H).

This proves that there exists a ∈ {1, 2} such that for every u ∈ V (Qa), for every Y ∈ Ψ2(u),
U3−a \Y ̸= ∅. We now call the induction hypothesis on Qa, ψ1|V (Qa),Ψ2|V (Qa). Therefore, there
exists u ∈ V (Qa) such that for every Y ∈ Ψ2(u),

|Ua \ Y | ⩾ k − 1.

Since Ua and U3−a are disjoint, we deduce that for every Y ∈ Ψ2(u),

|U \ Y | ⩾ |Ua \ Y |+ |U3−a \ Y | ⩾ k.

This concludes the proof of the induction, and implies the lemma.

Lemma A.5. Let q, n be positive integers, let G be a nonempty class of graphs, and let g(t) =
maxG∈G cen(N)

q,t (G) for every nonnegative integer t. For every integer t with 0 ⩽ t ⩽ q, there
exists G ∈ T(G) such that

cen(N)
q,t (G) ⩾

q∑︂
i=t

g(i).

Proof. We proceed by induction on q − t. When q = t, consider G ∈ G such that cen(N)
q,q (G) =

g(q). Since G ⊆ T(G), G is a as wanted. Now suppose t ⩽ q − 1.



Appendix to Chapter 6 235

By the induction hypothesis, there exists G0 ∈ T(G) such that

cen(N)
q,t+1(G0) ⩾

q∑︂
i=t+1

g(i).

Moreover, by the definition of g, there exists G′ ∈ G such that

cen(N)
q,t (G′) = g(t).

Let G be the graph obtained from G0 as follows. For every u ∈ V (G0), consider disjoint copies
G′
u,i of G′ for i ∈ [2N + 1], and add every possible edge between u and

⋃︁2N +1
i=1 V (G′

u,i).
First we show that G ∈ T(G). Let

(︁
T0, (W0,a | a ∈ V (T0))

)︁
be a rooted forest decomposition

of G0 witnessing the fact that G0 ∈ T(G). Then, for every u ∈ V (G0), choose au ∈ V (T0) such
that u ∈ W0,au . Let T be the rooted forest obtained from T0 by adding, for every u ∈ V (G0) and
for every i ∈ [2N + 1], a leaf au,i with parent a vertex au. Then, for every a ∈ V (T ), let

Wa =
{︄
W0,a if a ∈ V (T0)
{u} ∪ V (G′

u,i) if a = au,i for u ∈ V (G0), i ∈ [2N + 1].

It follows that
(︁
T, (Wa | a ∈ V (T ))

)︁
is a rooted forest decomposition of G witnessing the fact

that G ∈ T(G).
We now show that cen(N)

q,t (G) ⩾
∑︁q
i=t g(i). Let (ψ1,Ψ2) be a generalized q-centered coloring

of G using at most N colors. Let u ∈ V (G). By the pigeonhole principle, there exists i, j ∈
[2N + 1] such that ψ1(V (G′

u,i)) = ψ1(V (G′
u,j)). Without loss of generality, assume i = 1

and j = 2. Since cen(N)
q,t (G′

u,1) = g(t), and because (ψ1|V (G′
u,1),Ψ2|V (G′

u,1)) is a generalized
q-centered coloring of G′

u,1, there exists v(u) ∈ V (G′
u,1) such that

|ψ1(V (G′
u,1)) \ Y | ⩾ g(t)

for every Y ∈ Ψ2(v(u)). Then let

Ψ0
2(u) = {∅} ∪

{︁
X ∪ Y | ψ1(v(u)) ∈ X ⊆ ψ1(V (G′

u,1)), Y ∈ Ψ2(v(u))
}︁
.

Then, for every set of colors U , if U ⊆ X ∪ Y for some X ⊆ ψ1(G′
u,1) with ψ1(V (U)) ∈ X and

Y ∈ Ψ2(v(u)), then, because Ψ2 is t-good, there exists Y ′ ∈ Ψ2(v(u)) such that U ∩ Y ⊆ Y ′

and |Y ′ \ (U ∩ Y )| ⩽ t, and it follows that Y 0 = (X ∩ U) ∪ {ψ1(v(u))} ∪ Y ′ is a member of
Ψ0

2(v(u)) such that U ⊆ Y 0 and |Y 0 \ U | ⩽ t+ 1. This proves that Ψ0
2 is (t+ 1)-good.

Let ψ0
1 = ψ1|V (G0). We claim that (ψ0

1,Ψ0
2) is a generalized q-centered coloring of G0. Let

H0 be a connected subgraph of G0 and let ψ0
2 ∈

∏︁
u∈V (H0) Ψ0

2(u). Let H be a subgraph of G and
ψ2 ∈

∏︁
u∈V (H) Ψ2(u) be obtained from H0 as follows. Let u ∈ V (H). Let ψ2(u) = ∅ ∈ Ψ2(u).

If ψ0
2(u) ̸= ∅, then there exists X ⊆ ψ1(V (G′

u,1)) with ψ1(v(u)) ∈ X and Y ∈ Ψ2(v(u))
such that ψ0

2(u) = X ∪ Y . Since ψ1(V (G′
u,1)) = ψ1(V (G′

u,2)), there exists V1 ⊆ V (G′
u,1) and

V2 ⊆ V (G′
u,2) such that ψ1(V1) = ψ1(V2) = X , and v(u) ∈ V1. Then, add the vertices in V1∪V2

to H . Moreover, for every w ∈ V1 ∪ V2, add the edge uw and set

ψ2(w) =
{︄
Y if w = v(u),
∅ otherwise.

This completes the description of H and ψ2. Since (ψ1,Ψ2) is a generalized q-centered coloring
of G, and because H is connected, either
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(i) |ψ1(V (H)) ∪
⋃︁
ψ2(V (H))| = |ψ0

1(V (H0)) ∪
⋃︁
ψ0

2(V (H0))| > q, or

(ii) there is a (ψ1, ψ2)-center u of V (H). We claim that u is a (ψ0
1, ψ

0
2)-center of V (H0).

Indeed, since every the color of every vertex in V (H) \ V (H0) is repeated at least twice,
we have u ∈ V (H0). Moreover,

⋃︁
ψ0

2(V (H)) = ψ1(V (H) \ V (H0)) ∪
⋃︁
ψ2(V (H)).

Therefore, ψ0
1(u) ̸∈

⋃︁
ψ0

2(V (H)). Since we also have ψ0
1(u) ̸∈ ψ1(V (H) \ {u}), and

because ψ0
1(V (H0) \ {u}) ⊆ ψ1(V (H) \ {u}), we conclude that u is a (ψ0

1, ψ
0
2)-center of

V (H0).

This proves that (ψ0
1,Ψ0

2) is a generalized q-centered coloring of G0.
Therefore, since cen(N)

q,t+1(G0) ⩾
∑︁q
i=t+1 g(i), there exists u ∈ V (G0) such that, for every

Y 0 ∈ Ψ0
2(u),

|ψ1(V (G0)) \ Y 0| ⩾
q∑︂

i=t+1
g(i).

Therefore, for every Y ∈ Ψ2(v(u)), apply this inequality for Y 0 = ψ1(V (G′
u,1)) ∪ Y , we deduce

that

|ψ1(V (G0)) \ (ψ1(V (G′
u,1)) ∪ Y )| ⩾

q∑︂
i=t+1

g(i).

Since we also have |ψ1(V (G′
u,1)) \ Y | ⩾ g(t), we deduce

|ψ1(V (G)) \ Y | ⩾ g(t) +
q∑︂

i=t+1
g(i) =

q∑︂
i=t

g(i).

This proves that cen(N)
q,t (G) ⩾

∑︁q
i=t g(i) and concludes the proof of the lemma.

Corollary A.6. For every integer k with k ⩾ 1,

max
G∈Rk

cenq(G) = Ω(qk−1).

Proof. Let q, k be positive integers, and let N =
(︁q+k−1
k−1

)︁
− 1. We show by induction on k that for

every nonnegative integer t,

max
G∈Rk

cen(N)
q,t (G) ⩾

(︄
q + k − 1− t

k − 1

)︄
.

