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Structures des classes de graphes et de leurs mineurs exclus
Résumé

Une classe de graphes est dite close par mineur si elle est close par suppressions d’arétes, sup-
pressions de sommets, et contractions d’arétes. Les classes de graphes closes par mineur jouent
un role central en théorie des graphes grace a leurs propriétés structurelles et algorithmiques.
Dans cette theése, nous démontrons plusieurs correspondances entre la structure d’une classe
de graphes close par mineur et celle de ses mineurs exclus, c’est-a-dire des graphes minimaux
parmi ceux qui ne sont pas membres de cette classe.
Dans une premiere partie, nous démontrons une propriété structurelle pour les classes de
graphes excluant une grille de hauteur fixée en tant que mineur. Pour ce faire, nous introduisons
une nouvelle famille de parametres de graphes qui généralise la profondeur arborescente et la
largeur arborescente. En conséquence, nous obtenons une généralisation du Théoréme de la
Grille Mineure de Robertson et Seymour.
Dans une seconde partie, nous montrons, a travers plusieurs applications, comment utiliser
une notion de mineurs enracinés pour résoudre des problemes sur les mineurs de graphes.
La premiere de ces applications est une preuve simple pour les caractérisations des classes
de graphes closes par mineurs ayant une profondeur arborescente en couche ou une largeur
linéaire en couche bornée. Une deuxieme application consiste en des théorémes de Structure
Produit dans des classes closes par mineurs. Enfin, nous déterminons, a un facteur linéaire
pres, les nombres chromatiques centrés ainsi que les nombres colorant faibles de toute classe
de graphes close par mineur donnée. Dans le cas ou cette classe exclut un graphe planaire, nos
bornes sont optimales a un facteur constant pres.

Mots-clés : théorie des graphes, mineurs de graphes, largeur arborescente, profondeur arbores-

cente, colorations centrées

Structures of graph classes and of their excluded minors
Abstract

A class of graphs is said to be minor-closed if it is closed under the following three operations:
edge deletion, vertex deletion, and edge contraction. Minor-closed classes of graphs play a
central role in graph theory thanks to their numerous structural and algorithmic properties.
In this thesis, we prove several connections between the structure of a minor-closed class of
graphs and the structure of its excluded minors, that is the minimal graphs which are not
members of this class.

In a first part, we show a structural property for classes of graphs excluding a grid of fixed
height as a minor. To do so, we introduce a new family of graph parameters generalizing both
treedepth and treewidth. As a consequence, we obtain a qualitative strengthening of the Grid-
Minor Theorem of Robertson and Seymour for graphs excluding a rectangular grid.

In a second part, we show through multiple applications how to use a notion of rooted minors to
solve problems concerning graph minors. As a first application, we provide simple proofs for
characterizations of minor-closed classes of graphs having bounded layered treedepth or lay-
ered pathwidth. A second application consists of Product Structure theorems in minor-closed
classes of graphs. Finally, we investigate the growth rates in minor-closed classes of graphs
of weak coloring numbers and centered chromatic numbers, two families of graphs parameters
characterizing classes of graphs having bounded expansions. In particular, we determine, up to
a linear factor, the maximum centered chromatic numbers and weak coloring numbers of the
members of a given minor-closed class of graphs. In the special case where a planar graph is
excluded, our bounds are tight up to a constant factor.

Keywords: graph theory, graph minors, treewidth, treedepth, centered colorings
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CHAPTER 1

Introduction

A graph is a pair G = (V, E') where V is a finite set and E is a set of unordered pairs of elements
of V. We call the elements of V' the vertices of GG, and the elements of F the edges of G. We
denote by V(G) the vertex set V and by E(G) the edge set E. When there is no ambiguity, we
write uv instead of {u, v}, for every edge {u,v} € E(G). Here are a few examples of common
graphs (see also Figure 1.1). For all positive integers n, s, t,

e the complete graph on n vertices, denoted by K, is the graph with vertex set [n] =
{1,...,n}andedge set {{i,j} | 1 <i<j<n}

o the complete bipartite graph on s + t vertices, denoted by K 4, is the graph with vertex set
{(1,1),...,(1,s)}U{(2,1),...,(2,1)} and edge set {(1,4)(2,7) | i € [s], ] € [t]},

e the path graph on n vertices, denoted by P,, is the graph with vertex set {1,...,n} and
edge set {{i,i+ 1} |i € [n — 1]},

e the cycle graph on n vertices, denoted by C,,, is the graph with vertex set {0,...,n — 1}
and edge set {{7, (i + 1) mod n} | i € [n]}.

Ky 4 Py Cs

Figure 1.1: The graphs K3y, K4 4, Py, and Cg.

Structural Graph Theory aims at finding necessary or sufficient conditions for a graph to admit
a specific structural property. A first example is the notion of forest. A cycle in a graph G is a
sequence (uo, ..., ur—1) with £ > 3 of pairwise distinct vertices of G such that Uil(i41) mod ¢ 18
an edge in G. A forest is a graph that does not admit any cycle. See Figure 1.2 for an example
of a forest. This definition is in terms of forbidden substructures (namely cycles), but forests also
have a more structural description: the class of forests can be characterized as the smallest class
of graphs satisfying

(i) the null graph ) = (0,0) is a forest, (base case)

(ii) if F is a forest, then for every u ¢ V(F), the graph (V(F') U {u}, E(F)) is a forest,
and (adding an isolated vertex)
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Figure 1.2: A forest.

(iii) if F is aforest, then forall u ¢ V(F') and v € V(F), the graph (V (F)U{u}, E(F)U{uv})
is a forest. (adding a leaf)

To see that, first observe that the null graph has no cycle, and that if F' has no cycle, then for every
ug V(F), (V(F)U{u}, E(F)) hasno cycle, and if v € V(F), then (V(F)U{u}, E(F)U{uv})
has no cycle. Hence, it remains to show that if a graph has no cycle, then can be decomposed using
the rules (i), (i1), and (iii).

Before showing this, we need a few definitions. Let G be a graph. A path in G is a se-
quence P = (uq,...,up) of pairwise distinct vertices of G such that u;u;11 € E(G) for every
i € [¢—1]. We will often identify the path P with the graph ({uy, ..., us}, {ujuir1 | i € [—1]}).
The length of P is the integer / — 1. For all u,v € V(G), the distance between u and v in
G, denoted by distg(u,v), is the minimum length of a path (ug,...,us) in G with ug = u
and uy = v. If no such path exists, then distg(u,v) = +oo. The diameter of G, de-
noted by diam(G), is max, ,cv (@) dista(u,v). The radius of G, denoted by diam(G), is
min, ey () Maxyey () dista(u, v). For every u € V(G), the neighborhood of u in G, denoted
by Ng(u), is the set {v € V(G) | uv € E(G)}. More generally, for U C V(G), we denote by
Ng(U) the set {v € V(G)\ U | Ju € U,uv € E(G)}. The degree of u in G, denoted by dg(u),
is the integer | Ng(u).

The aforementioned structural characterization of forests follows from the following lemma
by induction.

Lemma 1.1. Let G be a graph. If G has no cycle, then either V(G) = 0, or there exists in G a
vertex of degree at most 1.

Proof. Let G be a graph with no cycle and with at least one vertex. Since GG has at least one
vertex, say u, it admits a path, namely the sequence (u) considered as a path of length 0. Let
P = (u1,...,us) be a path in G of maximum length. If there exists v € Ng(ug) \ V(P),
then (uq,...,us,v) is a path in G of larger length, contradicting the maximality of P. Hence
Ng(ug) CV(P). If dg(ug) > 2, then there exists j € {1,...,¢—2} such that u; € Ng(us). But
then (u;,w;41,...,up) is a cycle in G, a contradiction. This proves dg(u) < 1. O

A large part of Structural Graph Theory consists in characterizing graphs having a given struc-
tural property in terms of forbidden substructures. Here are a few examples:

e a graph is a forest if and only if it has no cycle,

e a graph is bipartite, that is admits a partition (A, B) of its vertex set such that every edge
intersects both A and B, if and only if it has no cycle of odd length,
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e a graph is perfect if and only if it has no odd hole nor odd anti-hole (Strong Perfect Graph
Theorem; Chudnovsky, Robertson, Seymour, and Thomas [CRSTO06]). See [Diel7, Sec-
tion 5.5] for an introduction to perfect graphs.

Before continuing, we need to properly define the notions of “substructure” we will consider
in this thesis.

Induced subgraphs. A graph H is an induced subgraph of a graph G if there is an injective
function p: V(H) — V(G) such that for every distinct u,v € V(H), uv € E(H) if and only if
p(u)p(v) € E(G).

A typical example where the induced subgraph relation is relevant is when working on geo-
metrically defined graphs. For example, the class of the unit-disk graphs, which are graphs of the
form (V, {zy | z,y € V, ||z — y|| < 1}) for some finite V' C R?, behaves well with the induced
subgraph relation: if G is a unit disk graph, then every induced subgraph of G is unit disk.

Actually, the induced subgraphs of G are, up to isomorphism, all of the form (U, {uv € E(G) |
u,v € U}) for U C V(G). We call the graph (U, {uv € E(G) | u,v € U}) the subgraph of G
induced by U, and we denote it by G[U]. When G[U] is a complete graph, we say that G[U] is a
clique in G. We also denote by G — U the graph G[V (G) \ U].

Subgraphs. A graph H is a subgraph of a graph G if there is an injective function p: V(H) —
V(G) such that for every uv € E(H), o(u)p(v) € E(G). If H is a subgraph of G, then we write
HCG.

Alternatively, a graph H is a subgraph of G if H can be obtained from an induced subgraph
of G by possibly deleting some edges. In particular, every induced subgraph of G is a subgraph of
G.

Graph minors. A graph G is said to be connected if V(G) # (), and there is no pair A, B of
nonempty disjoint subsets of V' (G) such that every edge of G is contained in A or in B. A graph
H is a minor of a graph G if there is a family (B, | = € V(H)) of pairwise disjoint subsets of
V(G) such that

(ml) forevery x € V(H), G[B,] is a nonempty connected subgraph of G,
(m2) forevery xy € E(H), there exists u € B, and v € By such that uv € E(G).

See Figure 1.3. We call such a family (B, | € V(H)) amodel of H in G. If H is not a minor of
G, then we say that G is H-minor-free. For a family H of graphs, we say that G is H-minor-free
if G is H-minor-free for every H € H.

Note that if (B, | + € V(H)) is amodel of H in G, and if (Cyy | y € V(A)) is a model of a
graph Ain H, then (U,ec, Bz | y € V(A)) is amodel of A in G. Hence the graph minor relation
is transitive.

An important operation when considering graph minors is the edge contraction. Let G be a
graph and let uv € E(G). The graph G /uv is the graph with vertex set G\ {u, v}U{u*v} and edge
set (E(G)\{ww' € E(G) | {w,w'}n{u,v} # 0})U{(uxv,w) | w € (Ng(u)UNg(v))\{u,v}},
where uxv denotes a fresh vertex. Less formally, G /uv is the graph obtained from G by identifying
u and v. The crucial observation is that G/uv is a minor of G: for every w € V(G) \ {u,v},
let B, = {w}, and let By, = {u,v}. Then (B, | w € V(G/uv)) is a model of G/uv
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Figure 1.3: A model of K.

in G. To complete our basic operations, for every u € V(G), we denote by G — u the graph
(V(G)\ {u}, E(G) \ {uv | v € Ng(u)}), and for every uv € E(G), we denote by G \ uv the
graph (V(G), E(G) \ {uv}). The graph minor relation can be then defined inductively by the fact
that the graph minor relation is transitive, and that for every graph G,

(i) G is a minor of G, (reflexivity)
(ii) forevery u € V(G), G — u is a minor of G, (vertex deletion)
(iii) forevery uv € E(G), G \ uv is a minor of G, and (edge deletion)
(iv) for every uwv € E(G), G/uv is a minor of G. (edge contraction)

The graph minor relation is the less restrictive of the usual graph containment relations. In partic-
ular, every subgraph of a graph G is a minor of GG. This thesis is devoted to the study of several
problems related to the notion of graph minors.

1.1 Graph minors

1.1.1 Minor-closed classes of graphs

A class of graphs C is minor-closed if for every G € C, for every minor H of G, H € C. When a
graph X does not belong to C, we say that C excludes X . Here are some examples of minor-closed
classes of graphs.

Forests. The class of forests is minor-closed. We saw earlier that a graph is a forest if and only
if it does not contain any cycle. A crucial observation is that a graph G has a cycle if and only if
K3 is a minor of G. Therefore, the forests can be characterized in terms of a forbidden minor as
follows.

Proposition 1.2. A graph G is a forest if and only if K3 is not a minor of G.

In other words, the class of forests is exactly the class of graphs that do not contain K3 as a
minor.
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Outer-planar graphs. A graph G is said to be outer-planar if it can be drawn on the plane
without any crossing, and so that every vertex of G lies on the outer face. Again, if G is outer-
planar, then every minor of G is outer-planar. There are two typical graphs which are not outer-
planar: K, and K3 3, and so if a graph contains K4 or K3 3 as a minor, then it is not outer-planar.
See Figure 1.4. Actually, the reciprocal also holds.

Figure 1.4: The graphs K4 and K> 3 are not outer-planar.

Theorem 1.3 (Folklore). A graph G is outer-planar if and only if K4 and K 3 are not minors of
G.

To prove it, we will use the celebrated Menger’s Theorems. Let G be a graph and let S, T C
V(QG). An (S,T)-path in G is a path (uy,...,us) in G withu; € S, up € T, and ug, ..., up_1 &
SUT. Let s,t € V(G). An (s,t)-path in G is an ({s}, {t})-path in G. The interior of a path
(ug,...,up)isthe set {ug,...,up—1}. Two paths (u1,...,us) and (vy, ..., vy ) are disjoint if their
vertex sets are disjoint, and internally-disjoint if their interiors are disjoint. In general, we say that
two graphs are disjoint when their vertex sets are disjoint. Note that a graph G is connected if
and only if V(G) # (), and for every pair of distinct vertices s,t of G, there is an (s, t)-path in
G. The connected components of a graph G are the graphs of the form G[U] where U C V(G)
is inclusion-wise maximal under the property that G[U] is connected. We will use the celebrated
Menger’s Theorem in the following two versions.

Theorem 1.4 (Menger’s Theorem 1). Let G be a graph, and let s,t be distinct nonadjacent ver-
tices of G. For every positive integer d either

(1) there are d pairwise internally-disjoint (s, t)-paths in G, or

(2) there is a set Z of at most d — 1 vertices in V(G) \ {s,t} intersecting the interior of every
(s,t)-path in G.

Theorem 1.5 (Menger’s Theorem 2). Let G be a graph, and let S,T C V(G). For every positive
integer d either

(1) there are d pairwise disjoint (S, T)-paths in G, or
(2) there is a set Z of at most d — 1 vertices in G intersecting every (S, T)-path in G.

Also, given a graph G and a set F' of pairs of vertices of GG, we denote by G U F’ the graph
(V(G), E(G)UF).

Proof of Theorem 1.3. As mentioned earlier, it is enough to show that if a graph GG does not con-
tain /{4 and K 3 as a minor, then G is outer-planar. We will prove by induction on |V (G)| the
following stronger property.
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For every graph G, if K4 and K> 3 are not minors of G, then there is an embedding
of G in the plane such that

(1) every vertex of G lies on the outer face, and

(ii) for every uwv € E(QG), if uv is not along the outer face, then there are three
internally disjoint (u,v)-paths in G, including the length one path (u,v).

See Figure 1.5 for an example of such an embedding.

Figure 1.5: lustration for the proof of Theorem 1.3. For every edge uv which is
not along the outer face, there are three internally-disjoint (u, v)-paths in G. The
edges of these paths are here depicted in red, blue, and green.

Let G be a graph that does not contain /K4 nor K33 as a minor. If |[V(G)| < 3, then the
property clearly holds. Now suppose that |V (G)| > 4 and that the property holds for smaller
graphs.

If G is a complete graph, then since K is not a minor of G, we have |V (G)| < 3, a contra-
diction. Therefore G is not complete. Let s,¢ € V(G) distinct such that st ¢ E(G). Since Kj 3
is not a minor of G, there are no three pairwise internally disjoint (s, ¢)-paths in G. Hence, by
Menger’s Theorem, there exists a set Z of at most two vertices in V(G) \ {s,t} intersecting the
interior of every (s,t)-path in G. Assume that Z has minimum size for this property. Let A be
the set of all the vertices u € V() such that there is an (s, u)-path in G whose interior is disjoint
from Z, and let B = V(G) \ (A\ Z). Let G1 = G[A] U (%) and G2 = G[B] U (), where (%)
denotes the set of all the unordered pairs of elements of Z.

First suppose that |Z| < 1. In particular, (g) = (). Hence G and G are induced subgraphs,
and so minors, of G. Therefore, K4 and K 3 are not minors of GG; and G2. Then by applying
the induction hypothesis on both G; and G5, and by combining the two obtained embeddings, we
obtain the desired embedding of G. Now suppose that |Z| = 2.

By minimality of Z, there are two ({s}, Z)-paths (resp. (Z, {t})-paths) in G whose vertex
sets intersect only in s (resp. t), and whose interiors are included in A (resp. B). These two paths
imply that there is a path P; (resp. P») between the two vertices in Z in G[A] (resp. G[B]) whose
interior is disjoint from Z. In particular, by contracting this path into a single edge we obtain that
G (resp. (G1) is a minor of G.