If k = 1, then either t ⩾ 1 and the result is clear, or t = 0 and
(︁q+k−1−t

k−1
)︁

= 1. Assume we are
in this later case. Consider K1 ∈ R1, and let (ψ1,Ψ2) be a q-centered coloring of K1 with Ψ2
0-good. We denote by u the unique vertex of K1. Then, consider Y ∈ Ψ2(u). If ψ1(u) ∈ Y , then,
because Ψ2 is 0-good, we have {ψ1(u)} ∈ Ψ2(u). But then, the subgraph K1 of K1 equipped
with ψ2 : u ↦→ {ψ1(u)} has no (ψ1, ψ2)-center but uses only 1 ⩽ q colors. This contradicts the
fact that (ψ1,Ψ2) is a generalized q-centered coloring of K1. Therefore, ψ1(u) ̸∈ Y , and so
|ψ1(V (K1)) \ Y | ⩾ 1. This proves that cen(N)

q,0 (K1) ⩾ 1 and concludes the case k = 1. Now
suppose k > 1.
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By Lemma A.5, becauseRk = T(Rk−1), and applying the induction hypothesis, we deduce

max
G∈Rk

cen(N)
q,t (G) ⩾

q∑︂
i=t

max
G∈Rk−1

cen(N)
q,t (G)

⩾
q∑︂
i=t

(︄
q + k − 2− i

k − 2

)︄
=
(︄
q + k − 1− t

k − 1

)︄
.

This proves the induction.
Consider now a graph G ∈ Rk such that cen(N)

q,0 (G) ⩾
(︁q+k−1
k−1

)︁
. Suppose for contradiction

thatG admits a q-centered coloring ψ using at mostN colors. Then (ψ, u ↦→ ∅) is a generalized q-
centered coloring ofG and u ↦→ ∅ is 0-good. Therefore, there exists u ∈ V (G), and Y ∈ {∅} such
that |ψ(V (G)) \ Y | = |ψ(V (G))| ⩾

(︁q+k−1
k−1

)︁
, contradicting the fact that ψ uses at most N colors.

Therefore, every q-centered coloring ofG uses at least
(︁q+k−1
k−1

)︁
colors. Since

(︁q+k−1
k−1

)︁
= Ω(qk−1),

this proves the corollary.

Corollary A.7. For every integer k with k ⩾ 2,

max
G∈Sk

cenq(G) = Ω(qk−2 log q).

Proof. Let q, k be positive integers, and letN =
(︁q+k−2
k−2

)︁
(log(2q)−1)−1. We show by induction

on k that for every nonnegative integer t,

max
G∈Sk

cen(N)
4q,t(G) ⩾

(︄
q + k − 2− t

k − 2

)︄
(log(2q)− 1).

If k = 2, then
(︁q+k−2−t

k−2
)︁
⩽ 1, and this inequality follows from Lemma A.4. Now suppose k > 2.

By Lemma A.5, because Sk = T(Sk−1), and applying the induction hypothesis, we deduce

max
G∈Rk

cen(N)
4q,t(G) ⩾

4q∑︂
i=t

max
G∈Sk−1

cen(N)
4q,t(G)

⩾
q∑︂
i=t

max
G∈Sk−1

cen(N)
4q,t(G)

⩾
q∑︂
i=t

(︄
q + k − 3− i

k − 3

)︄
(log(2q)− 1)

=
(︄
q + k − 2− t

k − 2

)︄
(log(2q)− 1).

This concludes the induction.
Consider now a graph G ∈ Sk such that cen(N)

4q,0(G) ⩾
(︁q+k−2
k−2

)︁
(log(2q) − 1). Suppose for

contradiction that G admits a 4q-centered coloring ψ using at most N colors. Then (ψ, u ↦→ ∅) is
a generalized 4q-centered coloring of G and u ↦→ ∅ is 0-good. Therefore, there exists u ∈ V (G),
and Y ∈ {∅} such that |ψ(V (G)) \ Y | = |ψ(V (G))| ⩾

(︁q+k−2
k−2

)︁
(log(2q) − 1) = N + 1,

contradicting the fact that ψ uses at most N colors. Therefore, every 4q-centered coloring of G
uses at least

(︁q+k−1
k−1

)︁
(log(2q) − 1) colors. Since

(︁⌊q/4⌋+k−2
k−2

)︁
(log(⌊q/2⌋) − 1) = Ω(qk−2 log q),

this proves the corollary.
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A.1.3 Fractional treedepth-fragility rates

In this section, we prove that for every integer t with t ⩾ 2, maxG∈Rt ftdfrq(G) = Ω(qt−1), and
maxG∈St ftdfrq(G) = Ω(qt−2 log q). The argument was sketched in [DS20], but we elected to
provide a complete proof.

Let td(·, ·) be defined as follows: for every graphG, if C denotes the family of all the connected
components of G, then for every t : V (G)→ N,

(i) td(G, t) = 0 if V (G) = ∅,

(ii) td(G, t) = maxC∈C td(C, t|V (C)), if V (G) ̸= ∅ and G not connected, and

(iii) td(G, t) = 1 + maxu∈V (G) max{t(u), td(G− u, t|V (G−u))} if G connected.

Lemma A.8. Let G be a graph, let t : V (G) → N, let U ⊆ V (G) with G[U ] connected, and let
v ∈ U . IfG′ denotes the graph obtained fromG by identifying the vertices inU into a single vertex
w, and if t′ : V (G′) → N is defined by t′(w) = t(v) and t′(x) = t(x) for every x ∈ V (G) \ U ,
then

td(G, t) ⩾ td(G′, t′).

Proof. We proceed by induction on |V (G)|. The result is clear if V (G) = U . Now suppose
V (G) \ U ̸= ∅. If G is not connected, then consider the family C (resp. C′) of all the connected
components of G (resp. G′). Then td(G, t) = maxC∈C td(C, t|V (C)). Let C0 ∈ C be the
connected component of G containing U . This connected component corresponds to a connected
component C ′

0 ∈ C′ of G′. By the induction hypothesis, td(C0, t|V (C0)) ⩾ td(C ′
0, t

′|V (C′
0)).

Moreover, C \ {C0} = C′ \ {C ′
0}. Therefore,

td(G, t) = max
C∈C

td(C, t|V (C)) ⩾ max
C′∈C′

td(C ′, t′|V (C′)) = td(G′, t′).

Now suppose that G is connected. Therefore, there exists z ∈ V (G) such that td(G, t) =
1 + max{t(z), td(G − z, t|V (G−z))}. First suppose z ̸∈ U . Then, by the induction hypothesis,
td(G − z, t|V (G−z)) ⩾ td(G′ − z, t′|V (G′−z)), and since td(G′, t′) ⩽ 1 + max{t′(z), td(G′ −
z, t′|V (G′−z))} and t′(z) = t(z), we deduce that td(G, t) ⩾ td(G′, t′). Now suppose z ∈ U .
Then G′−w ⊆ G− z and t|V (G−u−v) = t′|V (G′−w), therefore td(G′−w, t′|V (G′−w)) ⩽ td(G−
z, t|V (G−z)). Moreover, if z = v, then t(z) = t′(w), and if z ̸= v, then td(G − z, t|G−z) ⩾
1 + t′(w). In both cases, 1 + t′(w) ⩽ max{t(v), td(G− z, t|G−z)}, and it follows that td(G, t) =
1+max{t(z), td(G−z, t|V (G−z))} ⩾ 1+max{t′(w), td(G′−w, t|V (G′−w))} ⩾ td(G′, t′).

Lemma A.9. LetG0 be a graph, let t0 : V (G0)→ N, letGu,a for u ∈ V (G0) and a ∈ {1, 2} be a
family of pairwise disjoint graphs, all of them disjoint fromG0. For all u ∈ V (G0) and a ∈ {1, 2},
let tu,a : V (G)→ N. LetG be a graph with vertex set V (G0)∪

⋃︁
u∈V (G0),a∈{1,2} V (Gu,a) and such

that E(G0) ⊆ E(G), E(Gu,a) ⊆ E(G), and G[{u} ∪ V (Gu,a)] connected, for all u ∈ V (G0)
and a ∈ {1, 2}. For every u ∈ V (G0), let t(u) = 0, and let t(v) = tu,a(v) for all a ∈ {1, 2} and
v ∈ V (Gu,a). If td(Gu,a, tu,a) ⩾ t0(u) for all u ∈ V (G0) and a ∈ {1, 2}, then

td(G, t) ⩾ td(G0, t0).