Let i € {1,2}. Since G; is a minor of G, K4 and K 3 are not minors of G. Therefore, by
the induction hypothesis, there is an embedding of G; such that every vertex lies on the outer face,
and if an edge uv € E(G;) is not along the outer face, then there are three internally disjoint
(u,v)-paths in G;. Suppose that the edge Z in G is not along the outer face. Then there are two
internally disjoint paths in GG; between the vertices in Z which are not the edge Z itself. But then,
together with P5_;, this gives three internally disjoint paths in G of length at least 2 between the
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vertices in Z, and so K5 3 is a minor of G, a contradiction. Hence the edge Z is along the outer
face.

By gluing along the edge Z the embeddings of G; and G2, we obtain an embedding of G such
that every vertex lies on the outer face. Moreover, for every edge uv € E(G), if uv is not along
the outer face of the resulting embedding, then one of the two following cases occurs.

Case 1. There exists ¢ € {1,2} such that uv € E(G;) and uv is not along the outer face in the
embedding of G;. Then by hypothesis on this embedding, there are three internally disjoint
(u,v)-paths in G;. If one of them uses the edge Z, we replace in the corresponding path the
edge Z by the path Ps_;. This gives three internally disjoint (u, v)-paths in G.

Case 2. If {u,v} = Z, then (u,v), Py, and P, are three internally disjoint (u, v)-paths in G.

In both cases, the desired property holds. This proves the theorem. O

Planar graphs. Planar graphs are graphs that can be drawn on the plane without any crossing.
Since every minor of a planar graph is planar, the class of planar graphs is minor-closed. The
graphs K5 and K3 3 are not planar (see e.g. [Diel7, Chapter 4]). Hence, if a graph G contains
one of them as a minor, then G is not planar. See Figure 1.6. The reciprocal is known as Wagner’s
Theorem.

Theorem 1.6 (Wagner’s Theorem). A graph G is planar if and only if K5 and K3 3 are not minors

' & E

Figure 1.6: The graphs K5 and K3 3 are not planar.

Robertson-Seymour theorem. We saw several examples of minor-closed classes of graphs, and
all of them admitted a characterization in terms of a finite set of forbidden minors. The celebrated
Robertson-Seymour Theorem states that this is the case for every minor-closed class of graphs.

Theorem 1.7 (Robertson and Seymour [RS04]). For every minor-closed class of graphs C, there
exists a finite set X of graphs such that for every graph G, G € C if and only if for every X € X,
X is not a minor of G.

This result is extremely general and is of great theoretical importance. Robertson and Sey-
mour [RS95] proved that for every fixed graph X, the problem of deciding whether X is a minor
of a given n-vertex graph can be solved in time O(n?). Together with Theorem 1.7, this implies
that for every fixed minor-closed class of graphs C, deciding whether a given n-vertex graph be-
longs to C can be solved in time O(n3). This running time was recently improved to nlte) py
Korhonen, Pilipczuk, and Stamoulis [KPS24].

The proof of Robertson and Seymour Theorem required the introduction of numerous tools to
study graph minors, and had a huge impact on both Structural and Algorithmic Graph Theory. In
particular, it initiated the study of treewidth and pathwidth, two graph parameters that will play a
central role in this thesis.
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1.1.2 Minor-monotone graph parameters

A graph parameter is a function p taking as an input a graph G and returning an integer,
which is invariant under isomorphism, that is for every graph GG and for every bijective func-
tion p: V(G) — V', p(G) = p (V' {p(u)p(v) | uv € E(G)})). Here are a few examples of
graph parameters.

e The number of vertices G — |V (G)].

e The number of edges G — |E(G)|.

e The maximum degree A: G +— max,cy (q) da(u).
e The minimum degree §: G+ min,cy () da(u).

A graph parameter p is said to be minor-monotone if for every graph G and for every minor
H of G, p(H) < p(G). Among the aforementioned graph parameters, the number of vertices and
the number of edges are minor-monotone, and the two other are not. We now present some other
important minor-monotone graph parameters.

Vertex cover number. Let G be a graph. A vertex cover of G is a set X C V(@) such that for
every edge e of G, eN X # (). The minimum size of a vertex cover of GG, denoted by vc(G), is the
vertex cover number of G. The vertex cover number is minor-monotone.

Given a minor-monotone graph parameter p, a classical problem is to characterize classes
of graphs C for which this parameter is bounded, that is maxgee p(G) < +oo. Since p is
minor-monotone, p is bounded in C if and only if p is bounded in | C = {H | 3G €
C, H is aminor of G}. As the later class is minor-closed, this reduces to the case where C is
minor-closed.

In the case of the vertex cover number, the answer to this problem is a classical observation.
Let ¢ be a positive integer. For every graph H, we denote by ¢ - H the graph which is the union of
¢ disjoint copies of H.

Proposition 1.8. A minor-closed class of graphs C has bounded vertex cover number if and only
if there exists a positive integer £ such that ¢ - Ko ¢ C.

Proof. Let C be a minor-closed class of graphs. First, ve(¢ - Ky) = ¢ for every positive integer
£. Hence, if C has bounded vertex cover number, then there exists a positive integer ¢ such that
¢ - Ky ¢ C. Reciprocally, suppose that there exists a positive integer ¢ such that £ - Ko ¢ C. Let
G € C. Since C is minor-closed, £- K5 is not a minor of GG. Leteq, . . ., e, be an inclusion maximal
family of pairwise disjoint edges in GG. Since £ - K5 is not a minor of GG, we have m < £ — 1. On
the other hand, since eq, ..., e,, is maximal, the set X = Uie[m] e; is a vertex cover of (G, and so
ve(G) < 2(¢ — 1). This proves that C has bounded vertex cover number. O

Feedback vertex set number. Let G be a graph. A feedback vertex set of Gisaset X C V(G)
such that every cycle in G intersects X. In other words G — X is a forest. The feedback vertex set
number of G, denoted by fvs(G), is the minimum size of a feedback vertex set of G. The feedback
vertex set number is minor-monotone.

Let £ be a positive integer. If X is a feedback vertex set of £ - K3, then X intersect each of
the ¢ copies of K3. As a consequence, fvs(¢ - K3) > ¢. See Figure 1.7. Therefore, if a graph G
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contains ¢ - K3 as a minor, then fvs(G) > ¢. On the other hand, ErdGs and Pésa [EP65] proved
that if a graph does not contain ¢ - K3 as a minor, then its feedback vertex set number is bounded
by a function of /.

Theorem 1.9 (Erd6s-Pésa Theorem). A minor-closed class of graphs C has bounded feedback
vertex set number if and only if there exists a positive integer ¢ such that { - K3 & C.

1 <] <] <1 <q <

Figure 1.7: The graph 6 - K3.

Treewidth. The treewidth is arguably the most important minor-monotone graph parameter,
both for its structural and algorithmic applications. Let G be a graph. A forest decomposition
of G is a pair (T, (W, | z € V(T))), where T is a forest and W,, C V(G) for every z € V(T),
such that

(twl) foreveryu € V(G), {z € V(T) | u € W} is nonempty and induces a connected subgraph
of T', and

(tw2) for every uv € V(Q), there exists x € V(T') such that u,v € W,.

A tree is a connected forest. When T is a tree, we say that (T',(W, | x € V(T))) is a tree
decomposition of G. See Figure 1.8. Most of the time, we will consider only tree decompositions.
The sets W, for z € V(T') are called the bags of this tree decomposition, and the set W, N W,
for vy € E(T) is adhesions. The width of this tree decomposition is max,cy 7y [Wz| — 1, and
its adhesion is max ¢ p(r) [Wz N Wy|. The treewidth of G, denoted by tw((G), is the minimum
width of a tree decomposition of GG. See Figure 1.9 for examples of graphs of small treewidth.

G T

Figure 1.8: A tree decomposition of a graph GG indexed by a tree 7'. The bag of a
vertex x of T is the set of vertices of G depicted with the same color.

tw=20 tw=1 tw =2

Figure 1.9: Some graphs of small treewidth.
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The treewidth is minor-monotone. Indeed, if (T, (W, | z € V(T))) is a tree decomposition
of a graph G of minimum width, and if (B, | y € V(H)) is a model of a graph H in G, then
(T,{y e V(H) | Byn W, # 0} | « € V(T))) is a tree decomposition of H of width at most
tw(G).

For every positive integer a, b, the a x b grid is the graph with vertex set [a] x [b] and edges all
the pairs (i, 7)(i, j') such that |i — 4’| +|j — j'| = 1. See Figure 1.10. We will see in Section 1.1.3

Figure 1.10: The 5 x 7 grid.

that for every positive integer ¢, the £ x ¢ grid has treewidth at least £. Hence, if a graph G contains
the ¢ x ¢ grid as minor, then tw(G) > /. Robertson and Seymour [RS86b] proved that the other
direction also (approximately) holds. This fundamental result, known as the Grid-Minor Theorem,
will be used several times in this thesis.

Theorem 1.10 (Grid-Minor Theorem [RS86b]). There is a function fi10: N — N such that for
every positive integer £, for every graph G, if the £ x £ grid is not a minor of G, then

tW(G) < f1_10(€).

As a consequence, a minor-closed class of graphs has bounded treewidth if and only if there is
an integer ¢ such that the ¢ x ¢ grid does not belong to C.

Pathwidth. Let G be a graph. A path decomposition of G is a tree decomposition (P, (W, | z €
V(P))) of G where P is a path graph. We will also write a path decomposition (W7,. .., Wy,)
where m = |V(P)|, assuming that the vertices of P are 1,...,m, in this order along P. The
pathwidth of G, denoted by pw(G), is the minimum width of a path decomposition of G. See
Figure 1.11. The same argument as for treewidth shows that pathwidth is minor-monotone.

pw=20 pw=1 pw =2

Figure 1.11: Some graphs of small pathwidth.

Figure 1.12: The tree T}.
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Let ¢ be a positive integer. Let T be the complete ternary tree of depth ¢, that is the tree
with vertex set J'—3{0,1,2}" and edge set U'—2 {{w,wz} | w € {0,1,2}},2 € {0,1,2}}. See
Figure 1.12. The tree T, has pathwidth at least £ — 1. The proof of this fact is by induction on .
This is clear for £ = 0 since Ty = K has pathwidth 0. Now suppose ¢ > 1 and pw(7y_1) > (—2.
Let (W1,...,W,,) be a path decomposition of 7y of minimum width. Let @ be a (W7, W,,,)-path
in T;. Then V(Q) intersects W; for every i € [m]. Moreover, there exists € {0, 1,2} such that
U = {z} x UZ2{0,1,2}" is disjoint from V (Q). Therefore, (Wy NV (U),..., W,, NV (U)) is a
path decomposition of G[U] of width at most pw(7y) — 1. Since G[U] is isomorphic to Ty_1, we
deduce by the induction hypothesis that

pw(Ty) 2 1+ pw(Tp—1) 2 £ — 1.

Hence, if a graph contains 7, as a minor, then pw(G) > ¢ — 1. Robertson and Seymour [RS83]
proved that reciprocally, if a graph does not contains a forest F' as a minor, then its pathwidth is
bounded by a function of F'. The optimal such function was subsequently determined by Bien-
stock, Robertson, Seymour, and Thomas [BRST91].

Theorem 1.11 (Excluded Tree-Minor Theorem [BRSTO1, RS83]). Let F be a forest and let G be
a graph. If F is not a minor of G, then

pw(G) < |V(F)| — 2.

A short proof of this theorem was later found by Diestel [Dic95]. Based on this work, we
prove a qualitative strengthening of this theorem in Chapter 4, Section 4.3. As a consequence of
Theorem 1.11, a minor-closed class of graphs C has bounded pathwidth if and only if there is a
positive integer ¢ such that 7, ¢ C.

Treedepth. The rreedepth is a graph parameter denoted by td(-), defined inductively as follows.
For every graph G,

(td1) if G = 0, then td(G) = 0;

(td2) if G # () and G is not connected, then td(G) = max¢ td(C') where C ranges over all the
connected components of G; and

(td3) if G' # () and G is connected, then td(G) = 1 4 min,cy () td(G — u).

See Figure 1.13. A direct consequence of the definition is that treedepth is minor-monotone.

e AN AN AN

td=1 td =2 td =3

Figure 1.13: Some graphs of small treedepth.

Let k£ be a nonnegative integer. The path graph P, has treedepth greater than k. Indeed,
td(Py) = 1, and if £ > 0, then, since Py is connected, there exists u € V/(P,x) such that
td(Pyr) = 1+ td(Pyx —u). But since P,x—1 is a subgraph of Py — u, we deduce by the induction
hypothesis that td(Por) > 1 4 td(Pyx-1) > k. Hence, if a graph contains P, as a minor, then its
treedepth is larger than k. Actually, the reciprocal also (approximately) holds.
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Proposition 1.12. Let ¢ be a positive integer and let G be a graph. If P, is not a minor of G, then
td(G) < 0 —1.

Proof. Since td(G) = max¢ td(C') where C ranges over all the connected components of G, we
can assume that G is connected. Therefore, it is enough to prove the following.

Let { be a positive integer, let G be a connected graph, and let w € V (G). If there
is no path on { vertices starting at u, then td(G) < £ — 1.

We proceed by induction on ¢. For ¢ = 1 the result is clear since then V(G) = {u}. Now
suppose £ > 1 and that the result holds for £ — 1. Suppose that there is no path on ¢ vertices in G
starting at u. Let C be a connected component of G — u, and let u¢ be a neighbor of w in V' (C).
If there is a path (uy,...,up_1) in C with u; = uc, then (u,uy, ..., up_1) is a path on £ vertices
in G starting at u, a contradiction. Hence, there is no such path (u1,...,us—1) in C, and so by the
induction hypothesis, td(C) < ¢ — 2. Then, by the definition of treedepth, td(G — u) < £ — 2,
and finally

td(G) < 14+td(G —u) <€ —1. O

Hence, a minor-closed class of graphs C has bounded treedepth if and only if there exists a
positive integer ¢ such that P, ¢ C.

2-treedepth. The 2-treedepth is a “2-connected” variant of treedepth defined by Huynh, Joret,
Micek, Seweryn, and Wollan [HIM " 21]. To introduce it, we need a few definitions. A graph G
is 2-connected if G # () and for every u € V(G), G — w is null or connected. Note that with this
definition, the graphs K and K5 are 2-connected. A block in a graph G is a maximal 2-connected
subgraph of G. The 2-treedepth is the graph parameter tdz(-) defined inductively by, for every
graph G,

(i) if G =0, then td2(G) = 0;

(i) if G # () and G is not 2-connected, then tdy(G) = maxpg tde(B) where B ranges over all
the blocks of GG; and

(iii) if G is 2-connected, then td2(G) = 1 + min,ey () td2(G — u).

See Figure 1.14. It is straightforward to show that 2-treedepth is minor-monotone. (See
Lemma 2.5, which is a generalization of this fact.)

tde =1 tdy = 2 tdy = 3

Figure 1.14: Some graphs of small 2-treedepth. Note that every block of the right-
most graph can be obtained from a tree by adding one vertex.

A standard example of graphs of large 2-treedepth are the 2 x £ grids for £ > 1, which are also
known as the ladders. We denote by L, the 2 x ¢ grid, for every positive integer ¢. See Figure 1.15.
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Let us prove by induction on k that td(L,x) > k. Observe that that tdo(L;) = 1. Moreover, for
every positive integer k, Lor is 2-connected. Hence, by the definition of 2-treedepth, there exists a
vertex u € V(G) such that tda(Lor) = 1 4 tda(Lyx — u). But since Lox — u contains a subgraph
isomorphic to Lqyr—1, we conclude that tda(Lox) > tda(Lor—1) + 1, and so tda(Lqr) > k by the
induction hypothesis.

Figure 1.15: The graph L, that is the 2 x 10 grid.

Huynh, Joret, Micek, Seweryn, and Wollan [HJM "21] proved that reciprocally, if a graph does
not contain the 2 x ¢ grid as minor, then its 2-treedepth is bounded by a function of ¢.

Theorem 1.13 (Huynh, Joret, Micek, Seweryn, and Wollan [HIM " 21]). There is a function
fi13: N — N such that for every positive integer {, for every graph G, if Ly is not a minor
OfG, then tdz(G) < fl,lg(g).

In other words, a minor-closed class of graphs C has bounded 2-treedepth if and only if there
exists a positive integer ¢ such that the 2 x £ grid does not belong to C. To conclude this presentation
of these minor-monotone graph parameters, we state the inequalities between them. For every
graph G,

td(G) < ve(G) + 1, fvs(G) < ve(GQ), pw(G) < td(G) —
tda(G) < fvs(G) + 1, td2(G) < td(G), tw(G) < pw(G), tw(G) < td2(G) — 1.

Each of these inequalities is a direct consequence of the definitions, and so we omit their proofs.
See Figure 1.16.

f/vc\

¢/¢

tdo

\/

Figure 1.16: The relationships between the parameters vc, fvs, td, pw, tdo, and tw.
An arrow from a parameter p; to a parameter p, means that there is a function
f+ N — N such that p,(G) < f(p;(G)) for every graph G.

1.1.3 Tree decompositions and treewidth

Treewidth is often described as a way to measure how a graph is close to being to a forest. Indeed,
several properties of trees can be relaxed to characterize treewidth. One of the most important one
is the following.

Lemma 1.14 (Helly property of subtrees). Let T' be a forest and let F be a family of connected
subgraphs of T. For every positive integer d, one of the following holds:
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(1) there are d members F1, ..., Fy of F whose vertex sets are pairwise disjoint, or

(2) thereis a set Z C V(T) of size at most d — 1 intersecting every member of F.

Figure 1.17: Illustration for Lemma 1.14. There are no three disjoint subtrees
among the colored one. Therefore, there exists two vertices, here depicted in red,
intersecting all of them.

See Figure 1.17. Lemma 1.14 has many interesting consequence. One of the simplest one is
that tw(K;) = ¢t — 1 for every positive integer ¢. Taking a single bag V' (K}), we obtain a tree
decomposition of K; of width ¢ — 1. Hence it remains to show that tw(K;) > ¢ — 1. Thisis a
consequence of the following lemma.

Lemma 1.15. Let t be a positive integer and let (T, (W, | x € V(T))) be a tree decomposition
of K. There exists v € V(T') such that V (K;) C W,

Proof. For every u € V(K;), consider the connected subgraph T}, of T" induced by the vertices
x of T such that w € W,. Then, the subgraphs T,, for v € V(K}) pairwise intersect by (tw2).
Therefore, by Lemma 1.14 applied for d = 2, there exists € ey (k,) V (Tu), and so V/(K;) C
Wy. O

Before proving Lemma 1.14, we introduce the notion of rooted tree. A rooted tree is a tree
with a marked vertex r called the root. In a such a rooted tree, we say that a vertex  is an ancestor
of a vertex v, if u lies on the path from the root r to v. Then we also say that v is a descendant
of u. Note that  is both an ancestor and descendant of itself. This gives a partial order on V' (T').
For every vertex u which is not the root, we call the neighbor of u closest to the root the parent of
u. If S is a subtree of 7', then S inherited a root from 7', which is the vertex in V'(.S) closest to the
root of T"in T'. For every vertex u of T, the subtree rooted at u is the subtree of T" induced by the
set of all the descendant of v in T (including u itself).

Proof of Lemma 1.14. Let d be a positive integer. We proceed by induction on d. The result is
clear for d = 1: either F is empty or F is nonempty. Now suppose d > 1 and that the result holds
ford — 1.

We root T in an arbitrary vertex . Among all the members of F, let F; be one whose root r;
is at maximal distance from r. Hence no descendant of r; distinct from 4 is the root of a member
of F.

Let U be the set of all the descendant of win T, let 7" = T — U, and let F/ = {F € F |
V(F)NU = 0}. By the induction hypothesis, either
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(1) there are d — 1 members Fb, ..., F;; of F whose vertex sets are pairwise disjoint, or

(2) thereisaset Z' C V(T) of size at most d — 2 intersecting every member of .

In the first case, F, Fy, ..., Fyis a family of d pairwise disjoint members of F. In the second
case, we claim that Z = Z’ U {r;} intersects every member of F. Indeed, for every F' € F, if
V(F)NZ" = 0, then V(F) intersects U. But by the definition of F} and ry, the root of F' does
not belong to U \ {r1}. Hence r; € V(F') and so V(F') N Z # (). This proves the lemma. O

Note that Lemma 1.14 characterizes forests. Indeed, if a graph G is not a forest, then it has
acycle (u1, ..., up), and the family F = {G[{u1, ua2}], G[{uz, us}], G[{us, ..., up, ui}|} has no
two disjoint members but no vertex of 7' is in every member of /. However, Lemma 1.14 can be
extended to graphs of bounded treewidth by relaxing the second possible outcome.

Lemma 1.16. Let t be a positive integer, let G be a graph with tw(G) < t, and let F be a family
of connected subgraphs of G. For every positive integer d, one of the following holds

(1) there are d members F1,. .., F; of F whose vertex sets are pairwise disjoint, or

(2) thereis a set Z C V(G) of size at most t(d — 1) intersecting every member of F.
We actually prove the following.

Lemma 1.17 (Statement (8.7) in [RS86b]). Let t be a positive integer, let G be a graph, let D be
a tree decomposition of G, and let F be a family of connected subgraphs of G. For every positive
integer d, one of the following holds

(1) there are d members F1, ..., Fy of F whose vertex sets are pairwise disjoint, or

(2) thereisaset Z C V(G) which is a union of at most d—1 bags of D such that V(F)NZ # ()
forevery F € F.

Proof. Let (T,(W, | z € V(T))) be a tree decomposition of G of width less than ¢. For every
FeFletn(F)=T[{xz e V(T)| W, NV(F) # (}]. By the definition of tree decompositions,
7(F) is a connected subgraph of 7" for every F' € F. Hence, by Lemma 1.14 applied to 7" and
{n(F) | F € F}, for every positive integer d, either

(i) there are d members F1, ..., Fy of F such that w(F;) for i € [d] are pairwise disjoint, and
so Fi, ..., Fy are pairwise disjoint; or

(ii) there is a set Zy C V(T) of size at most d — 1 intersecting V (7 (F')) for every F' € F.
Then, the set

Z = U:ceZO Wa
is as desired. O

A direct consequence of Lemma 1.16 is that for every positive integer ¢, the ¢ x ¢ grid has
treewidth at least £ — 1. To see that, consider the family J of all the ¢? subgraphs induced by sets
of the form ({i} x [¢]) U ([¢] x {j}) for ¢,5 € [¢]. Then F has no two disjoint members, but if
a set Z of vertices intersects every member of F, then |Z| > ¢. Note that a slightly more careful
analysis shows that the ¢ x ¢ grid has treewidth ¢.

Lemma 1.16 actually characterizes treewidth, up to a constant factor. The proof we present
here is due to Bruce Reed [Ree92].

Proposition 1.18. Let k be a positive integer and let G be a graph. If for every family F of
connected subgraphs of G, either
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(1) there are two disjoint members of F, or
(ii) there exists Z C V(QG) of size at most k intersecting every member of F;

then
tw(G) < 3k.

Proof. We will prove by induction the following stronger property.

Let G be a graph satisfying the hypothesis of the lemma. For every R C V(G) of
size at most 2k, there exists a tree decomposition D = (T, (W, | z € V(T))) of G
such that

(1) D has width less than 3k, and

(ii) there exists r € V(T') such that R C W,..

Let R C V(G) of size at most 2k. If R = V(G), then the tree decomposition of G' with a
single bag V' (G) will do. Now suppose V(G) \ R # (), and that the result holds for instances
with smaller |V (G) \ R| + |[V(G)|. If |R| < 2k, then add any vertex to R and apply the induction
hypothesis. Now assume |R| = 2k. Let F be the family of all the connected subgraphs F' of G
such that |V (F') N R| > k. By construction, there are no two disjoint members of F. Hence, by
hypothesis, there exists Z C V(G) of size at most k such that every member of F intersects Z.
Let C be the family of all the connected components of G — Z.

Let C € C, let Go = G[V(C) U Ng(V(C))], and let Rc = Ng(V(C)). Since Go —
(Z NV (G¢)) is connected and disjoint from Z, Go — (Z N V(G¢)) € F and so |V (G —
(ZNV(Ge))) N R| < k. Therefore, since R C (V(Ge — (ZNV(Ge))) N R) U Z, we have
|Rc| < 2k. Moreover, |V (G¢)| < |[V(G)|. Hence, by the induction hypothesis applied to G¢
and R¢, there exists a tree decomposition (T, (We . | @ € V(1)) of Ge of width less than
3k and with R C W, for some r¢ € V (1¢).

Without loss of generality, we assume that the trees T for C' € C have pairwise disjoint vertex
sets. Let r be a fresh vertex, and let T" be the tree defined by

V(T)={r}u | V(To),

ceC

B(T) = {J ({rre} U B(Tc)).

ceC

Then, for every x € V(T), let

W — Ruz ifxz=r,
© We, ifxzeV(Te), for C eC.

It is then straightforward to check that D = (T, (W, | « € V(T'))) is a tree decomposition of G.
Moreover, by construction, R C W, and D has width less than max{3k, |W,|} = 3k. This proves
the proposition. O

To conclude this introduction to treewidth, we define the notion of clique-sum. Let k& €
Nso U {4+00}. A (< k)-cliqgue-sum of two graphs G and G5 is any graph G obtained from a
disjoint union of G'; and G+ by identifying a clique K in G with a clique K2 in G, both of the
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same size which is less than k, and then possibly removing some edges. See Figure 1.18. More
formally, there exists two injective functions ¢1: V(G1) — V(G) and ¢2: V(G2) — V(G)
such that (i) E(G) € {g1(uw)ei(v) | wo € E(G1)} U {p2(u)p2(v) | uv € E(Gy)}, and
(i) K = ¢1(V(G1)) N a(V(G2)) has size less than k, and both G1[p] ' (K)] and Ga[py ' (K)]
are complete. For example, a (< 1)-clique-sum is a disjoint union. When k& = +o0, we simply
say that G is a clique-sum of GG and Gb.

- A
N/

PR

Figure 1.18: Illustration for the clique-sum operation.

The clique-sum operation is of great interest in the study of treewidth. Indeed, if G is a clique-
sum of G; and Go, then tw(G) < max{tw(G1),tw(G2)}. Actually, this characterizes treewidth
in the following sense.

Proposition 1.19 (Halin [Hal76] '). The treewidth is the largest graph parameter tw satisfying
i) tw(0) = -1,
(i) tw(G) < 1+ tw(G — u) for every graph G and every u € V(G), and
(iii) for all graphs G, G, Go, if G is a clique-sum of G1 and G2, then

tw(G) < max{tw(G1),tw(G2)}.

Here, the word “largest” means that for every graph G, tw(G) = max;, p(G), where p ranges
over all graph parameters satisfying (i), (ii), and (iii), and that tw itself satisfies these three items.
To prove it, we will use of the following notation. Let T be a tree and let x,y be two adjacent

vertices of 7. We denote by T, the connected component of z in 7"\ xy.

Proof of Proposition 1.19. Let P be the class of all graph parameters p satisfying (i), (ii), and (iii).
We want to show that tw € P, and that for every p € P, for every graph G, p(G) < tw(G).
First, we claim that tw € P. Observe that tw(()) = —1. Moreover, if G is a graph, u €
V(G), and (T, (W, | z € V(T))) is a tree decomposition of G — w of minimum width, then
(T,(Wy U{u} | @ € V(T))) is a tree decomposition of G, and so tw(G) < 1+ tw(G — u).
Finally, let GG be a clique-sum of two graphs G; and GG3. By possibly relabelling the vertices, we
assume that G = G U G, and K = V(G1) N V(G2) induces a clique in both G and Ga. Let

Halin’s articles [Hal76] and [Hal67] seem to be the first occurrences of treewidth in the litterature, before Robertson
and Seymour independently rediscovered it in [RS86a].
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i € {1,2}, and let (T}, (W: | z € V(T}))) be a tree decomposition of G; of width tw(G;). Since
K induces a clique in G;, by Lemma 1.15, there exists y; € V(7;) such that K C Wyll Without
loss of generality, we assume that T and 75 have disjoint vertex sets. Let 7" be the tree defined by

V(T) = V(Tl) U V(Tg) and E(T) = E(Tl) U E(Tg) U {ylyg},

and forevery i € {1,2}, forevery x € V(T;), let W, = W_. Then, the pair (T, (W, | z € V(T)))
is a tree decomposition of G of width at most max{tw(G1), tw(G2)}. Therefore, tw € P.

Let p € P, let G be a graph, and let (T, (W, | = € V(T))) be a tree decomposition
of G of minimum width. We show by induction on |V (7T')| that p(G) < tw(G). First, if
[V(T)| = 1, then tw(G) = |V(G)| —1 > p(G) by (i) and (ii). Now suppose |V (T')| > 2
and that the result holds for smaller values of |V(T)|. Let x120 € FE(T), and for each
ie {12}, letG; = G[UZEV(TTZ'|3?3_7;) W, U (W’”lgwm), Observe that for every ¢ € {1,2},
(Taijws s W | @ € V(Ty,)p, ,))) is a tree decomposition of G, and so tw(G;) < tw(G). By
the induction hypothesis, this implies p(G;) < tw(G;) < tw(G). Moreover, since V (G1)NV (G2)
induces a clique in both G; and Gs, G is a clique-sum of Gy and G». Therefore, by (iii),
p(G) < max{p(G1),p(G2)} < tw(G). -

In the remaining sections of this introduction, we present the results proved in this thesis.

1.2 Excluding a rectangular grid

In a first part, we propose a family of graph parameters including treedepth, 2-treedepth, and
treewidth, and we characterize in terms of forbidden minors classes of graphs in which theses
parameters are bounded. Let & € N U {+oc}. We define the k-treedepth as the largest graph
parameter tdy satisfying

(i) tdr(0) =0,
(i) tdx(G) < 1+ tdg(G — u) for every graph G and every vertex u € V(G), and

(iil) tdx(G) < max{tdg(G1),tdx(G2)} if Gis a (< k)-clique-sum of G and G, for all graphs
G1,Gs.

This gives a well-defined graph parameter because if P is the family of all the graph parameters
satisfying (i)-(iii), then td; : G — max,ep p(G) also satisfies (i)-(iii). A more explicit definition,
in terms of tree decompositions, is given in Section 2.2.2. For k = 1, the k-treedepth coincides
with treedepth, for k = 2, it coincides with the homonymous 2-treedepth, and for k = +o0, it
coincides with treewidth plus 1 by Proposition 1.19. Therefore, for every graph G,

td(G) = td1(G) > td2(G) > ... 2 td1eo(G) = tw(G) + 1.

In Chapter 2, we characterize classes of graphs having bounded k-treedepth in terms of ex-
cluded minors.

Theorem 1.20. Let k be a positive integer. A class C of graphs has bounded k-treedepth if and
only if there exists an integer { such that for every tree T on k vertices, no graph in C contains
TOP, as a minor.
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Here, [J denotes the Cartesian product, defined as follows. For all graphs GG1, G2, the graph
G10G3 has vertex set V(G1) x V(G2) and edge set {(u1,u2)(v1,v2) | (w1 = v and ugvy €
E(G3)) or (ujv1 € E(Gy) and ug = v9)}. See Figure 1.19.

For k = 1, since K is the only tree on one vertex, and because K,[1P, = P, for every positive
integer ¢, we recover the fact that a minor-closed class of graphs has bounded treedepth if and only
if it excludes a path. For k = 2, since K5 is the only tree on two vertices, and because Ko[1F is the
2 x £ grid, we recover Huynh, Joret, Micek, Seweryn, and Wollan’s [HJM " 21] characterization of
classes of graphs having bounded 2-treedepth (Theorem 1.13). However, for every integer k larger
than 2, no such characterization was known. For example, Theorem 1.20 applied to £ = 5 implies
that for every fixed positive integer ¢, graphs excluding 771 P,, T5U1P;, and T500 P, as minors have
bounded 5-treedepth, where 17, T5, T3 are the three trees on five vertices up to isomorphism (see
Figure 1.19). This is optimal since each of the three families {7700P; | ¢ > 1},{Tx0F, | ¢ >
1}, {T30PF; | ¢ > 1} has unbounded 5-treedepth.

T T10Pg

T, T50P6
Tnnnnnnnonnane

T; T300P¢

Figure 1.19: The three families of obstructions for 5-treedepth given by Theo-
rem 1.20.

Furthermore, it is rather easy to show that for every large enough tree 1" and for every long
enough path P, TTIP contains the ¢ x £ grid as a minor. Therefore, Theorem 1.20 implies the Grid-
Minor Theorem (Theorem 1.10). Actually, a more careful analysis yields the following corollary.

Corollary 1.21. There is a function f: N?> — N such that for all positive integers k, ¥, for every
graph G, if the k x £ grid is not a minor of G, then

tdar—1(G) < f(k, ).

Less formally, Corollary 1.21 says that in the Grid-Minor Theorem, the minimum between
the height and the width of the excluded grid determines the minimum integer £ such that the
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k-treedepth is bounded (up to a constant factor). Note that the proof of Theorem 1.20 uses the
Grid-Minor Theorem as a black box, and so this work does not give a new proof of the latter.

We also investigate the variant of k-treedepth for path decompositions, instead of tree decom-
positions, that we call k-pathdepth and denote by pd,,(-). Informally, the k-pathdepth pd, is the
largest graph parameter satisfying (i) and (ii) of the definition of k-treedepth, and an analog of
(iii) ensuring that the clique-sums are made in the way of a path. See Section 2.1 for a formal
definition. This gives a family of parameters satisfying for every graph GG

td(G) = pdy(G) =2 pdy(G) > ... 2 pd, (G) =pw(G) + 1

and
pd;(G) > td(G)

for every positive integer k. Hence, if a class of graphs has bounded k-pathdepth, then it has
bounded k-treedepth and bounded pathwidth. Quite surprisingly, these two necessary conditions
are also sufficient.

Theorem 1.22. Let k be a positive integer and let C be a class of graphs. The following are
equivalent.

(1) C has bounded k-pathdepth.
(2) C has bounded pathwidth and bounded k-treedepth.

(3) There is an integer { such that for every G € C, pw(G) < ¢, and for every tree T on k
vertices, TP, is not a minor of G.

Our proof actually shows the equivalence between (1) and (3), while the equivalence between
(2) and (3) follows from Theorem 1.20.

1.3 Excluding a rooted minor and applications

In a second part, we investigate a notion of “rooted minors” through multiple applications. Let
G be a graph and let S C V(G). Amodel (B, | z € V(H)) of a graph H in G is S-rooted if
B, NS # () for every x € V(H). Variants of this notion were investigated by many authors, see
for example [RS95, Wol08, FMW 13, MSW 17]. Many results mentioned so far in this introduction
can be extended to this setting, but most importantly, this is a rather versatile tool in the study of
graph minors. In this section, we present several results obtained using this notion. See Chapter 3
for an introduction to the technique of rooted minors.