Proof. For all u ∈ V (G) and a ∈ {1, 2}, for every v ∈ V (Gu,a), by replacing tu,a(v) by
min{tu,a(v), t0(u)}, we suppose t(v) = tu,a(v) ⩽ t0(u).
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We now proceed by induction on |V (G)|. If G is the null graph, then G0 is null as well, and
so td(G, t) = 0 = td(G0, t0). Now suppose that G is nonnull.

Suppose now thatG is not connected. ThenG0 is not connected. Let C0 be the family of all the
connected components ofG0, and letC0 ∈ C0. LetG′ = G[

⋃︁
u∈V (C0)({u}∪V (Gu,1)∪V (Gu,2))].

Since G′ is a subgraph of G, td(G, t) ⩾ td(G′, t|V (G′)). Hence, by the induction hypothesis,

td(G, t) ⩾ td(G′, t|V (G′)) ⩾ td(C0, t0|V (C0)).

Therefore,
td(G, t) ⩾ max

C0∈C0
td(C0, t|V (C0)) = td(G0, t0).

This concludes the case G not connected.
If G is connected, then there exists v ∈ V (G) such that

td(G, t) = 1 + max{t(v), td(G− v, t|V (G−v))}.

Let u ∈ V (G0) and a ∈ {1, 2} such that v ∈ V (Gu,a) ∪ {u}. Observe that Gu,3−a ⊆ G − v,
and so td(G − v, t|V (G−v)) ⩾ td(Gu,3−a, tu,3−a) ⩾ t0(u) ⩾ t(v). In particular, td(G, t) =
1 + td(G − v, t|V (G−v)). Moreover, by the induction hypothesis applied to G′ = G − ({u} ∪
V (Gu,1) ∪ V (Gu,2)), we have td(G′, t|G′) ⩾ td(G − u, t0|G0−u). Since G − v contains both
Gu,3−a and G′ as subgraphs, we conclude that

td(G− v, t|V (G−v)) ⩾ max{td(Gu,3−a, tu,3−a), td(G′, t|V (G′))}
⩾ max{t0(u), td(G0 − u, t|V (G0−u))}.

It follows that

td(G, t) = 1 + td(G− v, t|V (G−v))
⩾ 1 + max{t0(u), td(G0 − u, t|V (G0−u))}
⩾ td(G0, t0).

This concludes the proof of the lemma.

Let G be a graph, and let w : V (G) → Q⩾0. For every U ⊆ V (G), we write w(U) =∑︁
u∈U w(u).

Let G be a graph and let q be a positive integer. We denote by ftdfr′
q(G) the maximum integer

k such that there exists w : V (G)→ Q⩾0 such that for every τ ∈ N, for every t : V (G)→ N, for
every Y ⊆ V (G), if

(i) w(Y ) ⩽ 1
qw(V (G)), and

(ii) w({u ∈ V (G) | t(u) < τ}) ⩽ 1
2w(V (G)),

then there exists S1, S2 ⊆ V (G) \ Y disjoint such that

td(G[Sa], t|Sa) ⩾ τ + k

for each a ∈ {1, 2}.
First, we show that ftdfr′

q is a lower bound on ftdfrq.
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Lemma A.10. For every graph G and for every positive integer q,

ftdfrq(G) ⩾ ftdfr′
q(G).

Proof. Let G be a graph, let q be a positive integer, and let Y be a random variable over subsets
of V (G) equipped with a q-thin distribution. Let N = ftdfr′

q(G) and let w : V (G) → Q⩾0

witnessing ftdfr′
q(G) ⩾ N . Then, the expected value of w(Y) is at most w(V (G))

q , and so there

is a value Y ⊆ V (G) of Y with w(Y ) ⩽ w(V (G))
q . Then, considering t : V (G) → N constant to

0, there exists S1, S2 ⊆ V (G) disjoint with td(G[S1], t|S1), td(G[S2], t|S2) ⩾ N . In particular,
td(G− Y ) = td(G− Y, t|V (G−Y )) ⩾ N . This proves that ftdfrq(G) ⩾ N .

Now, we show that paths have ftdfr′
q at least logarithmic in q.

Lemma A.11. For every positive integer q, there exists a positive integer ℓ such that

ftdfr′
q(Pℓ) ⩾ log(q)− 13.

Proof. Let q be a positive integer. If q ⩽ 213, then the result is clear. Now suppose q > 213. Let
ℓ′ = ⌊q/6⌋, let ℓ = 11ℓ′ + 1, and let N = ⌊log((ℓ′/8) − 2)⌋ + 1. We label the vertices of Pℓ by
0, . . . , ℓ − 1, in this order. Let w : V (Pℓ) → Q⩾0 be constant to 1. Note that w(V (Pℓ)) = ℓ. Let
Y ⊆ V (Pℓ) with w(Y ) ⩽ ℓ

q , let t : V (Pℓ) → N, and let τ be a nonnegative integer. Suppose that
w({u ∈ V (Pℓ) | t(u) ⩾ τ}) ⩾ ℓ

2 .
Let i be a random variable over {−ℓ′ + 1, . . . , ℓ} with uniform distribution, and let I =

{i, . . . , i + ℓ′ − 1} ∩ {0, . . . , ℓ − 1}. Then, the expected value of |{v ∈ I | t(v) < τ}| is∑︁
v∈V (Pℓ),t(u)<τ Pr[u ∈ I] ⩽ ℓ

2 ·
ℓ′

ℓ+ℓ′ <
ℓ′

2 . In particular, by Markov’s inequality,

Pr
[︃
|{v ∈ I | t(v) < τ}| ⩾ 3ℓ′

4

]︃
⩽

ℓ′/2
3ℓ′/4 = 2

3 . (A.1)

Moreover, Pr[I ∩ Y ̸= ∅] ⩽
∑︁
u∈Y Pr[u ∈ I] ⩽ ℓ

q ·
ℓ′

ℓ = ℓ′

q . Therefore,

Pr[I ∩ Y ̸= ∅] ⩽ 1
6 . (A.2)

Additionally, we have

Pr[|I| < ℓ′] = Pr[i ∈ {−ℓ′ + 1, . . . ,−1} ∪ {ℓ− (ℓ′ − 1), . . . , ℓ}] = 2ℓ′

ℓ+ ℓ′
<

1
6 (A.3)

Therefore, there exists a value I of I such that none of the events in (A.1), (A.2), and (A.3), are
satisfied. In other words, I is such that I ∩ Y = ∅, |{v ∈ I | t(v) < τ}| < 3ℓ′

4 , and |I| = ℓ′.
As a consequence, Q = Pℓ[I] is a path on ℓ′ vertices with at least ℓ′

4 vertices v with t(v) ⩾ τ .
Let Q1, Q2 be two disjoint subpaths of Q, both having at least ℓ

′

8 − 1 vertices v with t(v) ⩾ τ .
Let a ∈ {1, 2}. Let Q′ = P⌊ℓ′/8−1⌋, and let t′ : V (Q′) → N constant to τ . By Lemma A.8,
td(Qa, t|V (Q)) ⩾ td(Q′, t′) for each a ∈ {1, 2}. Now, a simple induction shows that

td(Q′, t′) ⩾ min
v∈V (Q)

t′(v) + ⌊log(|V (Q′)| − 1)⌋+ 1,

and so td(Qa, t|V (Q)) ⩾ τ + ⌊log((ℓ′/8) − 2)⌋ + 1 = τ + N . Since Y, t, τ were arbitrary, this
proves that

ftdfr′
q(Pℓ) ⩾ N ⩾ log((q − 102)/48) ⩾ log(q/(48× 102)) ⩾ log q − 13.
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Next, we show that applying the operator T(·) morally multiplies by Ω(q) the value of ftdfr′
q.

Lemma A.12. Let G be a nonempty class of graphs, and let g(q) = maxG∈G ftdfr′
q(G) for every

positive integer q. For every positive integer q, there exists G ∈ T(G) such that

ftdfr′
4q(G) ⩾

q∑︂
i=1

g(2i).

Proof. Let q be a positive integer. For every i ∈ [q], letG′
i be a graph in G with ftdfr′

q(G′
i) = g(2i),

and let w′
i : V (G′

i) → Q⩾0 witnessing this fact. For every i ∈ [q], by possibly removing from G′
i

every vertex v withw′
i(v) = 0, we assume thatw′

i takes only positive values. LetG′ be the disjoint
union ofG′

i for i ∈ [q]. Letw′ : V (G′)→ Q⩾0 be defined byw′(u) = wi(u) for every u ∈ V (G′
i),

for every i ∈ [q]. Note that w′(v) > 0 for every v ∈ V (G′), and ftdfr′
2i(G′) ⩾ ftdfr′

2i(G′
i) ⩾

g(2i) for every i ∈ [q], as witnessed by w′. By possibly replacing w′ by 1
w′(V (G′)) ·w

′, we assume
w′(V (G′)) = 1.

Let h be a positive integer, and let Gh be the graph with vertex set

h⋃︂
i=0

V (G′)i

and edge set

h⋃︂
i=1

(︂{︂
(u1, . . . , ui−1)(u1, . . . , ui) | (u1, . . . , ui) ∈ V (G′)i

}︂
∪
{︂

(u1, . . . , ui−1, v)(u1, . . . , ui−1, w) | (u1, . . . , ui−1) ∈ V (G′)i−1, vw ∈ E(G′)
}︂)︂

.

See Figure A.1. For every u = (u1, . . . , ui) ∈ V (Gh), we define the depth of u to be the integer i.

r

V (G′)

{u1} × V (G′)

{u1} × {u2} × V (G′)

u1

u2

Figure A.1: Illustration for the definition of Gh.

We denote by r the unique vertex of Gh of depth 0. Then, for every u = (u1, . . . , ui) ∈ V (Gh),
let

w(u) =
i∏︂

j=1
w′(ui).

In particular, w(r) = 1. Note that w′(V (Gh)) = h + 1. For every u = (u1, . . . , ui) ∈ V (Gh),
we denote by Gh,u the subgraph of Gh induced by {(v1, . . . , vj) | i ⩽ j ⩽ h, (v1, . . . , vj) ∈
V (G), (v1, . . . , vi) = (u1, . . . , ui)}. Note that Gh,u is isomorphic to Gh−i. The neighbors of u in
Gh,u are called the children of u in Gh.
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Claim A.12.1. For every positive integer h, Gh is in T(G).

Proof of the claim. Let h be a positive integer. Let G′ be the class of all the graphs G such that
every connected component of G is in G. Note that T(G′) = T(G). Therefore, it is enough to
show that Gh ∈ T(G′). Note that G′ ∈ G′.

Let T be the tree defined by

V (T ) =
h−1⋃︂
i=0

V (G′)i

and

E(T ) =
h−1⋃︂
i=1

(︂{︂
(u1, . . . , ui−1)(u1, . . . , ui) | (u1, . . . , ui) ∈ V (G′)i

}︂)︂
.

Let r ∈ V (T ) corresponding to the empty tuple. We root T in r. For every x = (x1, . . . , xi) ∈
V (T ), let

Wx = {x} ∪ {(x1, . . . , xi, y) | y ∈ V (G′)}.
Then, the pair

(︁
T, (Wx | x ∈ V (T ))

)︁
is a tree decomposition of G witnessing the fact that

Gh ∈ T(G′). ♢

Claim A.12.2. Let q be a positive integer, let h be a positive integer, let s ∈ V (G), let S ⊆
V (Gh,s) such that s ∈ S and G[S] connected, let t : S → N, and let τ ∈ N. If w({u ∈ S | t(u) ⩾
τ}) > 2q · w(s), then there exists S0, S1, S2 ⊆ S disjoint such that,

(a) s ∈ S0;

(b) Gh[Sa] is connected for every a ∈ {0, 1, 2};

(c) there is an edge between S0 and Sa in Gh, for every a ∈ {1, 2}; and

(d) td(Gh[Sa], t|Sa) ⩾ τ +
∑︁q
i=1 g(2i) for every a ∈ {1, 2}.

Proof of the claim. Let d be the depth of s in G. We proceed by induction on q + (h− d).
If d = h, then S = {s}, and so w({u ∈ S | t(u) ⩾ τ}) ⩽ w(s). It follows that the claim is

vacuously true. Now suppose d < h and w({u ∈ S | t(u) ⩾ τ}) > 2q · w(s).
Let A be the set of all the children of s in Gh, and let B = A ∩ S. For every v ∈ B, let

Sv = S ∩ V (Gh,v). Note that for every v ∈ B, Sv induces a connected subgraph of Gh. If there
exists v ∈ B such that w({u ∈ Sv | t(u) ⩾ τ}) > 2q · w(v), then, since the depth of v is larger
than the depth of s, we can call the induction hypothesis on Sv. This gives three disjoint sets
S0

0 , S
0
1 , S

0
2 ⊆ Sv satisfying (a)-(d). Then (S0, S1, S2) = (S0 ∪ {s}, S1, S2) are as wanted. Now

assume
∀v ∈ B,w({u ∈ Sv | t(u) ⩾ τ}) ⩽ 2q · w(v). (A.4)

We deduce from (A.4) that

2q · w(s) < w({u ∈ S | t(u) ⩾ τ})
⩽ w(s) +

∑︂
v∈B

w({v ∈ Sv | t(u) ⩾ τ})

⩽ w(s) +
∑︂
v∈B

2q · w(v)

⩽ w(s) + 2q · w(B).
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Therefore, since w(s) = w(A), this implies

w(B) ⩾
(︃

1− 1
2q

)︃
· w(A). (A.5)

Let C =
{︁
v ∈ B | w({u ∈ Sv | t(u) ⩾ τ}) ⩽ 2(q − 1) · w(v)

}︁
. Using (A.4), we deduce

2q · w(s) < w({u ∈ S | t(u) ⩾ τ})
⩽ w(s) +

∑︂
v∈C

w({u ∈ Sv | t(u) ⩾ τ}) +
∑︂

v∈B\C
w({u ∈ Sv | t(u) ⩾ τ})

⩽ w(s) + 2(q − 1) · w(C) + 2q · w(B \ C)
= w(s) + 2q · w(B)− 2w(C)
⩽ (2q + 1) · w(s)− 2w(C).

Therefore, since w(s) = w(A),

w(C) ⩽ w(A)
2 . (A.6)

For every v ∈ B \ C, we have w({u ∈ Sv | t(u) ⩾ τ}) > 2(q − 1) · w(v). If q = 1, then we
deduce that, for every v ∈ B \ C, there exists w ∈ Sv with t(w) ⩾ τ . Since G[A] is isomorphic
to G′ via the isomorphism φ : A → V (G′) defined by φ((s1, . . . , sd, w)) = w for every w ∈
V (G′), we can apply the definition of ftdfr′

2(G′) with Y ′ = φ(A \ B) and t′ : V (G′) → N
defined by t′(w) = τ for every w ∈ φ(B \ C) and t′(w) = 0 for every w ∈ φ(C). Then
w′({w ∈ V (G′) | t′(w) ⩾ τ}) ⩾ w′(V (G′))

2 , and w′(Y ) ⩽ 1
2qw

′(V (G′)) by (A.5). Therefore,
there exists S′

1, S
′
2 ⊆ V (G′ − Y ) disjoint with td(G′[S′

a], t′|S′
a
) ⩾ τ + g(2) for every a ∈

{1, 2}. Without loss of generality, G′[S′
1] and G′[S′

2] are connected. Then, let (S0, S1, S2) =
({s},

⋃︁
w∈S′

1
Sφ−1(w),

⋃︁
w∈S′

2
Sφ−1(w)). Now applying Lemma A.9 to the graph obtained from

Gh[S] by contracting Sw into a single vertex for each w ∈ B \ C, and applying Lemma A.8, we
deduce td(Gh[Sa], t|Sa) ⩾ τ + g(2) for every a ∈ {1, 2}. This concludes the case q = 1. Now
suppose q ⩾ 2.

Let v ∈ B \ C. Since w({u ∈ Sv | t(u) ⩾ τ}) > 2(q − 1)w(v), by the induction hypothesis,
there exists Sv,0, Sv,1, Sv,2 ⊆ Sv \ {v} disjoint such that

(a’) v ∈ Sv,0;

(b’) Gh[Sv,a] connected for every a ∈ {0, 1, 2};

(c’) there is an edge between Sv,0 and Sv,a in Gh, for every a ∈ {1, 2}; and

(d’) td(Gh[Sv,a], t|Sv,a) ⩾ τ +
∑︁q−1
i=1 g(2i) for every a ∈ {1, 2}.