1.3.1 Layered parameters

The Grid-Minor Theorem (Theorem 1.10) characterizes classes of graphs having bounded
treewidth. A natural problem arising from this result is to determine in which minor-closed classes
of graphs the treewidth is locally-bounded, meaning that the treewidth is bounded by a function of
the diameter. Eppstein [Epp00] proved that it is the case if and only if the class excludes an apex
graph, that is a graph X which is planar or such that X — u is planar for some u € V(X)) (see Fig-
ure 1.20). This condition is clearly necessary since, for every positive integer ¢, the graph obtained
from the ¢ x ¢ grid by adding a universal vertex has treewidth at least £ — 1 but diameter at most
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2, while it is apex by construction. Therefore, the difficult part in the result of Eppstein [Epp00]
is that for every apex graph X, X-minor-free graphs have locally-bounded treewidth. This result
was later generalized by Dujmovié, Morin, and Wood [DMW 17] using the concept of layered
treewidth.

Figure 1.20: An apex graph.

A layering of a graph G is a sequence L, L1, ... of pairwise disjoint subsets of V' (G) whose
union is V(G) such that for every edge wv of G, if u € L; and v € Lj, then |1 — j| < 1.
We call the sets L; for ¢ > 0 the layers of this layering. A layered tree decomposition of a
graph G is a pair (D, £) where D = (T, (W, | z € V(T))) is a tree decomposition of G, and
L = (L; | ¢ > 0) is a layering of G. If moreover T is a path, then (D, L) is a layered path
decomposition of G. See Figure 1.21 for an example of a layered path decomposition. The width
of (D, £) is maxey (7),i>0 |Wa M L;i|. This gives a natural notion of layered treewidth and layered
pathwidth as the minimum width of respectively a layered tree decomposition and a layered path
decomposition of G. We denote by ltw(G) and lpw(G) respectively the layered treewidth and
layered pathwidth of G.

P 0000000010000 - 0000000

Figure 1.21: A layered path decomposition of width 2. The layering is given by the
sets of vertices Lg, L1, Lo, L3 (with L; = () for every ¢ > 4), and the bags of the
path decomposition are given by the colored sets. The path P indexing this path
decomposition is depicted at the bottom of the figure. It is actually a general fact
that outer-planar graphs have layered pathwidth at most 2.
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Since in a graph G of diameter d, the number of nonempty layers is at most d 4+ 1, we have
tw(G) < (d+1) Itw(G) and pw(G) < (d+1) Ipw(G), and every class of graphs having bounded
layered treewidth also has locally-bounded treewidth.

Dujmovié, Morin, and Wood [DMW17] proved that a minor-closed class of graphs has
bounded layered treewidth if and only if it excludes an apex graph, thus generalizing Eppstein’s
result [EppO0].

Similarly, Dujmovi¢, Eppstein, Joret, Morin, and Wood proved in [DEJ"20a] that a minor-
closed class of graphs has bounded layered pathwidth if and only if it excludes an apex-forest, that
is a graph X which is a forest, or such that X — u is a forest for some u € V(X)) (see Figure 1.22).
This condition is necessary since there are apex-forests with large pathwidth but diameter 2, and
so large layered pathwidth. In Chapter 4, we show Dujmovié, Eppstein, Joret, Morin, and Wood’s
theorem [DEJ " 20a] with a much simpler proof and an almost tight bound.

Theorem 1.23. Let X be an apex-forest with at least two vertices. For every graph G, if G is
X -minor-free, then

Ipw(G) < 2[V(X)| - 3.

Figure 1.22: An apex-forest.

We also propose a natural counterpart for treedepth, the layered treedepth, denoted by 1td(-),
and we show in Chapter 4 that a minor-closed class of graphs has bounded layered treedepth if
and only if it excludes a fan, that is a graph X which is a path, or such that X — w is a path
for some v € V(X) (see Figure 1.23). Again, this condition is clearly necessary since there
are fans with diameter 2 and arbitrarily long paths, and so arbitrarily large treedepth. Therefore,
the aforementioned characterization of minor-closed classes of graphs having bounded layered
treedepth is implied by the following theorem.

Theorem 1.24. For every fan X with at least three vertices, and for every graph G, if G is X-

minor-free, then
1td(G) < (VI

I\

Figure 1.23: A fan.

Since in a layering of a graph G, at most diam(G) + 1 layers are nonempty, it follows that
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and
td(G) < td(G) - (diam(G) + 1).
Hence, we obtain the following corollaries.

Corollary 1.25. For every apex-forest X with at least two vertices, and for every connected graph
G, if G is X-minor-free, then pw(G) < (2|V(X)| — 3)(diam(G) + 1) — 1.

Corollary 1.26. For every fan X with at least two vertices, and for every connected graph G, if
G is X -minor-free, then td(G) < (‘V();)lfl)(diam(G) +1).

Note that Corollaries 1.25 and 1.26 are both optimal in the following sense: there are fans of
diameter 2 and arbitrarily large treedepth, and there are apex-forests of diameter 2 and arbitrarily
large pathwidth.

1.3.2 Product structure

Let A, B be two graphs. The strong product of A and B is the graph A X B with vertex set
V(A) x V(B) and edges all the pairs (a,b)(a’,’) such that

(i) a =d orad’ € E(A), and
(i) b=V or bt/ € E(B).

See Figure 1.24.

D\‘Vé 02\ %, \ %\ %\ NG A
JVAVAVAVAVAVAVIN
AAAAAAAA

i
Figure 1.24: The strong product of a tree and a path.

In 2019, Dujmovié, Joret, Micek, Morin, Ueckerdt, and Wood [DJM " 20] proved the following
structural property for planar graphs, now known as the Product Structure Theorem.

Theorem 1.27 (Product Structure Theorem [DJM " 20]). For every planar graph G, there exists a
graph H of treewidth at most 8 such that

GCHKXP

for some path P.
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Ueckerdt, Wood, and Yi [UWY?22] subsequently showed that, in this statement, H can be
chosen to have treewidth at most 6. The Product Structure Theorem and its variants had a large
impact on graph theory, and were used to solve many problems concerning planar graphs. Here
are a few examples:

e planar graphs have bounded queue-number [DJM " 20],
e planar graphs have bounded nonrepetitive chromatic number [DEJ " 20b],
e planar graphs have g-centered colorings in O(¢? log q) [DMSF21],

e planar graphs have adjacency labelling schemes of size (1 + o(1)) logy(n) [DEGT21] (see
also [EJM23)),

e planar graphs have /-vertex-rankings using Oy (10318%) colors [BDJM20],

o the clustered Hadwiger Conjecture holds [DEMW23].
In most of the applications, the following version of Theorem 1.27 is more accurate.

Theorem 1.28 (Second Product Structure Theorem [DJM20]). For every planar graph G, there
exists a graph H of treewidth at most 3 such that

GCHRXPKK;

for some path P.

In their original paper, Dujmovié, Joret, Micek, Morin, Ueckerdt, and Wood [DIM20] ex-
tended Theorem 1.27 to minor-closed classes of graphs that excludes an apex graph.

Theorem 1.29 (Product Structure Theorem for apex-minor-free classes [DJM " 20]). Let X be an
apex graph. There exists a positive integer ¢ such that, for every X-minor-free graph G, there
exists a graph H of treewidth at most c such that

GCHKXP

for some path P.

Since admitting such a product structure implies having bounded layered treewidth, this can be
seen as a refinement of Dujmovi¢, Morin, and Wood’s result [DMW 17] stating that minor-closed
classes of graphs excluding an apex graph have bounded layered treewidth. Note that there are
apex graphs with unbounded layered treewidth, and so the hypothesis X apex is necessary in such
a statement.

In this context, a natural question is to what extent Theorem 1.28 can be generalized to X-
minor-free graph, for an apex graph X. More precisely, given an apex graph X, what is the
smallest integer integer k such that for some positive integer c, every X-minor-free graph is a
subgraph of H X PX K for some graph H of treewidth at most k£ and some path P. In Chapter 5,
we answer this question by showing that td(X) — 2 < k < 2'9(X) — 2. The lower bound
k > td(X) — 2 follows from a construction of Ossona de Mendez, Oum, and Wood [OdMOW 19]
(see [DHH "24] for the details).
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Theorem 1.30. Let X be a nonnull apex graph. There exists a positive integer c such that, for
every X -minor-free graph G, there exists a graph H of treewidth at most 2td(X) _ 2 such that

GCHXPXRK,

for some path P.
We also show that when X is planar, the path factor can be removed.

Theorem 1.31. Let X be a nonnull planar graph. There exists a positive integer c such that the
following holds. For every X-minor-free graph G, there exists a graph H of treewidth at most
2td(X) — 92 such that

GCHKXK..

See Figure 1.25. Since for every graph H and for every positive integer ¢, tw(H X K.) <
c(tw(H)+1)— 1, this result can be seen as a qualitative strengthening of the Grid-Minor Theorem
(Theorem 1.10).

Figure 1.25: A subgraph of H X K4 where H has treewidth 2.

1.3.3 Centered colorings and weak coloring numbers

Nesetfil and Ossona de Mendez [NOdM12] introduced the concepts of bounded expansion and
nowhere denseness of classes of graphs. These notions cover many well-studied classes of graphs,
such as planar graphs, graphs of bounded treewidth, graphs excluding a fixed minor, graphs of
bounded book-thickness, or graphs that admit drawings with a bounded number of crossings per
edge as proved by Nesetfil, Ossona de Mendez, and Wood [NOdMW 12]. See also the recent
lecture notes of Pilipczuk, Pilipczuk, and Siebertz [PPS20]. Weak coloring numbers and centered
chromatic numbers are key families of parameters capturing these concepts. In Chapter 6, we
study these parameters in minor-closed classes of graphs.

Let G be a graph, let ¢ be a positive integer, and let C' be a set of colors. A coloring
¢: V(G) — C of G is g-centered if for every connected subgraph H of G, either ¢ uses more
than ¢ colors on V' (H), or there is a color that appears exactly once on V(H). The g-centered
chromatic number of G, denoted by ceny(G)?, is the least nonnegative integer k such that G
admits a g-centered coloring using k£ colors. This is well-defined since any injective function

2The g-centered chromatic number is traditionally denoted by x,(-), but we prefer here the notation cen,(-) for the
sake of consistency with the g-th weak coloring number wcol,(-), and to avoid confusion with other kinds of colorings.
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¢: V(G) — [|[V(G)]] is a g-centered coloring of G. The following statement is one of the sim-
plest and most important outcomes of our work.

Theorem 1.32. Let t be an integer with t > 2. There exists an integer c such that, for every
Ky-minor-free graph G, and for every positive integer q,

ceng(G) < c- ¢t

This improves upon the work of Pilipczuk and Siebertz [PS21] who proved that for every fixed
integer ¢ with ¢ > 2, K;-minor-free graphs have g-centered chromatic number upper bounded by a
polynomial function in q. Contrary to Theorem 1.32, the degree of their polynomial is not explic-
itly given and arises from an application of the graph minor structure theorem by Robertson and
Seymour [RS03]. On the other hand, Dg¢bski, Micek, Schroder, and Felsner [DMSF21] showed
that there exist K;-minor-free graphs with g-centered chromatic number in (¢*~2). Hence, The-
orem 1.32 is tight, up to an O(q) factor.

Let G be a graph, let I[I(G) be the set of all vertex orderings of G, let o € II(G), and let ¢ be
a nonnegative integer. For all u and v vertices of G, we say that v is weakly g-reachable from u
in (G, o), if there exists a path P between u and v in G of length at most ¢ such that, for every
w € V(P), v <, w. Let WReach,[G, o, u| be the set of vertices that are weakly g-reachable
from u in (G, o). The g-th weak coloring number of G is defined as

weoly(G) = min  max | WReachy[G, 0, u]|.
c€ll(@) ueV(G)

The state of the art for weak coloring numbers already includes a result analogous to Theorem 1.32.
Namely, Van den Heuvel, Ossona de Mendez, Quiroz, Rabinovich, and Siebertz [vdHOQ " 17]
showed that, for every positive integer ¢ with ¢ > 2, there exists an integer c such that for every
K;-minor-free graph G, and for every positive integer ¢, we have

weoly(G) < c- ¢t

In order to show the robustness of our framework, we include another family of param-
eters, introduced by Dvordk and Sereni [DS20], also connected to concepts of sparsity, see
Dvotdk [Dvol6]. For a set S, we say that A\: ) — [0, 1] is a probability distribution on ) if
> yey A(Y) = 1. Let G be a graph and let ¢ be a positive integer. The g-th fractional treedepth-
fragility rate of G is the minimum positive integer k such that there exists a family ) of subsets
of V(G) such that

(i) td(G—-Y) < kforevery Y € Y; and

(ii) there exists a probability distribution A\ on ) such that for every u € V(G), we have
EuEYEQV )‘(Y) < %

We denote the g-th fractional treedepth-fragility rate by ftdfr,(G).

Theorem 1.33. Let t be an integer with t > 2. There exists an integer c such that, for every
K-minor-free graph G and for every positive integer g,

ftdfr, (G) < c- ¢t
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Dvotdk and Sereni [DS20] gave bounds on the fractional treedepth-fragility rates for planar
graphs and graphs of bounded treewidth. However, we are not aware of any previously known
bound for K;-minor-free graphs.

Centered colorings and weak coloring numbers are crucial tools in designing parameterized
algorithms in classes of graphs of bounded expansion. For example, Pilipczuk and Siebertz [PS21]
showed that if C is a class of graphs excluding a fixed minor, then it can be decided whether a given
g-vertex graph H is a subgraph of a given n-vertex graph G in C in time 20(21°89) ., O(1) and space
n®() This algorithm relies on the fact that the union of any ¢ color classes in a g-centered color-
ing induces a subgraph of treedepth at most q. Therefore, finding a g-centered coloring using W
colors allows us to reduce the problem to graphs of bounded treedepth, on which the subgraph iso-
morphism problem can be solved efficiently. The running times of algorithms based on g-centered
colorings heavily depend on the number of colors used. Weak coloring numbers characterization
of sparse graphs was also used to solve algorithmic problems. Dvotdk showed a constant-factor ap-
proximation for distance versions of domination number and independence number [Dvo13], with
further applications in fixed-parameter algorithms and kernelization by Eickmeyer, Giannopoulou,
Kreutzer, Kwon, Pilipczuk, Rabinovich, and Siebertz [EGK " 17]. Grohe, Kreutzer, and Siebertz
proved that deciding first-order properties is fixed-parameter tractable in nowhere dense graph
classes [GKS17]. Reidl and Sullivan presented an algorithm counting the number of occurrences
of a fixed induced subgraph in sparse graphs [RS23]. The time complexities of all these algorithms
depend heavily on the asymptotics of wcol, in the respective graph classes.

The growth rates of centered chromatic numbers and weak coloring numbers have been ex-
tensively studied. Grohe, Kreutzer, Rabinovich, Siebertz, and Stavropoulos [GKR ™ 18] proved
that if tw(G) < t, then weoly(G) < (?f). This is tight as for all nonnegative integers g, ¢ they
constructed a graph G ; with tw(Gy,) = t and weoly(Ggt) = (q;rt) 3. Similarly, Pilipczuk and
Siebertz [PS21] proved that if tw(G) < ¢, then ceny(G) < (1), which is again tight as proved
by D¢bski, Micek, Schroder, and Felsner [DMSF21]. Also, Dvorak and Sereni [DS20] proved that
if tw(G) < ¢, then ftdfr,(G) = O(g¢"). In the class of planar graphs, Debski, Felsner, Micek, and
Schréder [DMSF21] proved that ceny(G) = O(g3log q), van den Heuvel, Ossona de Mendez,
Quiroz, Rabinovich, and Siebertz [vdiHOQ " 17] proved that weol,(G) = O(q?), and Dvordk and
Sereni [DS20] proved that ftdfr,(G) = O(g*log q), while the best known lower bounds are in
Q(q%log q) [DMSF21, IM22, DS20]. Interestingly, all these lower bound constructions in the
planar case have bounded treewidth.

More generally, fix an arbitrary nonnull graph X and let par € {cen, wcol, ftdfr}. What is the
growth rate with respect to g of the maximum of par,(G) over all X-minor-free graphs G? Most
research was done for par = wcol. Van den Heuvel, Ossona de Mendez, Quiroz, Rabinovich, and
Siebertz [vdHOQ™ 17] showed that weoly(G) = O (q'V(X )‘*1>. Subsequently, van den Heuvel

and Wood [vdHW 18] proved that wcol,(G) = O (qVC(X )“). Dujmovié, Hickingbotham, Hodor,

Joret, La, Micek, Morin, Rambaud, and Wood [DHH " 24] proved that there exists an exponential
function g such that wcol,(G) = O (qg(td(X ))). For par = cen, we only have cen,(G) =

OV X )‘)) for some large and non-explicit function h, see again [PS21]. For par = ftdfr, we
are not aware of any polynomial bound on ftdfr,(G).

3We recall the construction in Appendix A.1.
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All of this can be seen as an effort to understand the following graph parameter. For a given
nonnull graph X and par € {cen, wcol, ftdfr}, let

fpar(X) = inf{or € R | there exists ¢ > 0 such that for every X -minor-free graph G

and for every positive integer ¢, par,(G) < c-¢“}.

The question is whether f,, is tied to* some other well-established graph parameters. In simpler
words, what is the property of X that governs the growth rate of par, (G) for X -minor-free graphs
GG? Recall that for every graph X,

tw(X) < pw(X) < td(X) — 1 < ve(X) < [V(X)| - 1.