Moreover, G[A] is isomorphic to G′, and w′ witnesses the fact that ftdfr′
2q(G[A]) ⩾ g(2q).

By (A.5), the set Y = A \B satisfies w(Y ) ⩽ 1
2qw(A), and so w′(Y ) ⩽ 1

2qw
′(A). Moreover, for

τ ′ = τ +
∑︁q−1
i=1 g(2i) and t′ : V (A)→ N defined by

t′(v) =
{︄
τ ′ if v ∈ C,
0 otherwise,
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we have w({u ∈ B | t′(u) ⩾ τ ′}) = w(C) ⩾ 1
2w(A) by (A.6), and so w′({u ∈ B | t′(u) ⩾

τ ′}) ⩾ 1
2w

′(A). Since G[A] is isomorphic to G′ via the isomorphism φ : A → V (G′) defined
by φ((s1, . . . , sd, w)) = w for every w ∈ V (G′), we can apply the definition of ftdfr′

2q(G′) with
Y ′ = φ(A \B) and t′ : V (G′)→ N defined by t′(w) = τ ′ for every w ∈ φ(B \C) and t′(w) = 0
for every w ∈ φ(C). there exists S′

1, S
′
2 ⊆ A disjoint such that

td(Gh[S′
a], t|S′

a
) ⩾ τ ′ + g(2q) = τ +

q∑︂
i=0

g(2i)

for each a ∈ {1, 2}.
Let a ∈ {1, 2}. Let Sa be the union of S′

a with Sv,1 ∪ Sv,2 for every v ∈ S′
a ∩ C. Note

that S1, S2 induces connected subgraphs of Gh. Then, let S0 = {s}. Note that (a)-(c) hold by
construction. It remains to prove that td(G[Sa], t|Sa) ⩾ τ +

∑︁q
i=0 g(2i) for every a ∈ {1, 2}.

This follows from Lemma A.9 applied to the graph obtained from G by contracting Sv,0 for each
v ∈ C, and by Lemma A.8. ♢

We now exhibit a graph in T(G) with ftdfr′
4q(G) ⩾

∑︁q
i=1 g(2i). We take G = Gh for h = 4q.

Let τ ∈ N, let t : V (G)→ N, and let Y ⊆ V (G) such that

(i) w(Y ) ⩽ 1
2qw(V (G)), and

(ii) w({u ∈ V (G) | t(u) < τ}) ⩽ 1
2w(V (G)).

For every y ∈ Y ∪ {r}, let Sy be the vertex set of the connected component of y in
Gh,y[V (Gh,y − (Y ∪ {r})) ∪ {y}]. Note that

⋃︁
y∈Y ∪{r} Sy = V (G), and so

w(V (G)) ⩽
∑︂

y∈Y ∪{r}

w(Sy)
w(y) · w(y).

Therefore, there exists y ∈ Y ∪ {r} such that w(Sy)
w(y) ⩾ w(V (G))

w(Y ∪{r}) , and so

w(Sy) ⩾
w(V (G))

w(r) + w(Y ) · w(y) ⩾ h+ 1
1 + h+1

4q
· w(y) > 2q · w(y).

Therefore, by Claim A.12.2, there exist S1, S2 ⊆ Sy \ {y} disjoint such that

td(G[Sa], t|Sa) ⩾ τ +
q∑︂
i=1

g(2i)

for each a ∈ {1, 2}. Then, the sets S1, S2 are as wanted in the definition of ftdfr′(G). Since Y, t, τ
were arbitrary, this shows that ftdfr′

4q(G) ⩾
∑︁q
i=1 g(2i).

We can now deduce the desired lower bounds on the growth rates of (ftdfrq | q ∈ N>0) inRt
and St.

Corollary A.13. For every integer k with k ⩾ 1,

max
G∈Rk

ftdfrq(G) = Ω(qk−1).
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Proof. Let k be a positive integer. We show by induction on k that there exists c > 0 such that

max
G∈Rk

ftdfr′
q(G) ⩾ c · qk−1

for every positive integer q.
For k = 1, this is clear for G = K1 and c = 1. Now suppose k ⩾ 2.
By the induction hypothesis, there exists c′ > 0 such that maxG∈Rk

ftdfr′
q(G) ⩾ c′ · qk−2 for

every positive integer q. Let q be a positive integer. Without loss of generality, we suppose q ⩾ 16.
SinceRk = T(Rk−1), by Lemma A.12,

max
G∈Rk

ftdfr′
q(G) ⩾

⌊q/4⌋∑︂
i=1

c′ · (2i)k−2

⩾ c′ · ⌊⌊q/4⌋/2⌋(2⌊⌊q/4⌋/2⌋)k−2

⩾ c′ · (q/16)(q/8)k−2

= c′

23k−2 · q
k−1,

which shows that c = c′

23k−2 is as wanted. By Lemma A.10, this proves the corollary.

Corollary A.14. For every integer k with k ⩾ 2,

max
G∈Sk

cenq(G) = Ω(qk−2 log q).

Proof. Let k be an integer with k ⩾ 2. We show by induction on k that there exists c > 0 such
that

max
G∈Sk

ftdfr′
q(G) ⩾ c · qk−2 log q

for every integer q with q ⩾ 2. When k = 2, this is a consequence of Lemma A.11. Now suppose
k ⩾ 3.

By the induction hypothesis, there exists c′ > 0 such that maxG∈Rk
ftdfr′

q(G) ⩾ c′ ·qk−3 log q
for every integer q with q ⩾ 2. Let q be an integer with q ⩾ 2. Without loss of generality, we
suppose q ⩾ 16. Since Sk = T(Sk−1), by Lemma A.12,

max
G∈Sk

ftdfr′
q(G) ⩾

⌊q/4⌋∑︂
i=1

c′ · (2i)k−3 log(2i)

⩾ c′ · ⌊⌊q/4⌋/2⌋(2⌊⌊q/4⌋/2⌋)k−3 log(2⌊⌊q/4⌋/2⌋)
⩾ c′ · (q/16)(q/8)k−3 log(q/4)

⩾
c′

23k−2 · q
k−2 log q,

which shows that c = c′

23k−2 is as wanted. By Lemma A.10, this proves the corollary.

A.2 2-treedepth and rooted 2-treedepth

In this section, we give a few facts about rooted 2-treedepth. In particular, we show that it is tied
with the original notion of 2-treedepth, denoted by td2(·), as introduced by Huynh, Joret, Micek,
Seweryn, and Wollan [HJM+21], which is defined by induction as follows. For every graph G,
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(t1) td2(G) = 0 if G is the null graph,

(t2) td2(G) = maxB td2(B) over all the blocks2 B of G, if G has more than one block, and

(t3) td2(G) = 1 + minu∈V (G) td2(G− u) if G has exactly one block.

We now give a similar definition of rooted 2-treedepth based on the following observations.

Observation A.15. Let G be a graph. For every separation (A,B) of G of order at most one,

rtd2(G) ⩽ max
{︁

rtd2(A), |V (A) ∩ V (B)|+ rtd2(B \ V (A))
}︁
.

Proof. Consider a separation (A,B) of G of order at most one. Let t = max
{︁

rtd2(A), rtd2
(︁
B \

V (A)
)︁

+ |V (A) ∩ V (B)|
}︁

. Suppose that G has at least one edge, and so t ⩾ 2. First consider the
case (A,B) of order 0. By the definition of rtd2(·), A,B ∈ Rt. Let

(︁
F1, (W1,x | x ∈ V (F1))

)︁
,

respectively
(︁
F2, (W2,x | x ∈ V (F2))

)︁
, be a rooted forest decomposition of A (respectively B)

witnessing the fact that A ∈ Rt = T(Rt−1). Then
(︁
F1 ∪ F2, (Wx | x ∈ V (F1 ∪ F2))

)︁
, where

Wx = Wi,x for every x ∈ V (Fi), for every i ∈ {1, 2}, is a rooted forest decomposition of G
witnessing the fact that G ∈ T(Rt−1) = Rt. Now suppose that (A,B) has order one. Let the
be a unique vertex in V (A) ∩ V (B). By the definition of rtd2(·), A ∈ Rt and B ∈ Rt−1. Let(︁
F, (Wx | x ∈ V (F ))

)︁
be a rooted forest decomposition of A witnessing the fact that A ∈ Rt =

T(Rt−1). There exists y ∈ V (F ) such that u ∈Wx. Let F ′ be obtained from F by adding a fresh
leaf z with parent y. Then, let

W ′
x =

{︄
Wx if x ∈ V (F ),
V (B) if x = z.