The aforementioned results imply that tw(X) — 1 < fycol(X) < g(td(X)). However, fycol is not
tied to any of these parameters. Indeed, neither pathwidth nor treedepth can lower bound fcol-
For every positive integer k, let T}, be a complete ternary tree of vertex-height® k. By Robertson-
Seymour Excluded Tree-Minor Theorem [RS83], there is a constant depending on k£ bounding the
pathwidth of Tj-minor-free graphs. Also, it is easy to show that wcoly(G) < 1+ pw(G)(2¢ + 1)
for every graph G°. Thus, fyeol(Tk) < 1 while pw(T}) = k and td(T}) = k + 1. Next, we
argue that neither treewidth nor pathwidth can upper-bound fy.co1. Let k be a positive integer.
Recall that L;, denotes the graph K>[1P;. There is a graph G, ; (constructed in [GKR T 18]) such
that weol,(Gqe) = Q(¢), and if & = Q(2), then G, excludes Ly as a minor. Therefore,
fuweol (L) = 2245 and tw(Ly,) < pw(Ly) < 2.

Surprisingly, the 2-treedepth is tied to each fp,ar by a linear function. Actually, we determine
fpar up to £1 by introducing two ‘rooted’ versions of 2-treedepth. They will be called rooted
2-treedepth and simple rooted 2-treedepth, denoted respectively by rtda(+) and srtds(-), and they
will differ only in the base cases of their definitions. We continue with the definitions of these two
graph parameters.

A linear forest is a disjoint union of paths. A rooted forest is a forest where every connected
component is a rooted tree. When F' is a rooted forest, for every = € V (F') which is not a root, let
p(F, x) be the parent of - in F. A forest decomposition (F, (W, | z € V(F))) is rooted if F is a
rooted forest.

Let X be a class of graphs. We define T'(X') as the class of all the graphs G such that there is a
rooted forest decomposition (F, (W, | z € V(F'))) of G of adhesion at most 1 such that for every
v € V(F), GIWxz \ Wy(pge)] € & if 2 is not aroot, and [W,| < 1if x is a root. See Figure 1.26.
Observe that X C T(X). The operator T is monotone in the sense that for all classes of graphs
X and Y with X C Y, we have T(X) C T(Y). We define, for every nonnegative integer ¢, the

“Two graph parameters p,, p, are said to be tied if there are two functions c, 3 such that p, (G) < a(p,(G)) and
p2(G) < B(p1(G)) for every graph G.

The vertex-height of a rooted tree T is the maximum number of vertices in a root-to-leaf path in 7. If T is a
non-rooted tree, then the vertex-height of 7" is the minimum vertex-height over every possible choice of roots.

SProceed by induction on pw(G). We may assume that G is connected. If pw(G) = 0, then G has no edge
and so wcolg(G) < 1. If pw(G) > 0, let @ be a shortest path from the first bag to the last bag of an optimal path
decomposition of G. Then pw(G —V (Q)) < pw(G) and so by induction wcol,(G—V(Q)) < 1+ (pw(G) —1)(2¢+
1). Let 0 be an ordering of V(G) witnessing this fact. Now, let o be an ordering of V' (G) extending oo such that the
vertices in V' (Q) appear first. Since any ball of radius ¢ intersects a shortest path in at most 2¢ + 1 vertices, it follows
that o witnesses weolg(G) < 14 (pw(G) —1)(2¢+ 1) + (2¢ + 1) = 1 4+ pw(G)(2¢ + 1).
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A !
1 ex
Y o
F

Figure 1.26: An example of a graph in T(X'), and a forest decomposition witness-
ing this fact indexed by the tree F'.

classes R; and S; by

only the null graph if¢ =0, only the null graph if¢ =0,

all edgeless graphs ift =1, all edgeless graphs ift =1,
Rt = . and St = . .

all forests ift =2, all linear forests ift =2,

T(R¢-1) ift > 3, T(S;-1) ift > 3.

See Figure 1.27 for typical examples of graphs in R and S; for small values of ¢. In the definition
of Ry, the base cases for t € {1,2} are redundant, that is, T applied to the class consisting only
of the null graph is the class of all edgeless graphs, and T applied to all the edgeless graphs is the
class of all forests. However, we write these base cases explicitly for a clear comparison with S;. It
is easy to check that S5 contains all forests. We are ready to define the two key parameters, namely,
rooted 2-treedepth (denoted by rtds(+)) and simple rooted 2-treedepth (denoted by srtdsy(-)). For
every graph G, let”

rtda(G) = min{t eN ’ G e Rt},
srtde(G) = min{t € N | G € &}.

Since T is a monotone operator, we obtain that for every nonnegative integer ¢,
Rit1 2 Si+1 2 Ry
Therefore, for every graph GG, we have
rtda(G) < srtde(G) < rtde(G) + 1.

It is straightforward to show that moreover tda(G) < rtda(G) < 2td2(G)—2. See Appendix A.2,
Lemma A.17. Now, we are ready to present the main contributions of Chapter 6. We give one
statement for each of the three families of parameters cen, wcol, and ftdfr. However, the proofs
will follow from a single abstract framework.

"We denote by N the set of the nonnegative integers and by N+ the set of the positive integers.
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Ri=8 X EEEEEEXEX)

So

Ra

1
A

R3

Figure 1.27: Typical graphs in R; = 51, Sa, Ra, S3, and Rs.

Theorem 1.34. For every integer t with t > 2, for every graph X, there exists an integer c such
that, for every X -minor-free graph G, for every integer q with q > 2, if srtde(X) < t, then

ceng(G) < c- ¢t
ceng(G) < e (tw(G) +1) - ¢'

and if rtda(X) < tandt > 3, then

ceny(G)

c-q"logyg,
ceng(G) :

<
<c-(tw(G)+1)- ¢ 2loggq.

Theorem 1.35. For every integer t with t > 2, for every graph X, there exists an integer c such
that, for every X -minor-free graph G, for every integer q with q > 2, if srtde(X) < t, then

and if rtda(X) < t, then

weoly(G) < c-¢' 1,
weoly(G) < - (tw(G) + 1) - ¢
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Theorem 1.36. For every integer t witht > 2, for every graph X, there exists an integer c such
that, for every X -minor-free graph G, for every integer q with q > 2, if srtda(X) < t, then

ftdfr, (G) < c- ¢,
ftdfry (G) < c- (tw(G) + 1) - ¢" 7%

and if rtda(X) < t, then

ftdfr,(G) < c- ¢ 'logg,
ftdfry (G) < ¢ (tw(G) + 1) - ¢'*logq.

Our bounds are tight up to an O(q) or O(tw(G)) factor. There are two setups for the lower
bound constructions: a first one for X -minor-graphs when rtds(X) = ¢, and second one for X-
minor-graphs when srtde(X) = ¢. Both of them were already present in the literature though
not stated in terms of our new parameters. When rtdy(X) = ¢, this relates to a construction for
graphs of bounded treewidth. This was first published in [GKR " 18] where they presented a fam-
ily of graphs (G | ¢,t € N) such that weoly(Ggy) > (%7") and the treewidth of G at most ¢.
The key observation is that G4 ;2 € R;—1, and so G ¢—2 is X-minor-free when rtds(X) = .
When srtdy(X) = ¢, the lower bound relates to a construction given for graphs of bounded sim-
ple treewidth. This was presented first by Debski, Felsner, Micek, and Schréder [DMSF21] to
show that there are graphs G of simple treewidth at most ¢ and with cen,(G) = Q(¢' 1 logq).
Both constructions are basically the same and just differ in the base case. See more details in Ap-
pendix A.1.

Our main theorems and the aforementioned lower bounds give the following general statement,
which shows how to determine up to a linear factor, given the minimal excluded minors of a minor-
closed class of graphs C, the growth rates of the centered chromatic numbers, weak coloring
numbers, and fractional treedepth-fragility rates in C.

Corollary 1.37. Let par € {cen, wcol, ftdfr}, let X be a nonempty family of nonnull graphs,
and let C be the class of all graphs G such that X is not a minor of G for all X € X. Let
s = min{srtda(X) | X € X'} and t = min{rtda(X) | X € X'}. For every integer q with q > 2,

o ift<1lor(s,t)=1(2,2), then

o if(s,t) =1(2,3), then

©(q)  ifpar = cen,

G) =
max pal“q( ) {@(log q) l:f‘par e {WCOI7 ftdfr},

GeC

o if3 <t =s, then for every integer q with q > 2,

-9 t—1
Q(¢'"?) < max par,(G) < O(¢"),

and moreover maxgec par,(G) = O(q'=2) if X contains a planar graph,
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o if3 < t=s—1, then for every integer q with q > 2,

Q(q* 21 < G) <O 1
(¢ “logq) rgggparq( ) (¢" " logq),

and moreover maxgec par,(G) = O(q¢'2log q) if X contains a planar graph.

See Table 1.1 for a summary when X contains a planar graph. Note that, in this statement, it
follows from the definitions of rtdy and srtds that ¢ < s < t + 1, and so this case distinction is
exhaustive. In particular, for every nonnull graph X and for each par € {cen, wcol, ftdfr}, the
value of fpar(X) is tied to rtda(X) as follows

I‘tdQ(X) —2< fpar(X) < rtdQ(X) —1.

(ceng | ¢ € Nsg)  (weoly | ¢ € Nog)  (ftdfry | ¢ € Nyo)

t<1or(t,s)=(2,2) o(1) o(1) o(1)
(t,s) = (2,3) ©(q) ©(logq) ©(logq)
3<t=s 0(¢"?) 9(¢"?) 0(¢"?)
3<t=s5—-1 O(¢"?logq) O(¢'*logq) O(¢"*logq)

Table 1.1: For each par € {cen, wcol, ftdfr}, Corollary 1.37 gives a complete
classification of the growth rates of par,(-) in minor-closed classes of graphs
with bounded treewidth: for X a finite list of graphs, at least one of them be-
ing planar, the asymptotics of maxa x-minor-free parq(G) is determined by ¢ =
min{rtdz(X) | X € X} and s = min{srtda(X) | z € X}. When no graph
in X is planar, the upper bounds are multiplied by O(q), which gives an estimation
of MaxXa x-minor-free parq(G ) within a O(q) factor.

There is a number of interesting corollaries coming from the general statement of Corol-
lary 1.37. We present some of them below. See also Tables 1.2 and 1.3. First of all, we have
rtde(G) < td(G) for every graph G (see Appendix A.2), which yields the following.

Corollary 1.38. For every par € {wcol, cen, ftdfr}, for every positive integer t, for every graph
X with td(X) < t, there exists an integer c such that, for every X -minor-free graph G, for every
integer q with q > 2,

c-q'"'logyg,
c- (tw(G) +1)-¢"%logg.

par,(G)

<
par,(G) <

Corollary 1.39. For every par € {wcol, cen, ftdfr}, for every positive integers s,t with s > 3,
there exists an integer c such that, for every K -minor-free graph G, for every integer q with
q=2

parq(G) <c- q 10g q,
parq(G) <
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Since, for every nonnegative integer g, graphs of Euler genus at most g are K3 244 3-minor-

free, we deduce the following corollary.

Corollary 1.40. For every par € {wcol, cen, ftdfr}, for all nonnegative integers g, w, there exists
an integer c such that, for every graph G of Euler genus at most g and with tw(G) < w, for every

integer q with q > 2,

par,(G) < c- ¢*logq.

Class C lower bound upper bound
planar Q(q%logq) [DMSF21]  O(¢*logq) [DMSF21]
planar and tw < k Q(q*logq) [DMSF21]  O(q¢logq)
Euler genus < g Q(q%logq) [DMSF21]  O(¢®logq) [DMSF21]
Euler genus < gand tw <k Q(¢%*logq) [DMSF21]  O(g¢*logq)
outer-planar Q(qlogq) [DMSF21] O(qlogq) [DMSF21]
K ;-minor-free Q(qlogq) [DMSF21] O(qlogq)
tw < k (7% [DMSF21] (©F)  ps2n
K;-minor-free Q(¢'=2)  [DMSF21] O(qth)
K -minor-free Q(q¢* tlogq) [DMSF21]  O(¢®logq)

K -minor-free and tw < k Q(q¢* ‘logq) [DMSF21]

O(¢*'logq)

Table 1.2: The state-of-the-art lower and upper bounds on maxgec cen,(G) for
some minor-closed classes of graphs C. In red are the new bounds obtained from
our results. The variables g, k, s, t are fixed positive integers with s + 3 < t < k.
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Class C lower bound upper bound
planar Qq?logq) [IM22] O(¢?) [vdHOQ™ 17]
planar and tw < k Q(q*logq) [IM22] O(q?*log q)
Euler genus < g Q(q%logq) [IM22] O(¢®) [vdHOQ*17]
Euler genus < gand tw < k  Q(¢%?logq) [IM22] O(q?*log q)
outer-planar Q(qlogq) [IM22] O(qlogq) [IM22]
K -minor-free Q(qlogq) [IM22] O(qlogq)
tw < k (7% [GKR*18] (7% [GKR'18]
K;-minor-free Q(¢?) [GKRT18] O(¢"=1)  [vdHOQ " 17]

K t-minor-free

Q(¢* logq) [IM22]

O(¢*logq)

K ;-minor-free and tw < k Q(¢* tlogq) [IM22]

O(¢° ' logq)

Table 1.3: The state-of-the-art lower and upper bounds on maxgec weoly(G) for
some minor-closed classes of graphs C. In red are the new bound deduced from our
results. The variables g, k, s, t are fixed positive integers with s + 3 < ¢ < k.
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The main goal of this chapter is to prove Theorem 1.20.

Theorem 1.20. Let k be a positive integer. A class C of graphs has bounded k-treedepth if and
only if there exists an integer £ such that for every tree T’ on k vertices, no graph in C contains
TOPy as a minor.

In Section 2.1 are presented the main ideas behind the proof of Theorem 1.20, and in particular
a proof of the implication (3)=-(1) of Theorem 1.22. In Section 2.2, we introduce some notation
and basic tools to study graph minors and tree decompositions. Section 2.3 contains the proof
that graphs of the form 7TJF, have unbounded k-treedepth as £ — +o0, for every tree 1" on k
vertices. This constitutes the easy direction in Theorem 1.20. Sections 2.4 to 2.6 are devoted to
the proof of technical lemmas used in the final proof of Theorem 1.20, which is in Section 2.7.
Then, in Section 2.8, we show that every graph of the form TP, for some tree 7" on 2k — 1
vertices contains the k& x ¢ grid as a minor, if L is large enough compared to ¢. Together with
Theorem 1.20, this gives Corollary 1.21.

37
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2.1 Outline of the proof

In this section, we present the main ideas behind the proof of Theorem 1.20. First, we give an
alternative definition of k-treedepth of a graph G, as the minimum width (plus one) of a “k-
dismantable” tree decomposition of G. Recall that a tree decomposition of a graph G is a pair
D= (T,(W, |z € V(T))) where T is a tree and W, C V(G) for every z € V(T') satisfying

(i) foreveryu € V(T), {x € V(T) | w € W} induces a non-empty connected subtree of T,
and

(ii) for every uv € E(G), there exists x € V(T') such that u,v € W,.

More generally, when no graph is specified, we call tree decomposition any pair (T, (W, | = €
V(T))) satisfying (i). A tree decomposition (T, (W, | z € V(T'))) is k-dismantable if one of the
following holds.

(i) T has a single vertex z and W, = (J; or

(ii) there is a vertex v € V(G) such that v € W, for every x € V(T'), and (T, (W, \ {v} | z €
V(T))) is k-dismantable; or

(iii) there is an edge zy € E(T) such that [IW, N W,| < k and the tree decompositions
(Typys W | 2 € V(Tyyy))) and (Tyj5, (W, | 2 € V(Ty),))) are k-dismantable.

Recall that T}, denotes the connected component of z in T’ \ zy, for every edge xy of T. A
straightforward induction shows the following observation. See Section 2.2.2 for a proof.

Observation. Let k be a positive integer, let G be a graph, and let t be a nonnegative integer. The
k-treedepth of G is 1 plus the minimum width of a k-dismantable tree decomposition of G.

This definition of k-treedepth based on tree decompositions will be useful in particular to show
that td, (TOP,) — +o0 as £ — +oo for every tree T on k vertices. This proof does not represent
any particular difficulty, see Section 2.3.

Hence, to prove Theorem 1.20, it remains to show that there is a function f: N2 — N such
that for every graph G and every positive integer ¢, if TP, is not a minor of G for every tree
T on k vertices, then tdx(G) < f(k, ). A first ingredient is the following lemma, which shows
how to extract a minor of the form TTJF; for some tree 7' on k vertices, from k disjoint paths
Q1,...,Q and sufficiently many pairwise disjoint connected subgraphs each intersecting (); for
every i € [k].

Lemma 2.1. There exists a function fo1: N> — N such that the following holds. Let k be
a positive integer. For every graph G, for all k disjoint paths Q1,...,Qy in G, if there exist
f2.1(k, €) pairwise disjoint connected subgraphs of G each of them intersecting V (Q;) for every
i € [k|, then there is a tree T on k vertices such that TPy is a minor of G.

The proof of this lemma is given in Section 2.4. The fact that trees on k vertices appear
in this statement, and so in Theorem 1.20, can be easily explained. The proof of Lemma 2.1
actually yields a minor H of G with vertex set [k] x [k*~2(¢ — 1) + 1] such that each “row”
{(i,1),..., (i, k*=2(¢—1)+1)} fori € [k] is a path in H, and each “column” {(1, 5),..., (k, )}
for j € [k*2(¢ — 1) + 1] induces a connected subgraph of H. Now, each of these columns



2.1 = Outline of the proof 39

contains a spanning tree. By Cayley’s formula and the pigeonhole principle, at least ¢ of these
columns have the same spanning tree 1" when projecting on the first coordinate. By ignoring the
other columns, we deduce that H contains T'[1F; as a minor.

To illustrate how Lemma 2.1 can be used, we prove Theorem 1.22. The k-pathdepth of a graph
G, noted pd;,(G), is 1 plus the minimum width of a k-dismantable path decomposition of G, that
is a k-dismantable tree decomposition (7', (W, | « € V(T'))) of G for which T is a path. Together
with the following unpublished result of Robertson and Seymour [RS] (see [Erd18] for a proof),
Lemma 2.1 provides a simple proof of Theorem 1.22.

Lemma 2.2 (Robertson and Seymour [RS]). For every graph G, there exists a path decomposition
D = (P,(Wy |z € V(P))) of G of width at most pw(G) such that for every distinct x,y € V(P),
either

(1) there are k pairwise disjoint (W, W,))-paths in G, or
(2) there is an edge zZ' in P[x,y| with |[W, N W,/| < k.

Again, knowing that pd, (T0OF;) > tdg(T0OF,) and tdx(TOP;) — 400 as £ — +oo for
every tree 7" on k vertices, and pd,(G) > pw(G) + 1 for every graph G, it remains to show the
following.

Theorem 2.3. There is a function fo3: N> — N such that for every positive integer { and every
graph G, if TT1P, is not a minor of G for every tree T' on k vertices, then

pdy(G) < fas(k, £, pw(G)).
Proof. Let k, ¢ be positive integers. For every nonnegative integer p, let

k ifp <k,

Fralk,4,7) {f(k,e,p D)+ (far(k, ) = D(p+ 1) +2(k = 1) ifp> k.
We proceed by induction on pw(G). Suppose that TPy is not a minor of G for every tree T on k
vertices. If pw(G) < k, then every path decomposition of G of width less than & is k-dismantable,
and so pd,(G) < k = fo3(k,¢,pw(G)). Now assume pw(G) > k. Then, by Lemma 2.2, there
exists a path decomposition D = (P, (W, | € V(P))) of G of width at most pw(G) satisfying
(1) and (2) for every distinct z,y € V(P). Let P, ..., P™ be the connected components of
P\ {zy € E(P) | |W, N W,| < k}, in this order along P.

Fix some h € [m], and let x;, and y; be respectively the first and last vertex of
P". Let Ay be the union of the at most two adhesions neighboring P”, that is the set
UZZIGE(P)’Zev(PhLZ/gv(Ph) W, N W,. Note that |Ah| < Q(k - 1). Finally, let G}, =
GlU.ev(pmy W] U (44). Since G is a (< k)-clique-sum of G, ..., Gy, we want to bound
pdi(Gp). If 2, = yp, then |V (G},)| = |W,, | and so the path decomposition of G}, consisting of a
single bag has width less than pw(G)+1 < fo.3(k, ¢, pw(G)) and is k-dismantable. Now suppose
that x;, # yp. By the properties of D, there are k pairwise vertex-disjoint paths @1, . .., @y from
Wy, to Wy, in G. See Figure 2.1. Let  be the family of all the connected subgraphs H of G, — Ay,
such that V(H) N V(Q;) # 0 for every i € [k]. By Lemma 2.1, there are no f2 1(k,¢) pairwise
disjoint members of F. Now, by Lemma 1.17, there are f5 1 (k, £) — 1 bags of D whose union inter-
sects every member of F. Hence there is a set X of at most (f2.1(k, £)—1)(pw(G)+1) vertices in
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G that intersects every member of F. Let X' = (XNV (G}))UAj. For every connected compo-
nent C of G}, — X}, V(C) is disjoint from X/, and so C' ¢ F. This implies that one the the paths
in{Q1,...,Q} is disjoint from V' (C'), and so there is a path in G from W, to W, disjoint from
V(C). Since this path intersects W, for all z € P, (P" (W, N V(C) | z € V(P"))) is a path
decomposition of C' of width at most pw(G) — 1. By induction, pd,(C) < fos(k, £, pw(G) — 1)
and so

pd;, (Gr — XT) < max pd,(C)

C connected component of G, — X1

< fos(k, 4, pw(G) — 1).

Consider now a k-dismantable path decomposition D), = (R", (Wé‘x | = € V(RM)) of
Gp — X1 of width at most fo.3(k,¢,pw(G) — 1). Then (R",(W{, U X} | € V(R")))isa
k-dismantable path decomposition of G, of width less than f5 3(k, £, pw(G) — 1) + (fo.1(k, £) —
1)(pw(G) + 1) + 2(k — 1) = fa3(k,¢,pw(G)) such that Ay, is included in every bag. In both
cases (xp, = yp and xp, # ypn), we obtained a k-dismantable path decomposition (Rh, (W;f |
x € V(R")) of Gj, whose bags have size at most f> 5(k, £, pw(G)), and with Ay, included in
every bag. Let R be the path obtained from the disjoint union of R', ..., R™, and adding an edge
between the last vertex of R" and the first vertex of R"*1, forevery h € [m—1], and let W/ = W}
for every = € V(R"), for every h € [m]. Then (R, (W. | z € V(R))) is a k-dismantable path
decomposition of G whose bags have size at most fo 3(k, ¢, pw(G)). This proves the theorem. [

>k <k

:‘\/ )
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Figure 2.1: Illustration for the proof of Theorem 2.3.

This proof already contains several of the main ideas behind the proof of Theorem 1.20. The
general approach to bound the k-treedepth of a graph G is to decompose G as a (< k)-clique-sum
of graphs G1, . .., G, such that for every i € [m], there exists X; C G; of bounded size such that
we can bound the k-treedepth of GG; — X (typically by induction). Hence a first step is to identify
these graphs G;. In the bounded pathwidth case, this was done using Lemma 2.2, the clique-sums
being then given by the adhesions of size less than k in the obtained path decomposition. In the
case k = 2, there is a very natural way to find these clique-sums: G is a (< 2)-clique-sum of
its blocks', as used in [HIM " 21]. For the general case, we will use a version of Lemma 2.2 for
tree decompositions, which is inspired by a classical result by Thomas [Tho90] on the existence
of “lean” tree decompositions. This initial tree decomposition will be built in Section 2.6. The
techniques used in this section are inspired by a simple proof of Thomas’ result by Bellenbaum
and Diestel [BDO02].

'The blocks of a graph G are the maximal subgraphs of G which consists in either a single vertex, a graph consisting
of a single edge, or a 2-connected subgraph.
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An issue arising from this approach when considering tree decompositions instead of path
decompositions is the following. When we say that G is a (< k)-clique-sums of G'1, . . ., Gy, the
graphs GG; are not necessarily minors of G, and so they may contain a graph of the form TTIFP,
for some tree T" on k vertices. In the bounded pathwidth case, the graphs Gy, for h € [m] had
just two additional cliques, corresponding to the right and left adhesions, and so we just removed
these cliques (the set Ay) to obtain a subgraph of G. This is not possible in the general case
since we can have arbitrarily many such cliques. To solve this issue, we will build G, ...,Gy,
with V(G},) € V(G) for every ¢ € [m], such that, while G}, might not be a minor of G, the
“connectivity” in GG, is not higher than in GG, meaning that for every Z;, Zo C V(Gp,) both of size
i, if there are ¢ pairwise disjoint paths between Z; and Z» in GG, then there are ¢ pairwise disjoint
paths between Z; and Z3 in GG. Hence, in the main proof, we will work on such an “almost minor”
of GG, and every time we will need the assumption that there is no minor of the form TT1FP; for
a tree 1" on k vertices, we will come back to the original graph using this connectivity property.
This notion is developed in Section 2.5.

Another important idea in the proof of Theorem 2.3 is the induction on pw(G). For the general
case, we want to proceed by induction on tw(G), which is bounded by the Grid-Minor Theorem.
However, it is in practice harder to decrease the treewidth than the pathwidth. To circumvent
this issue, we need a notion of “partial tree decompostion”, which was already recently used
in [HLMR24b] to prove some other excluded-minor results.

Let G be a graph and let S C V(G). A tree decomposition of (G, S) is a tree decomposition
(T, (W, | € V(T))) of G[S] such that for every connected component C' of G — S, there exists
x € V(T') such that Ng(V(C)) C W, (the notation Ng(V (C)) refers to the set {u € V(G) \
V(C) | v e V(C),uv € E(G)}). Now, we will just assume that there is a tree decomposition of
(G, S) of small width, and build by induction on this tree decomposition (actually on its adhesion)
a k-dismantable tree decomposition of (G, S”) of bounded width, for some S’ C V(&) containing
S. The point of reinforcing this way the induction hypothesis is that it is much easier to decrease
the width or adhesion of a tree decomposition of a subset of V' (G) than for the full V(G). A
crucial example is the following: let G be a graph, let D = (T, (W, | « € V(T))) be a tree
decomposition of G, let u € V/(G), and let S = U,y (1) uew, Wa \ {u}. Now, for T" = T'[{z €
V(T) | uwe Wi}, (T, Wy \ {u} | z € V(T"))) is a tree decomposition of (G — u, S) whose
width (resp. adhesion) is smaller than the width (resp. adhesion) of D. See Figure 2.2. We can
now call the induction hypothesis on (G — u,.S), and thus decompose a superset of Ng(u) in
GG — u. This idea is used in the final proof of Theorem 1.20, which is presented in Section 2.7.

2.2 Preliminaries

2.2.1 Notation

We will use the following standard notation. Let k be a positive integer and let X be a set. We
denote by [k] the set {1,...,k}, and by ()kf ) the family of all the subsets of X of size k.

Let G be a graph. If U C V(G), we say that U is connected in G if there is a connected
component of GG containing U. If F' C (V(QG)), we denote by G U F' is the graph obtained from GG
by adding an edge between every pair of vertices in F', and by G \ F' is the graph obtained from
G by removing every edge in F' N E(G). A path partition of G is a sequence of (Vp, ..., Vy) of

pairwise disjoint nonempty subsets of V' (G), such that Jo<;<, Vi = V(G), and for every edge
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Figure 2.2: A tree decomposition of (G — u, S) of width at most tw(G) — 1. The
blue vertex depicts u, the tree 7" = T'[{z € V(T) | u € W, }] is depicted in green,
and S = Uyey () Wa \ {u} is the union of the red sets.

wv of G, if ¢,5 € {0,..., ¢} are the indices such that u € V; and v € Vj}, then |i — j| < 1. Let
P = (p1,...,pe) be a path in G. We denote by init(P) its initial vertex p1, and by term(P) its
terminal vertex py. If py € U and py € U’ for some U, U’ C V(G), we say that P is a (U,U’)-
path, or a path from U to U’. Note that paths are thus oriented, but we will sometimes identify
such a path P with the subgraph (V(P),{pipi+1 | i € [¢ — 1]}). A (U,U’)-cut is a set X of
vertices in G such that every (U, U’)-path intersects X . Recall that Menger’s Theorem asserts that
the minimum size of a (U, U’)-cut is equal to the maximum number of pairwise vertex-disjoint
(U, U’)-paths.

Let T be a tree and let u,v € V(T'). We denote by T'[u, v] the (unique) path from u to v in T'.
Similarly, T|u, v] = T[u, v] —{u}, T[u, v|= T[u,v] — {v}, T|u, v[= T[u,v] — {u, v}. Moreover,
recall that, if uv is an edge of 7', then we denote by T}, the connected component of u in 7"\ {uv}.

Let G be a graph and let S be a non empty subset of V(G). A tree decomposition of (G, S) is
apair D = (T, (W, | « € V(T'))) such that

(i) D is a tree decomposition of G'[S], and

(ii) for every connected component C' of G — S, there exists x € V (T') such that Ng(V (C)) C
W,

We denote by tw(G, S) the minimum width of a tree decomposition of (G, S).

2.2.2 k-dismantable tree decompositions

In this section, we prove some properties on k-dismantable tree decompositions. We start with the
following straightforward observation.

Observation 2.4. A graph G has k-treedepth at most t if and only if G admits a k-dismantable
tree decomposition of width less than t.
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Proof. Let td},(G) be 1 plus the minimum width of a k-dismantable tree decomposition of G, for
every graph G. We want to prove that td},(G) = tdy(G) for every graph G. First we show that
td,.(G) < tdg(G). Itis enough to show that (i) td.(0) = 0; (ii) td},(G) < 1+td}, (G —u) for every
u € V(G); and (iii) td},(G) < max{td},(G1),td)(G2)} if G is a (< k)-clique-sum of Gy and
(. The first point is clear. The second one comes from the fact that if (7', (W, | z € V(T))) is a
k-dismantable tree decomposition of G — u, then (T, (W, U{u} | € V(T'))) is a k-dismantable
tree decomposition of GG. For the third point, suppose that G is obtained from the union of two
graphs G and G2 with C' = V(G1) N V(G2) inducing a clique of size at most & — 1 in both G
and Gs. Let (T;, (W, | © € V(T3;))) is a k-dismantable tree decomposition of G;, for i € {1,2}.
Then, since C' is a clique in G;, the projections of G;[{u}] for u € C pairwise intersect. Hence
by the Helly property, there exists z; € V (1;) intersecting all these projections, thatis C' C W,..
Now, (T1 UTo U{z1z2}, (W, | x € V(T1) U V(T3))) is a k-dismantable tree decomposition of
G. This proves that td},(G) < tdy(G) for every graph G.

Now we show by induction on |V (G)| + |V(T)] that tdx(G) < td}(G) for every graph
G. Let (T, (W, | x € V(T))) be a k-dismantable tree decomposition of G of width ¢ — 1 for
t = tdj,(G). If T has a single vertex = and W,, = (), then ¢t = 0 and tdx(G) = 0 < t. If
v € V(Q) is such that v € W, for every z € V(T), and (T, (W, \ {v} | z € V(T))) is
k-dismantable, then tdy(G — v) < td,(G — v) < t — 1 by the induction hypothesis, and so
tdp(G) < 1+ tdi(G —v) < t. If there is an edge zy € E(T') such that [W, N W,| < k
and the tree decompositions (T, (W, | 2 € V(Ty,))) and (Tye, (W | 2 € V(Ty,))) are
k-dismantable, then let G; = G {UZGV(TM) WZ} u ("*0") and Gy = G [UZGV(TW) WZ} U
(W”QWy). Observe that W, N W, = V(G1) N V(G2) induces a clique of size less than & in
both G and Ga, and G is a (< k)-clique-sum of G; and G5. Moreover, the k-dismantable tree
decompositions (T, (W, | 2 € V(Tyy))), (Tyjes (W2 | 2 € V(Ty,))) witness the fact that
td;,(G1), td;,(G2) < t. Hence, since by the induction hypothesis td},(G1), td},(Gs) < t, we have
tdi(G) < max{tdg(G1),tdx(G2)} < t. This proves that tdi(G) < td.(G). O

We now prove that k-treedepth is monotone for the graph minor relation.

Lemma 2.5. Let k be a positive integer and let G, H be two graphs. If H is a minor of G, then
tdg(H) < 1dy(G).

Proof. Given a class of graphs C, we denote by A (C) the class of all the graphs G such that G € C
or there exists u € V(@) such that G — u € C. We claim that

if C is minor-closed, then A (C) is minor-closed.

Indeed, if G is a graph and u € V(G) such that G — u € C, then for every minor H of G, if
(By | z € V(H)) is amodel of H in G, then either u & ey (i) Bz, and so (B, | z € V(H))
is a model of H in G — u, which implies H € C C A(C); or u € U,cy(z) Bs, and then
(By | x € V(H — z9)) is amodel of H — ¢ in G — u, where zg is the unique vertex of V (H)
such that u € B, which implies H — xg € C and so H € A(C).

Let k be a positive integer. We denote by S (C) the class of all the graphs G such that G is a
(< k)-clique-sum of two graphs in C. We claim that

if C is minor-closed, then Sy (C) is minor-closed.
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To see that, consider a graph G which is a (< k)-clique-sums of two graphs G and G2 in C. We
can assume that V(G) = V(G1)UV (Ga), E(G) C E(G1)UE(G2), and V(G1)NV (G2) induces
a clique of size at most k& — 1 in both G; and G. Let H be a minor of G, and let (B,, | x € V(H))
be a model of H in G. Fori € {1,2},let X; = {& € V(H) | B, N V(G1) # 0}, and let
H;, = H[X;]U (X”;XQ). Then, for each i € {1,2}, (B, NV (G;) | x € X;) is a model of H; in
G, and so H; is a minor of G;. In particular, H; € C. Finally, H is a (< k)-clique-sum of H; and
Hj, and so H € Si(C).
For every nonnegative integer ¢, let

; C ifi=0
Sk(0) = {sk(sz L)) ifi>o.

By induction on 4, Si (C) is minor-closed if C is minor-closed. Then (S};(C))Z}O is an inclusion-
wise monotone sequence of minor-closed classes of graphs, and so its union Sj(C) is minor-
closed.