It follows that
(︁
F ′, (W ′

x | x ∈ V (F ′))
)︁

is a rooted forest decomposition witnessing the fact that
G ∈ T(Rt−1) = Rt. This proves the observation.

Observation A.16. Let G be a graph with at least two vertices. There is a separation (A,B) of
G of order at most one with V (A) ̸= ∅ and V (B) \ V (A) ̸= ∅ such that

rtd2(G) ⩾ max
{︁

rtd2(A), |V (A) ∩ V (B)|+ rtd2(B − V (A))
}︁
.

Proof. Let t be a positive integer, and let G ∈ Rt with at least two vertices. We show that there
exists a separation (A,B) of G of order at most one such that A ∈ Rt and B ∈ Rt−|V (A)∩V (B)|.
Let

(︁
T, (Wx | x ∈ V (T ))

)︁
be a rooted forest decomposition of G witnessing the fact that G ∈

T(Rt−1) = Rt. Consider such a tree decomposition with |V (T )| minimal. In particular, Wx ̸= ∅
for every x ∈ V (T ) and Wx ̸⊆Wy for every x, y ∈ V (T ) adjacent.

If T is not a connected, then consider S a connected component of T . Let A =
G[
⋃︁
x∈V (S)Wx] and B = G− V (A). Then (A,B) is a separation of G of order 0,

(︁
S, (Wx | x ∈

V (S))
)︁

witnesses the fact that S ∈ T(Rt−1) = Rt, and
(︁
T − V (S), (Wx | x ∈ V (T − V (S)))

)︁
witnesses the fact that B ∈ T(Rt−1) = Rt. Now suppose that T is connected.

If T has only one vertex, then V (G) has at most one vertex, a contradiction. Hence T has
at least two vertices. Therefore, T has a leaf y. Let A = G[

⋃︁
x∈V (T )\{y}Wx] and B = G[Wy].

Since Wy is not included in Wp(T,y), V (B) \ V (A) ̸= ∅, and since Wp(T,y) ̸= ∅, V (A) ̸= ∅.
Then B − V (A) ∈ Rt−1 by the choice of

(︁
T, (Wx | x ∈ V (T ))

)︁
. Moreover, (T − y, (Wx | x ∈

V (T − y))
)︁

witnesses the fact that A ∈ T(Rt−1) = Rt. Since (A,B) has order one, this proves
the observation.

2A block of a graph G is a maximal subgraph of G which is either 2-connected, a single edge, or an isolated vertex.
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Observations A.15 and A.16 yields the following explicit inductive definition of rooted 2-
treedepth: for every graph G,

(r1) rtd2(G) = 0 if G is the null graph,

(r2) rtd2(G) = 1 if G is a one vertex graph, and otherwise

(r3) rtd2(G) is the minimum of max
{︁

rtd2(A), rtd2
(︁
B \ V (A)

)︁
+ |V (A) ∩ V (B)|

}︁
over all

separations (A,B) of G of order at most one with V (A) ̸= ∅ and V (B) \ V (A) ̸= ∅.

The following properties are direct consequences of this definition. For every graph G,

(r4) rtd2(G) = maxC rtd2(C) over all connected componentsC ofGwhenG is not connected;

(r5) rtd2(G) = minv∈V (G) rtd2(G− v) + 1 when G consists of one block;

(r6) rtd2(G) = min(A,B) max{rtd2(A), rtd2(B \ V (A)) + 1} over all separations (A,B) of
G of order one with V (A) ∩ V (B) consisting of a cut-vertex, when G is connected and
consists of more than one block;

(r7) rtd2(G) ⩽ 1 + rtd2(G− v) for every v ∈ V (G);

Note that (r4) and (r7) imply by induction that rtd2(G) ⩽ td(G) for every graph G. Item (r3)
in the definition can be in fact strengthened in the following way. For every graph G,

(r8) rtd2(G) is the minimum of max
{︁

rtd2(A), rtd2
(︁
B \ V (A)

)︁
+ |V (A) ∩ V (B)|

}︁
over all

separations (A,B) of G of order at most one with V (A) ̸= ∅ and V (B) \ V (A) ̸= ∅ such
that B is a block.

Indeed, suppose that G is a graph and rtd2(G) = max
{︁

rtd2(A), rtd2
(︁
B \ V (A)

)︁
+ |V (A) ∩

V (B)|
}︁

where (A,B) is a separation of G of order at most one with V (A) ̸= ∅ and
V (B) \ V (A) ̸= ∅. Let (A′, B′) be a separation of G of order at most one with V (A′) ̸= ∅
and V (B′) \ V (A′) ̸= ∅ such that B′ is a block and A ⊆ A′ and B′ ⊆ B. By defini-
tion rtd2(G) ⩽ max

{︁
rtd2(A′), rtd2

(︁
B′ \ V (A′))

}︁
. To prove the reverse inequality note that

rtd2(A′) ⩽ rtd2(G) and rtd2(B′ − V (A′)) ⩽ rtd2(B − V (A)).

Lemma A.17. For every graph G with at least one edge,

td2(G) ⩽ rtd2(G) ⩽ 2 td2(G)− 2.

Proof. First, we prove that td2(G) ⩽ rtd2(G) for every graph G. We proceed by induction on
|V (G)|. When G is a null graph, we have td2(G) = rtd2(G) = 0 and when G is a one-vertex
graph, we have td2(G) = rtd2(G) = 1. Thus, we assume that |V (G)| ⩾ 2. If G consists of one
block, then by (r5) and induction hypothesis,

td2(G) = min
v∈V (G)

td2(G− v) + 1 ⩽ min
v∈V (G)

rtd2(G− v) + 1 = rtd2(G).

If G consists of blocks B1, . . . , Bk for k > 1, then by the induction hypothesis,

td2(G) = max
i∈[k]

td2(Bi) ⩽ max
i∈[k]

rtd2(Bi) ⩽ rtd2(G).
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Now, we prove the other inequality for every graph G with at least one edge. We again pro-
ceed by induction on |V (G)|. If td2(G) = 2, then G is a forest with at least one edge, and
so as mentioned earlier rtd2(G) = td2(G) = 2. Now assume that td2(G) ⩾ 3, and so in
particular |V (G)| ⩾ 3, and that the result holds for smaller graphs. In particular, for every
graph H with |V (H)| < |V (G)|, either H has no edge and so rtd2(H) = td2(H) = 1, or
rtd2(H) ⩽ 2 td2(H)−2. In both cases, rtd2(H) ⩽ max{1, 2 td2(H)−2}. By (r8), there is a sep-
aration (A,B) of G of order at most one such that rtd2(G) = max{rtd2(A), rtd2(B − V (A)) +
|V (A) ∩ V (B)|}, V (B) \ V (A) ̸= ∅, V (A) ̸= ∅, and B is a block of G. If |V (A) ∩ V (B)| = 0,
then B − V (A) = B, and so

rtd2(G) = max{rtd2(A), rtd2(B)}
⩽ max{max{1, 2 td2(A)− 2},max{1, 2 td2(B)− 2}}
= max{1, 2 max{td2(A), td2(B)} − 2}
= 2 td2(G)− 2.

Therefore, we assume that |V (A)∩V (B)| = 1 and V (A)∩V (B) = {u}. There exists v ∈ V (B)
such that td2(B − v) = td2(B)− 1. Then, by (r7),

rtd2(B − u) ⩽ rtd2(B − u− v) + 1 ⩽ rtd2(B − v) + 1
⩽ max{1, 2 td2(B − v)− 2}+ 1
= max{2, 2 td2(B − v)− 1}
⩽ max{2, 2 td2(B)− 3}.