We can now show by induction that for every nonnegative integer ¢, the class {td; < t} of
all the graphs of k-treedepth at most ¢ is minor-closed. Indeed, when ¢t = 0, {td, < 0} = {0}
is clearly minor-closed. Moreover, if ¢ > 1 and {td; < ¢ — 1} is minor-closed, then the class
Sk(A({tdr, < t — 1})) is also minor-closed by the previous observations. To conclude, it is
enough to show that

{tdr <t} =Sk(A({tdy <t —1})). (2.1)

The inclusion Sy, (A ({td, < t—1})) C {tdy < t} follows from the definition of k-treedepth.
We now prove the other inclusion. Let G be a graph of k-treedepth at most ¢ and let (7', (W, |
xz € V(T))) be a k-dismantable tree decomposition of G, which exists by Observation 2.4. We
want to show that G € Si(A({tdx < ¢t — 1})). We proceed by induction on |V (G)| + |V (T)|.
If V(G) = 0, then the result is clear. Now assume V (G) # (). By the definition of k-dismantable
tree decompositions, one of the following holds.

Case 1. There is a vertex v € V(G) such that v € W, for every x € V(T), and (T, (W, \ {v} |
z € V(T))) is k-dismantable. Then by Observation 2.4, td;(G — u) < t — 1 and so
G e A({tdr < t—1}) C Sp(A({tdy < ¢ — 1}).

Case 2. There is an edge xy € E(T) such that [IW, N W,| < k and the tree decompositions
Dx\y = (Tx|y7( z ‘ z € V( x\y))) and Dy|x - (Ty|xv( z ‘ z € V( y|x))) are
: WoNW,
k-dismantable. Let Gy, (resp. G|,) be the graph G[U.cv(r T, y W2 U ( O7v) (resp.
G|U eV (T,0) W, U (WImWy)) The k-dismantable tree decompositions D, and Dy,
ness the fact that respectively G, and G|, have k-treedepth at most ¢. By the induction
hypothesis, we deduce that G ,,,, Gy, € Sg(A({tdy < t—1})). Since G'is a (< k)-clique-
sum of G, and G, this implies that G € Sy, (A ({td; < ¢—1})). This proves (2.1), and
concludes the proof of the lemma. O

wit-

For every positive integer k, for every graph G and for every nonempty set S C V(G), we
define the k-treedepth of (G, S), denoted by tdx (G, S) the integer 1 plus the minimum width of a
k-dismantable tree decomposition of (G, S).

Lemma 2.6. Let m,t, k be positive integers. For every graph G and for every Si,...,S, C
V(G), lfS = Uze[m] Si’ then
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@) tw(G,S5) +1 < 3 icpm (tw(G, S;) + 1), and
() tdi(G, ) < Tiepm tdi(G, ).

Proof. Since for every S C V(G), tdjy(g)(G,S) = tw(G,S) + 1, it is enough to show the
second item. We proceed by induction on m. The result is clear for m = 1. Now suppose m > 1
and tdx(G,Uicpn—1)Si) < Ziepm-1)tde(G, Si). Let D = (T,(W, | z € V(T))) be a k-
dismantable tree decomposition of (G, U;¢[m—1) Si) of width less than 3¢, 1) tdi (G, S;). For
every connected component C' of G — U;cpn—1] Si» we have tdy(C, Sy N V(C)) < tdi (G, S ).
Let z¢ € V(T') be such that Ng(V (C)) C W,,.. Hence there is a k-dismantable tree decomposi-
tion (T, (WS | x € V(T))) of (C, Sp N V(C)) of width at most td (G, S,,) — 1. We suppose
that the trees T¢ for C' connected component of G — Uje[n,—1) S and T are pairwise disjoint. Let
T’ be the tree obtained from the union of 7" with all the T, by adding an edge between ¢ and an
arbitrary vertex in T¢, for each connected component C' of G —U;¢y,—1) Si- Forevery z € V(T),
let W = W,, and for every = € V(T¢), let W, = WS U W,,., for each connected component
C of G — Uiefm—1) Si- See Figure 2.3. Then (7", (W, | « € V(T"))) is a k-dismantable tree
decomposition of (G, S) of width less than tdy (G, Sm) + > icjm—1) tdik (G, Si). This proves the
lemma. O

Figure 2.3: Illustration for the proof of Lemma 2.6.
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2.3 {TOPF, | ¢ > 1} has unbounded %-treedepth

In this section, we prove that graphs of the form TTJF; for some tree T" on k vertices have un-
bounded k-treedepth when ¢ tends to 4+oc. This proves the “only if” part of Theorem 1.20.

Proposition 2.7. For every tree S, for every positive integer N, there is a positive integer { such
that
tdi (SOP;) > N.

Proof. Fix atree S on k vertices. Suppose for a contradiction that there exists a positive integer
N such that td;(SCOFP;) < N for every positive integer /. By taking N minimal, we can assume
that, for some positive integer ¢,

tdi (SOP;) = N

for every £ > {j.

Consider G = SUP g4, 42)n. We denote by Ry, ..., Ry the copies of Pas 1)y in G, that
is the subgraphs G [{(z,7) | i € [(20o 4 2)N]}] for x € V(S); and by C1,.. ., C(ag,12)n the
copies of S in G, that is the subgraphs G[{(x,7) | € V(S)}] for i € [(2¢yp + 2)N]. By
hypothesis td;(G) = N, and so by Observation 2.4, G admits a k-dismantable tree decomposition
D= (T,(Wy |z € V(T))) of width N — 1.

For every x € V(T'), the bag W, has size at most NN, and so intersects at most N of the
subgraphs C; for i € [(2{p + 2)N]. Therefore, by Lemma 1.17, there are indices 1 < i3 <
e <dgggt2 < (200 + 2)N such that Cjy, . . ., C"%o . have pairwise vertex disjoint projections
on T, that is for every distinct j,j" € [2(o + 2], Tj = T[{x € V(T) | W, N C;; # 0}] and
Ty =T[{z € V(T) | Wo N C;,, # 0}] are vertex-disjoint. For every a € [k] and j € [2{ + 1],
let R, j be the subpath of I, with first vertex in Cij and last vertex in C’ij +1- Moreover, let u, ; be
the last vertex belonging to U,cv(r;) Wa NV (Ra,;) along Rq ;. Note that for every j € [2(p + 1],
C% = {ua; | a € [k]} is included in a bag of D, namely W, where z; is the first node of
the (unique) path from V(Tj) to V(Tj41) in T. Moreover, the vertices u, ; for a € [k| and
J € [20p + 1] are pairwise distinct.

Let F be the forest obtained from 7" by removing every edge xy € E(T') such that |[W, N
Wy| < k. We claim that {z; | j € [2¢y + 1]} is in a single connected component of F'. Indeed,
otherwise there is a cut of size less than k between W, and W, in G, for some distinct j, j e
[2¢p + 1]. But this is a contradiction since Ry, ..., R induce k vertex-disjoint paths from CJ'. -
W, to C}, CW.,. Let T’ be this connected component.

Let (3 be the graph with vertex set | J zev () W2 and edge set UzeV(T,) (ng) Forevery a € [k],
let g1, ... ,7q,m, be the Vertjces of V(R,) NV (G), in this E)rder along R,. Observe that R, =
(Ta,1y---sTam,) is a path in G. Moreover, for every a € [k|, R, intersects each of C1, . . ., éfo-i-l
in this order along R,. Since CJ’~ induces a clique in G for every j € [2{y + 1], we deduce that

there is a model of a K;[1Py 1 in GG. Moreover, GG has a k-dismantable tree decomposition
D = (T',(Wy | € V(T"))) of width less than N and such that every adhesion has size at
least k. It follows that there is a vertex v € V(G such that v € W, for every z € V(T")
and (T",(W, \ {v} | « € V(T"))) is a k-dismantable tree decomposition. This implies that
tdk((/\}Y —v) < N. But since G contains a model of K .UPypy41, G — v contains a model of
KUP,,. By Lemma 2.5, we deduce that

A

tdk(SDPgO) < tdk(KkDPgO) < tdg(G —v) < N,
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contradicting the definition of £y. This proves the lemma. O

2.4 Finding a k-ladder

In this section, we show how to extract a graph of the form TT1P, with T a tree on k vertices,
from a graph having k disjoint paths 1, ..., Qg, and sufficiently many pairwise vertex-disjoint
connected subgraphs intersecting all the ();s.

Let k, ¢ be two positive integers. A k-ladder of length £ — 1 is a graph H with vertex set
[k] x [¢] such that

(i) foreveryi € [k|, Ri = H[{(¢,7) | 7 € [¢]}] is a path with ordering (i,1),...,(¢,¢), and
(ii) forevery j € [¢], C; = H[{(i,) | ¢ € [k]}] is connected.
See Figure 2.4. We call Ry, ..., Ry the rows of H, and C1, ..., Cy its columns.

i G C3 Oy Cs Cg C; Cg Cy Cyp Cn
Ry

ICEIGRIGRIARraRIGRIGRVaRr aRIaRK
=--'.-!--
CiCINITnenenenen
LA PO IO TV T

Figure 2.4: A 5-ladder of length 10.

R3
Ry

Rs

Since every C; is connected, we can assume without loss of generality that they are trees.
Then, using Cayley’s formula stating that there are k*~2 labelled trees on k vertices, we deduce
the following observation.

Observation 2.8. For every k, {, if H is a k-ladder of length k*=2(¢ — 1) 4 1, then there is a tree
T on k vertices such that TU P, is a minor of H.

Hence it suffices to find a long enough k-ladder as a minor to find a minor of the form TP,
for some tree 1" on k vertices. Our main tool to do so is the following lemma, which is the main
result of this section.

Lemma 2.9. There is a function fo.q: N> — N such that the following holds. Let k be a positive
integer;, let G be a graph, and let Q1,..., QL be k vertex-disjoint paths in G. If there exists
fo.9(k, £) pairwise vertex-disjoint connected subgraphs in G each intersecting V (Q;) for every
i € [k], then G has a k-ladder of length { as a minor.

Together with Observation 2.8, this lemma implies Lemma 2.1. To core of the proof of
Lemma 2.9 is the following intermediary result.

Lemma 2.10. There is a function f>10: N?> — N such that the following holds. Let G be a graph,
let t, ¢ be positive integers, let P be a path in G, and let Ay, ..., Ay, | (1.0) be pairwise vertex-
disjoint connected subgraphs of G such that for every i € [fo10(t,0)], 1 < |V(4;) NV (P)| <
2t — 1. Then there are subgraphs B, ..., By in {Ai}ic(f, o)) @ subpath of P of the form
Plinit(P), b], and for every j € [{] a subpath Pla;,b;]| of P[init(P),b], such that
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(a) V(Bj)NV(Pinit(P),b]) # 0 for every j € [¢],
(b) V(Bj) NV (Plnit(P),b]) C V(Playj,bj]) for every j € [¢], and
(¢) V(Plaj,b;]) NV (Plaj,bjr]) = 0 for every distinct j, j' € [¢].

Figure 2.5 gives an illustration for the outcome of this lemma.

Play, by Plag, by] Plas, bs] Play, bs]

A

»
|

P[init(P), b]

Figure 2.5: Ilustration for Lemmas 2.10 and 2.12 with ¢ = 4. There is a sub-
path P[init(P), b] such that each B; has a “private” interval P[a;, b;] that contains
V(Bj) NV (Plinit(P), b]) and is disjoint from V' (Pla,:, bj/]) for every j' # j.

Proof. Let f210(t,-) be the function defined inductively by f210(t,1) = 1 and fo10(¢,¢) =
1+ (2t — 1) fo10(t, £ — 1) for every £ > 2. We proceed by induction on £. If ¢/ = 1, then take for
By = A; and P[init(P), b] = P[al, bl] =P.

Now suppose ¢ > 1. Without loss of generality A; is such that the first vertex along P in
Uiclforo(t,0) V (Ai) belongs to Ay. Let 1, ..., x, be the vertices in V(A1) NV (P), in this order
along P. Note that » < 2¢ — 1 by hypothesis. Let z,41 be the last vertex of P. For every
s € [r], let I, be the set of indices j € {2,..., fo.10(k, £)} such that the first vertex in V' (A;)
along P belongs to P[zs, xs+1]. By the pigeonhole principle, there is an integer s € [r] such that
I > LagltO=L — p o0 — 1),

Hence by the induction hypothesis applied to any family { A7, ..., A/fg.m( k. 15—1)} C {4;}jer,
and

P {P]xs,x3+1[ ifs<r,
Plzs,xs41] ifs=r,

there are subgraphs By, ..., By in {Aj}ic(f, ,o(t,) and a subpath Plxs, b'] of P’ such that for
every j € {2,..., ('}, there is a subpath P[aj, b;] of Pz, '] such that

(@) V(Bj)NV(Plinit(P),b]) # 0, and
(b’) V(B;) NV (Plinit(P),b]) € V(Plaj,b;]), and
(¢) V(Plaj,bj:]) NV (Plajn,bjn]) = 0 for every distinct 5/, 5" € {2,..., £} \ {j}.
Then for By = Ay, P[init(P), b] = Plinit(P), ] and Pla1,b1] = Plinit(P), xs], this proves the
lemma. U
The following simple lemma will be useful.

Lemma 2.11. For every positive integer k, and for every tree T of at least (k — 1)(k — 2) + 2
vertices, at least one of the following holds
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(1) T has at least k leaves, or
(2) T has a path on k vertices.

Proof. If k = 1 then the result is clear. Now assume k£ > 2. Root 7T on an arbitrary vertex r,
and suppose that 7" has at most k — 1 leaves. Then for every leaf x, consider the path T'[x, r| be
the path from z to r in 7', minus 7. Since |J,, 1oos V (T'[z, 7]) covers V(T" — r), by the pigeon hole
principle, there is a leaf x such that |V (T'[x,r[)| > k — 1 and so |V(T'[z,r])| > k. O

We now show that the condition |V (A;) N V(P)| < 2t — 1 in Lemma 2.10 can be removed,
assuming that G has bounded treewidth.

Lemma 2.12. There is a function fo.12: N?> — N such that the following holds. Let t,{ be positive
integers, and let G be a graph with tw(G) < t. If P is a path in G, and if {A1, ..., As, e}
is a family of pairwise vertex-disjoint connected subgraphs of G, all intersecting V (P), then
there exists { subgraphs By, ..., By among {Ay, ..., Alez(t,é)} and a subpath of P of the form
Plinit(P), b] such that for every j € (€], there is a subpath Pla;, b;] of Plinit(P), b] such that

(@) V(B;) N V(P[init(P),b]) € V(P[a;,b;]), and
(b) V(Pla;,b;]) NV (Plaj,bj]) =0 for every j" € [(] \ {j}.

Proof. Let fo15(t,f) = tmax{2, fo10(t,£)}* where f5 10 is as in Lemma 2.10. We can assume
that if u,v € V(P) N V(A;) are distinct and in this order along P, then P[u,v] intersect A; for
some j # i, for every i € [f2.12(t,¢)]. Otherwise we just contract P[u, v] into a single vertex.

Consider now a tree decomposition (7, (W, | z € V(T))) of G of width less than ¢. Since
Aty ...y Ap, (1,0 are pairwise vertex-disjoint, every set of vertices intersecting all of them must
have size at least fo 12(t,¢). Consider now for every ¢ € [f2.12(t, £)] the projection T; of A; on
T. By Lemma 1.17, the family (7;);c(f, ,,(¢,0) contains N = fz%(te) = max{2, f2.10(k, £)}>
pairwise vertex-disjoint subtrees 15, , ..., T; .

Consider now the tree 7" obtained from 7" by contracting every vertex outside J ie[N] V(T3;)
with one of its closest vertex in Uje[n] V(T;;), and by contracting T;; into a single node z; for
each j € [N]. Hence V(T") = {z; | j € [N]}. By Lemma 2.11, T" has either VN = f219(k, /)
leaves or a path with /N = f5 1 (k, ¢) vertices. Let I be a subset of [N] of size V/N such that xj
for j € Iis aleaf in 7", or such that a permutation of (z;);e; is a path in 77. We claim that

for every j € I, the number of pairs u,v € V(P) in this order along P such that
u € V(A;,), V(Plu,v]) N (Ujlel V(Aij,)) =0,and v € Ujrep\ gy V(Ai, ). isat  (2.2)
most 2(¢ — 1).

Indeed, if x; is a leaf, then every time P leaves Aij, P crosses the adhesion between the root of
T;; and its unique neighbor out of V/(7;;), which have size at most £ — 1. And if a permutation
of (x;)jcr is a path in 7", then every time P leaves A;;, P must cross one of the at most two
adhesions neighboring 7;; and leading to another Tij, for some j' € I\ {j}. Since these adhesions

have size at most ¢ — 1, this proves (2.2).

Then contract repeatedly every edge of P that intersect at most one of the sets V' (4;;) for

j € I. Let G’ be the resulting minor of G, let P’ be the path in G’ induced by P, and for every
j € I, let A’ be the connected subgraph of G” inherited from A;;. Then [V (P') N A% < 2t — 1
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for every j € I. Hence we can apply Lemma 2.10 to G, P', {A;, | j € I'}. This is possible since
|I| = VN = g(t,¢). We obtain subgraphs B,..., B, of G’ and a subpath P'[init(P’), '] of
P’ corresponding respectively to subgraphs By, ..., By of G and a subpath P[init(P),b] of P as
desired. This proves the lemma. O

To deduce Lemma 2.9, we will use the celebrated Erdés-Szekeres Theorem.

Theorem 2.13 (ErdGs Szekeres [ES35]). For every integers r, s, for every permutation o of [(r —
1)(s — 1) + 1], either there is a set I C [(r — 1)(s — 1) + 1] of size r such that o| is increasing,
orthereisaset D C [(r — 1)(s — 1) 4 1] of size s such that o|p is decreasing.