Finally, since td2(G) ⩾ 3,

rtd2(G) = max{rtd2(A), rtd2(B \ u) + 1}
⩽ max{max{1, 2 td2(A)− 2},max{2, 2 td2(B)− 3}+ 1}
= max{3, 2 td2(A)− 2, 2 td2(B)− 3 + 1}
⩽ max{3, 2 td2(G)− 2}
= 2 td2(G)− 2.

The bounds in Lemma A.17 are tight. Indeed, for every positive integer n, we have
td2(Kn) = rtd2(Kn) = n, which witnesses that the first inequality is tight. For the second
one, see Lemma A.19, which we precede with a simple observation. Note that this observation is
also true for td2, namely, td2(K1 ⊕ G) = 1 + td2(G) – again, the proof is very similar and we
omit it.

Observation A.18. For every graph G,

rtd2(K1 ⊕G) = 1 + rtd2(G).

Proof. Let G be a graph and let s the vertex of K1 in K1 ⊕ G. By definition, rtd2(K1 ⊕ G) ⩽
1 + rtd2(G). For the other inequality, we proceed by induction on rtd2(G). The assertion is
clear when G is the null graph, thus, assume that G is not the null graph. If G is not connected,
then rtd2(G) = rtd2(C) for some connected component C of G, and since rtd2(K1 ⊕ G) ⩾
rtd2(K1 ⊕C), it suffices to show rtd2(K1 ⊕C) ⩾ 1 + rtd2(C). Therefore, we assume that G is
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connected. Since K1 ⊕G is also connected, there is a separation (A,B) of K1 ⊕G of order one
such that rtd2(G) = max{rtd2(A), rtd2(B \ V (A)) + 1}, V (B) \ V (A) ̸= ∅, and V (A) ̸= ∅.
Since s is adjacent to all other vertices in K1 ⊕ G, the only possibility is that V (A) = {s} and
V (B) = V (K1 ⊕ G). It follows that B − V (A) contains a subgraph isomorphic to G, and thus,
rtd2(K1 ⊕G) ⩾ 1 + rtd2(B \ V (A)) ⩾ 1 + rtd2(G).

Lemma A.19. For every integer k with k ⩾ 2, there is a graphG with td2(G) ⩽ k and rtd2(G) ⩾
2k − 2.

Proof. We define inductively graphs Hk,ℓ with two distinguished vertices uk,ℓ and vk,ℓ for every
integers k, ℓ with k, ℓ ⩾ 2. For k = 2, Hk,ℓ is a path on ℓ vertices and uk,ℓ, vk,ℓ are its endpoints.
For k ⩾ 3, Hk,ℓ is obtained from two disjoint copies H1, H2 of K1 ⊕ Hk−1,ℓ by identifying the
copy of vk−1,ℓ in H1 with the copy of uk−1,ℓ in H2. The vertices uk,ℓ, vk,ℓ are then respectively
the copy of uk−1,ℓ in H1 and the copy of vk−1,ℓ in H2. See Figure A.2.

By induction on k, we show that td2(Hk,ℓ) ⩽ k and rtd2(Hk,ℓ) ⩾ 2k − 2 for all integers
k, ℓ with ℓ ⩾ k ⩾ 2. When k = 2, H2,ℓ is a path on at least two vertices and so td2(H2,ℓ) =
rtd2(H2,ℓ) = 2. Now suppose that k ⩾ 3. First, observe that Hk,ℓ has exactly two blocks H1, H2,
both isomorphic to K1⊕Hk−1,ℓ. Hence, td2(Hk,ℓ) ⩽ td2(K1⊕Hk−1,ℓ) ⩽ 1 + td2(Hk−1,ℓ) ⩽ k
by the induction hypothesis. Let v be the unique cut-vertex of Hk,ℓ. Since Hk,ℓ is connected and
consists of more than one block, by (r6), there is a separation (A,B) of Hk,ℓ such that V (A) ∩
V (B) = {v} and rtd2(Hk,ℓ) = max{rtd2(A), rtd2(B− v) + 1}. It follows that the graph B− v
contains K1 ⊕Hk−1,ℓ−1 as a subgraph, and so, applying Observation A.18,

rtd2(Hk,ℓ−1) ⩾ rtd2(B − v) + 1 ⩾ rtd2(K1 ⊕Hk−1,ℓ−1) + 1 ⩾ rtd2(Hk−1,ℓ−1) + 2 ⩾ 2k− 2.

This concludes the proof of the lemma.

H2,4

H3,4

H4,4

Figure A.2: The proof of Lemma A.19 implies that td2(H4,4) ⩽ 4 and
rtd2(H4,4) ⩾ 6.





APPENDIX B
Excluding a rooted

complete graph
In this chapter, we provide a proof of Theorem 7.7. This is a slight modification of Lemma 14
in [DHH+24].

Theorem 7.7 ([DHH+24, Lemma 14]). Let t be a positive integer, let G be a graph, and let
S ⊆ V (G). If there is no S-rooted model of Kt in G, then there exists S′ ⊆ V (G) with S ⊆ S′

such that torsoG(S′) is K2t−1-minor-free.

Lemma B.1. Let t be a positive integer, let G be a graph, and let S ⊆ V (G). LetM = (Ux | x ∈
V (K2t)) be a model of K2t in G ∪

(︁S
2
)︁

such that |{x ∈ V (K2t) | Ux ∩ S ̸= ∅}| ⩽ t. Then one of
the following holds:

(1) there is an S-rooted model of Kt in G, or

(2) there is a separation (A,B) of G of order at most t − 1 such that S ⊆ V (A), and there
exists z ∈ V (K2t) such that Uz ⊆ V (B) \ V (A).

Proof. Suppose for contradiction that G,S,M is a counterexample with |V (G)| minimum.

Claim B.1.1. There is no separation (A,B) of G of order at most t such that S ⊆ V (A), V (A) \
S ̸= ∅, and Uz ⊆ V (B) \ V (A) for some z ∈ V (Kt).

Proof of the claim. Suppose such a separation (A,B) exists, and let z be as in the statement. Since
G,S,M is a counterexample of the lemma, there is no separation (A′, B′) of G of order at most
t − 1 with S ⊆ V (A′) and V (B) ⊆ B′. Therefore, by Menger’s theorem, there is a family
(Pu | u ∈ V (A) ∩ V (B)) of pairwise disjoint (S, V (A) ∩ V (B))-paths in G with u ∈ V (Pu)
for every u ∈ V (A) ∩ V (B). Note that, for all u ∈ V (A) ∩ V (B), Pu is a path in A. Let
G′ = B, let S′ = V (A) ∩ V (B), and for every x ∈ V (K2t), let U ′

x = Ux ∩ V (B). Then,
M′ = (U ′

x | x ∈ V (K2t)) is a model of K2t in G′ ∪
(︁S′

2
)︁
. Since |V (G′)| < |V (G)|, we can apply

the minimality of |V (G)|.
In the first case, there is an S′-rooted model (Vx | x ∈ V (Kt)) of Kt in G′. But then,(︁

Vx ∪
⋃︁
u∈Vx∩V (A)∩V (B) V (Pu) | x ∈ V (Kt)

)︁
is an S-rooted model of Kt in G.

In the second case, there is a separation (A′, B′) of B with S′ ⊆ V (A) and U ′
z′ ⊆ V (B′) \

V (A′) for some z′ ∈ V (Kt). But then we have U ′
z′ = Uz′ , and (A ∪ A′, B′) is a separation of G

of order at most t− 1, with S ⊆ V (A ∪A′) and Uz′ ⊆ V (B′) \ V (A ∪A′).
In both cases, G,S,M is not a counterexample of the lemma. ♢

251
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Claim B.1.2. For every x ∈ V (K2t), either Ux ⊆ S, or |Ux| = 1.

Proof of the claim. Assume otherwise, and let y such that Uy ̸⊆ S and |Uy| > 1. In particular,
G[Uy] has an edge uv with {u, v} ̸⊆ S. Let G′ = G/uv, let w be the vertex in G′ resulting from
the identification of u and v, let

S′ =
{︄

(S \ {u, v}) ∪ {w} if {u, v} ∩ S ̸= ∅
S otherwise,

and for every x ∈ V (K2t), let

U ′
x =

{︄
(Ux \ {u, v}) ∪ {w} if {u, v} ∩ Ux ̸= ∅,
Ux otherwise.

Then, since |V (G′)| < |V (G)|, we can apply the minimality of |V (G)|.
In the first case, G′ has an S′-rooted model of Kt, and we deduce that G has an S-rooted

model of Kt.
In the second case, there is a separation (A′, B′) of G′ of order at most t − 1 with U ′

z ⊆
V (B′) \ V (B′) for some z ∈ V (K2t). Let (A,B) be the separation of G obtained from (A′, B′)
by uncontracting the edge uv. Note that (A,B) has order at most t. If (A,B) has order at most
t − 1, this contradicts the fact that G,S,M is not a counterexample of the lemma. Now suppose
(A,B) has order exactly t, and so u, v ∈ V (A). In particular, V (A) \ S ̸= ∅. Since we also have
S ⊆ V (A) and Uz ⊆ V (B) \ V (A), this contradicts Claim B.1.1. ♢

Let T =
⋃︁
x∈V (K2t),Ux∩S=∅ Ux. By Claim B.1.2, T induces a complete graph in G, which has

size at least t since |{x ∈ V (K2t) | Ux ∩ S ̸= ∅}| ⩽ t. By Menger’s theorem, either there is a
separation (A,B) of G of order at most t− 1 with S ⊆ V (A) and T ⊆ V (B), and so there exists
z ∈ T \ (V (A) ∩ V (B)), which implies Uz ⊆ V (B) \ V (B); or there are t pairwise disjoint
(S, T )-paths Q1, . . . , Qt in G, and then, (V (Qi) | i ∈ [t]) is an S-rooted model of Kt in G. In
both cases, we contradict the fact that G,S,M is a counterexample.

Corollary B.2. LetG be a connected graph, let t be a positive integer, and let S be a set of at least
t vertices of G. If K2t is a minor of G ∪

(︁S
2
)︁
, then, for some ℓ ∈ [t], there is a separation (A,B)

in G of order ℓ such that S ⊆ V (A), and B contains a (V (A) ∩ V (B))-rooted model of Kℓ.

Proof. We proceed by induction on t. For t = 1, one can take A to be a 1-vertex graph containing
the vertex of S, andB = G. Note that V (B)\V (A) is non empty, and sinceG is connected, there
is a vertex in V (B) \ V (A) adjacent to the vertex in S. This vertex constitutes a (V (A)∩ V (B))-
rooted model of K1. Now, assume that t ⩾ 2 and that the result holds for all positive integers
less than t. Let M = (Ux | x ∈ V (K2t)) be a model of K2t in G ∪

(︁S
2
)︁
. Apply Lemma B.1

to G,S,M. If there is an S-rooted model of Kt in G, then take A to be the graph with vertex
set S with no edges and B to be the whole graph G, and the lemma is satisfied with ℓ = t.
Otherwise, there exists a separation (C,D) in G of order at most t− 1 and z ∈ V (K2t) such that
S ⊆ V (C) and Uz ⊆ V (D) \ V (C). Let E be the connected component of D containing Uz .
Since z is adjacent to every other vertex in K2t, Ux contains a vertex of E for every x ∈ V (K2t).
LetME be obtained fromM by replacing each branch set inM by its intersection with V (E).
Let S′ = V (C) ∩ V (E). Observe that ME is a model of K2t in E ∪

(︁S′

2
)︁
. By the induction

hypothesis applied to E,S′,ME , there exists a separation (A′, B′) of order at most t − 1 of E
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such that S′ ⊆ V (A′) and B′ has a (V (A′) ∩ V (B′))-rooted model of K|V (A′)∩V (B′)|. Finally,
put A = C ∪A′ ∪ (D− V (E)) and B = B′. It follows that the separation (A,B) has the desired
properties.

We can now deduce Theorem 7.7.

Proof of Theorem 7.7. Suppose that there is no S-rooted model of Kt in G. We proceed by induc-
tion on |V (G)|. If G is not connected, then we apply the induction hypothesis on each connected
component and we are done. Now suppose G connected. If there is no model of K2t in G, then
we are done. Otherwise, letM = (Ux | x ∈ V (K2t)) be a model of K2t in G. By Lemma B.1,
there is a separation (A,B) of G with S ⊆ V (A) and Uz ⊆ V (B) \ V (A) for some z ∈ V (K2t).
Then, since z is adjacent to every other vertex in K2t, the family (Ux ∩ V (B) | x ∈ V (K2t))
is a model of K2t in B ∪

(︁V (A)∩V (B)
2

)︁
. By Corollary B.2, there is a separation (C,D) of B with

V (C)∩V (D) ̸= ∅, V (A)∩V (B) ⊆ V (C), and such that there is a (V (C)∩V (D))-rooted model
ofK|V (C)∩V (D)| inD. In particular, this implies thatG′ = torsoG(V (C)∪V (A)) has no S-rooted
model of Kt. Then, by the induction hypothesis, there exists S′ ⊆ V (C) with S ⊆ S′ such that
torsoG′(S′) is K2t-minor-free. Since torsoG′(S′) = torsoG(S′), this proves the theorem.
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Structures des classes de graphes et de leurs mineurs exclus

Clément RAMBAUD

Résumé

Une classe de graphes est dite close par mineur si elle est close par suppressions d’arêtes, sup-
pressions de sommets, et contractions d’arêtes. Les classes de graphes closes par mineur jouent
un rôle central en théorie des graphes grâce à leurs propriétés structurelles et algorithmiques.
Dans cette thèse, nous démontrons plusieurs correspondances entre la structure d’une classe
de graphes close par mineur et celle de ses mineurs exclus, c’est-à-dire des graphes minimaux
parmi ceux qui ne sont pas membres de cette classe.
Dans une première partie, nous démontrons une propriété structurelle pour les classes de
graphes excluant une grille de hauteur fixée en tant que mineur. Pour ce faire, nous introduisons
une nouvelle famille de paramètres de graphes qui généralise la profondeur arborescente et la
largeur arborescente. En conséquence, nous obtenons une généralisation du Théorème de la
Grille Mineure de Robertson et Seymour.
Dans une seconde partie, nous montrons, à travers plusieurs applications, comment utiliser
une notion de mineurs enracinés pour résoudre des problèmes sur les mineurs de graphes.
La première de ces applications est une preuve simple pour les caractérisations des classes
de graphes closes par mineurs ayant une profondeur arborescente en couche ou une largeur
linéaire en couche bornée. Une deuxième application consiste en des théorèmes de Structure
Produit dans des classes closes par mineurs. Enfin, nous déterminons, à un facteur linéaire
près, les nombres chromatiques centrés ainsi que les nombres colorant faibles de toute classe
de graphes close par mineur donnée. Dans le cas où cette classe exclut un graphe planaire, nos
bornes sont optimales à un facteur constant près.

Mots-clés : théorie des graphes, mineurs de graphes, largeur arborescente, profondeur arborescente,
colorations centrées

Abstract

A class of graphs is said to be minor-closed if it is closed under the following three operations:
edge deletion, vertex deletion, and edge contraction. Minor-closed classes of graphs play a
central role in graph theory thanks to their numerous structural and algorithmic properties.
In this thesis, we prove several connections between the structure of a minor-closed class of
graphs and the structure of its excluded minors, that is the minimal graphs which are not
members of this class.
In a first part, we show a structural property for classes of graphs excluding a grid of fixed
height as a minor. To do so, we introduce a new family of graph parameters generalizing both
treedepth and treewidth. As a consequence, we obtain a qualitative strengthening of the Grid-
Minor Theorem of Robertson and Seymour for graphs excluding a rectangular grid.
In a second part, we show through multiple applications how to use a notion of rooted minors to
solve problems concerning graph minors. As a first application, we provide simple proofs for
characterizations of minor-closed classes of graphs having bounded layered treedepth or lay-
ered pathwidth. A second application consists of Product Structure theorems in minor-closed
classes of graphs. Finally, we investigate the growth rates in minor-closed classes of graphs
of weak coloring numbers and centered chromatic numbers, two families of graphs parameters
characterizing classes of graphs having bounded expansions. In particular, we determine, up to
a linear factor, the maximum centered chromatic numbers and weak coloring numbers of the
members of a given minor-closed class of graphs. In the special case where a planar graph is
excluded, our bounds are tight up to a constant factor.

Keywords: graph theory, graph minors, treewidth, treedepth, centered colorings
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