Proof of Lemma 2.9. Let t = max{2, fi 10(max{k,¢})}. If tw(G) > t, then the k x £ grid is a
minor of G by Theorem 1.10, and so G contains a k-ladder of length ¢ as a minor. Now assume
that tw(G) < t. Forevery i € {0,...,k}, let

2 ifi =0,
firxll) = { e
foao(t, ficak(£)) ifi > 1,

where f 12 is as in Lemma 2.12, and take f> 9(k, £) = fi 1 (£).

Let G be a graph, Let Q1,...,Qy in G be k disjoint paths in G, and let Ay,..., As, (1)
be pairwise disjoint connected subgraphs in G each intersecting V' (Q;) for every i € [k], By
applying Lemma 2.12 successively on the paths @)1, ..., Q) and contracting the subpaths of the
form Q;[a;, b;], we obtain a minor G’ of G, connected subgraphs By, ..., B; L1 of G’, and paths

T,...,Q} in G’ such that
V(B)NV(Q,)| =1

forevery j € [¢2""'] and a € [k]. Forevery j € [(2" '] and a € [k], let u;, be the unique vertex
in V(B;) N V(QY,). Finally, by applying Theorem 2.13 (Erds-Szekeres Theorem) k — 1 times,
there are ¢ distinct indices j1, ..., j¢in {1,... ,ﬁQk_l} such that the orderings of (uj; q);c[q along
Q), for a € [k] are pairwise identical or reverse of each other. By possibly replacing Q;j by its
reverse for every j € [/], and by contracting some edges, we obtain a k-ladder of length ¢ as a
minor of G’ with rows inherited from @, ..., @}, and columns inherited from Bj , ..., Bj,. This
proves the lemma. 0

2.5 Nice pairs

In order to show that every graph G excluding all the k-ladders of length £ as minors have bounded
k-treedepth, we need to find a decomposition of G into graphs G, . .., G, such that G is a (< k)-
clique-sum of GGy, . .., Gy,. Typically, G; is the “torso” of a bag in a suitable tree decomposition.
The main issue with this approach is that we then need to decompose each G;, while G; is not
necessarily a minor of GG (since we possibly added some cliques). The solution we develop in this
section is to force G; to be “nice” in GG, which roughly means that the cliques added to G[V (G})]
to obtain G; do not increase the connectivity between any two subsets of V' (G;). In this section,
we define this notion of “nice” sets, and we prove several properties on them. In the following
section, we will find tree decompositions that will enable us to decompose our graph into nice sets
in the final proof.

Let G be a graph. A good pair in G is a pair (U, B) where U is a non-empty subset of V(G),
and B is a family of subsets of V' (G) such that
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(gD) G =Upesuqy G[B], and
(g2) the sets B\ U for B € B are pairwise disjoint.

Equivalently, B U {U} is the family of the bags of a tree decomposition indexed by a star whose
center bag is U. Then, we say that (U, B) is a nice pair in G if it is a good pair in G and

(g3) for every B € B, for every i > 0, for every Z1,Zs C U N B both of size 4, there are ¢

disjoint (Z1, Z»)-paths in G[B] \ (P3Y).

See Figure 2.6.

BeB

Figure 2.6: A good pair (U, B) in G is nice if for every B € B, for every i > 0,
for every Z1,Z5 C U N B both of size i, there are i disjoint (Z7, Z2)-paths in
G[B]\ (UQB ). This property implies that the maximum number of pairwise disjoint
paths between two given subsets of U is the same in G and in torsog (U, B). See
Lemma 2.17.

In practice, we will build good pairs from tree decompositions as follows. If (T, (W, | z €
V(T))) is a tree decomposition of a graph G, and if R is a subtree of 7', then (U, B) for U =
Uzev(r) We and B = {U,ev(s) Wz | S connected component of 7' — V/(R)} is a good pair in
G. To ensure that (U, B) is a nice pair, we will need further assumptions on the tree decomposition.
Finding such decompositions will be the goal of Section 2.6, but for now, we prove some properties
on nice pairs.

First we give some notation. Let G be a graph and let (U, B) be a good pair in G. The torso
of U in G with respect to BB, denoted by torsog (U, B), is the graph with vertex set U and edge set
E(GU)) UUges (“57).

Lemma 2.14. Let G be a graph and let (U, B) be a nice pair in G. Then for every X C U, there
exists a nice pair in G— X of the form (U\ X, B') with torsog_ x (U\ X, B') = torsog (U, B) — X.
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Proof. We claim that (U \ X,{B\ X | B € B}) is nice in G — X. First, (gl) and (g2) of the
definition of good pair clearly hold, and so (U \ X,{B \ X | B € B}) is a good pair.

Consider now B € B, a positive integer ¢, and two sets Z1, Zo C (U\X)N(B\X) both of size
i. Let Zyg = BNU N X. Since (U, B) is a nice pair, there are ¢ + | Zy| disjoint (Zo U Z1, Zy U Zs)-
paths in G[B] \ (BQU). Note that BNU = (U \ X) N (B \ X) U Zy. Hence there are i disjoint
(Z1, Zs)-paths in G[(U\X)N(B\X)]\ (VB )  This proves that (U\ X, {B\X | B € B})
is a nice pair in G — X. Finally, by definition of torso, torsog (U \ X,{B\ X | B € B}) =
torsoq (U, B) — X. O

Lemma 2.15. Let G be a graph and let (U, B) be a nice pair in G. For every B € B, (V(G) \
(B\U),{B}) is a nice pair in G.

Proof. Clearly, (V(G) \ (B \ U),{B}) is a good pair in G. Moreover, for every i > 0, for
every Z1, Zo C U N B both of size 4, there are 7 disjoint (Z;, Z3)-paths in G[B] \ (BSU). Hence
(V(G)\ (B\U),{B}) is a nice pair in G. O

Lemma 2.16. Let k' be a positive integer. Let G be a graph and let (U,B) be a good pair in
G. For every Zy,Zy C U with |Z1| = |Za| = k' such that there are k' disjoint (Z1, Z3)-paths
Q1,...,Qu in G, there are k' disjoint (Z1, Z3)-paths Q1,...,Qu in torsog(U, B). Moreover
Uiepe V(Qi) NU = Usiepr VI(Q))-

Proof. Let Zy,Zy C U with |Z1| = |Z3| = k' and let Q1, ..., Q}, be k' disjoint (Z1, Z)-paths
inG. Leta € [K] and let g4 1,...,¢qe, be the vertices in V(Q,) N U in this order along Q.
Then, for every i € [, — 1], either ¢4 ,iqq,i+1 is an edge of G, or there exists B € B such that
a,idai+1 € B. Inboth cases g ;a4,i+1 is an edge in torsog (U, B). Hence Qa = (qa,1s---19ar,)
is a path in torsog (U, B) with V(Q,) = V(Q.) N U, and so (Q1, . .., Q) is as claimed. O

The following lemma, which is the key property of nice pairs, informally says that if (U, B) is
nice, then the reciprocal of the previous lemma also holds.

Lemma 2.17. Let k' be a positive integer. Let G be a graph and let (U, B) be a nice pair in
G. For every Zy,Zy C U with |Z1| = |Za| = k' such that there are k' disjoint (Z1, Zy)-paths
Q1,- .., Q in torsoq(U, B), there are k' disjoint (Zy, Zs)-paths Q1, ..., Q) in G. Moreover
Uiepe V(Q) NU C Usepery V(Qi)-

Proof. We proceed by induction on |B|. If B = (), then torsog(U, B) = G and the result is clear.
Now assume that B # () and consider some B € B. Note that (U, B \ {B}) is a nice pair in
G’ = torsoq(V(G) \ B, {B}). Hence by the induction hypothesis applied to (U, B\ {B}) in G,
there are &’ disjoint (Z1, Z2)-paths Q7, ..., Q}, in G’ with U;ep V(QF) N U C Usiepe V(Qi)-
Without loss of generality, assume that among Q7 . . ., Q7. the paths intersecting U N B in at least
one vertex are QY ..., Q!. By taking these paths induced in G’, we can assume that V(Q7) N
Ng(V(C)) = {24, 24} for some possibly equal 2%, 25 € U N B, for every i € [r]. Moreover, we
assume that if 2 # 23, then z} is in the connected component of the end point of Q belonging to
Z1in QY — 2124 (and so 27 is in the connected component of the end point of Q7 belonging to Z»
inQ! —w). Let Z] = {2 |ie[r]}, Z,={z |i€[r]},and Z) = (UNB)\ (Z, U Z}). By
hypothesis, there are r + | Z| pairwise disjoint (Zy U Z1, Zj U Z3)-paths Q1 . .., Qr., ({u})uez;
in G[B] \ (BQU). Hence the union of QY, ..., Q" with Q} — z{z3,..., Q" — 2725, together with

415+ Qs yields &' pairwise vertex-disjoint (Z1, Z2)-paths in G. Moreover U,y V(Q7) N
U C Uiepw V(Q:). This proves the lemma. O
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The following lemma informally says that a nice pair in the torso of a nice pair in G, is itself
a nice pair in G.

Lemma 2.18. Let G be a graph and let (U, B) be a nice pair in G. If (U’',B') is a nice pair in
torsog (U, B), then there exists B” such that (U',B") is a nice pair in G, and torsoq(U’,B") =
tOrSOtorsoG(U,B) (U/7 B/)

Proof. We proceed by induction on |B|. If B is empty, then torsog (U, B) = G and so (U’, B') is
anice pair in G with torsog (U’, B') = t0orsotrsog,(v,8)(U’, B'). Now suppose that B # {).

Consider amember B of B. Let G’ = torsog(V(G)\(B\U), {B}). Observe that (U, B\{B})
is a nice pair in G’. Hence, by the induction hypothesis, there is a nice pair in G’ of the form
(U’, By) with torsog (U', By) = t0rs0iorso,, (v,8\{B}) (U, B'). By definition of G’, the set BNU
induces a clique in G'. As {U’} U By is the family of the bags of a tree decomposition of G’, this
implies that there exists B € By U {U’} suchthat BNU C By.

First suppose that B{j # U. Let
B! =BUB,
and
B" =By \ {By} U{B{}.

By construction, torsog(U’, B") = torsog(U’, By) = t0r8040rs0 () (U’, B'). Tt remains to
show that (U, B") is a nice pair in G. Observe that (g1) holds since G' = Uprcpruqury G'[B].
Moreover, (22) holds since B is disjoint from B’ \ U for all B’ € B \ {B{}. We now prove
(g3). Let B” € B”,i > 0, and Z1, Zo C B” N U’ both of size i. By possibly replacing Z, by
Z, U (B"NU"\ (Z1 U Zy)) for each a € {1,2} and increasing i accordingly, we now assume
that Zy U Zy = B"NU'. If B” # BY, then there are i disjoint (Z; N By, Z2 N B{)-paths in
G'[B"]\ (BNQOU) = G[B"]\ (B”;U) since (U’, B{)) is a nice pair in G'. If B” = B, then there
are |Z1 N B{j| disjoint (Z1, Z2)-paths Q1, ..., Q; in G'[Bf] \ (Bi/;U) since (U’, Bf)) is a nice pair
in G’. Without loss of generality, suppose that among Q1, ..., Q;, the paths Q1,. .., Q;, are the
ones intersecting B. We can assume that these paths are induced in G'[ B\ (B Y;U). In particular,
for every a € [j], Q. intersects B in at most two vertices (because Z1 U Zy = By NU’). For every
a € [j], let 2§, 2§ be respectively the first and last vertex of @, in U N B. Since (U, B) is a nice
pair in G, there are j disjoint ({2 | a € [j]}, {24 | a € [j]})-paths in G[B] \ (Y}"). Combining

theses paths with Q1, ..., Q;, we obtain ¢ disjoint (Z1, Z2)-paths in G[B U B{/] \ ((BuBé/;)mU))'

Now assume B(j = U. Let
B" = B} U {B}.

By construction of G, torsog (U’, B") = torsog:(U’, By) = t0rs0torsoq(v,8)(U’, B'). It remains
to show that (U’, B") is a nice pair in G. Observe that (gl) holds since G C G’ U G[B] and
G" = Uprepuiury G'[B']. Moreover, (g2) holds since B is disjoint from all B” \ U for B" € Bj.
We now prove (g3). Let B” € B”,i > 0, and Z1, Z5 C B” N U’ both of size i. If B” # B, then
there are ¢ disjoint (Z1 N B(), Zo N BY,)-paths in G'[B"]\ (BNQOU) = G[B"]\ (B”;U) since (U', BY)
is a nice pair in G'. If B” = B, then there are |Z; N B(j| disjoint (Z1, Z3)-paths Q1, ..., Q; in
G[B]\ (BQU) since (U, B) is a nice pair in G. Hence (g3) holds. This concludes the proof of the
lemma. O
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2.6 Finding a suitable tree decomposition

In this section, we prove the existence of “well connected” tree decompositions, that will be used
to decompose a graph into nice pairs in the final proof of Theorem 1.20. This is inspired by the
seminal result of Thomas [Tho90], which asserts that every graph G admits a tree decomposition
(T, (W, | x € V(T))) of width tw(G) which is lean, that is such that for every 1,29 € V(T),
for every Z; C W,, and Zy C W, of same size i, either there are 7 disjoint (Z1, Z3)-paths in G,
or there exists z1zo € E(T'[z1,x2]) such that [W,, N W,,| < i. Hence the connectivity between
two bags is witnessed by the smallest adhesion between them. Here we prove analogous results
for tree decompositions of (G, S), with some additional properties. The techniques we use are
strongly inspired by the short proof of Thomas’ theorem by Bellenbaum and Diestel [BD02].

First we start by defining a potential function on a tree decomposition. Let k£ be a positive
integer, let G be a graph, and let S C V(G). Let D = (T,(W, | = € V(T))) be a tree
decomposition of (G, S). For every positive integer ¢, let n;(D) = |[{z € V(T) | |[Wg| = i}|, that
is the number of bags of size ¢ in D, and let

o0y — [I{z € VD) [ Wa] =i} ifi>3(k - 1),
' [{z € V(T) | |Wy| =iand 3y € Np(z), (W "Wy | > k}| ifi<3(k—1).
Then, let
n(D) = (njv(e) (D), ..., no(D))
and

n® (D) = (n{) 6y (D), ..., n{ (D))

We will consider these tuples in the lexicographic order. The following lemma shows how to
improve D by reducing n(D) or n'¥) (D) if some connectivity property is not satisfied. Its proof
follows step by step Bellenbaum and Diestel’s argument [BDO02].

Lemma 2.19. Let a be a positive integer. Let G be a graph and let S be a nonempty subset of
V(G). Let D = (T, (W, | x € V(T))) be a tree decomposition of (G, S) of adhesion at most a.
If there exists a positive integer i, two vertices x1,x2 € V(T), and two sets Zy C Wy, , Zo C W,
with |Z1| = |Za| = i such that there are no i disjoint (Z1, Z2)-paths in G, but |W, N W | > i
for every z2' € E(T[x1,x3]), then there exist S’ C V(G) with S C S’ and a tree decomposition
D = (T, (W, | zeV(T)) of (G, S) of adhesion at most max{a,i — 1} such that n(D’) is
smaller than n(D) for the lexicographic order. More precisely, there exist z € V (T'[x1, x2]) and
Jjo € {IW.|,...,|V(G)|} such that

@) n;(D') < ny(D) for every j € {jo, ..., [V(G)I};
(b) nj,(D') < nj,(D); and

Zy C W)

(¢) if x1 = x9, then there are adjacent vertices z1, z9 in T such that Zy C W/ o

z1’

and W, NW_ is a minimum (Zy, Zs)-cut in G. In particular |W, NW_ | <.

Moreover, for every positive integer k, if |W.| > 3(k — 1) or 32’ € Ny (2),|W. N Wy| > k, then
there exists j1 € {|W,|,...,|V(G)|} such that
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@ n{? (D) <D for every j € (i, .., [V(G)

}; and
© 17D < (D).

Proof. Letxy,x2 € V(T) and let Z, C W, , Zo C W,, with |Z1| = |Z3| = i such that there are
no i disjoint (Z1, Zs)-paths in G but |W,NW,/| > i forevery 22’ € E(T'[x1,x2]). Let (2}, 2%) be
such a pair of vertices in V (T[x1, x2]) with distp (2], 25) minimum. For simplicity, assume that
x} = x1 and x, = x9. For every u € V(G), let z,, € V(T') be such that uw € W, if u € S, and
otherwise such that W, contains the neighborhood of the connected component of v in G — S.
In both cases, pick such a z,, with disty (2, V (T'[x1, z2])) minimum. Since there are no 7 disjoint
(Z1, Z)-paths in G, by Menger’s Theorem, there exists a set X C V(G) of size at most ¢ — 1 such
that every (Z7, Z3)-path in G intersects X . Take such a set X of minimum size, and if equality,
take the one minimizing ), y d,,, where

| disty (zu, V(T'[21, 22])) ifues,
Y\ distp (zu, V(T[z1,22])) +1 otherwise,

for every u € X.

Let C; be the union of all the connected components of G — X that intersect Z;, and let
Cy=G— (XUV(Cy)). Let G = G[V(C1) U X] and G2 = G[V(C3) U X]. By Menger’s
Theorem, there is a family (P, | v € X) of pairwise disjoint (Z, Z2)-paths in G such that
u € V(P,) for every u € X. For every u € X, P, is the union of two paths P! C G — V(C})
and P2 C G — V(C5) meeting in exactly one vertex, namely u. For each a € {1,2}, let T
be a copy of T with vertex set {z? | z € V(T')} and edge set {2{2 | z122 € E(T)}, and let
D, = (T (W | 2* € V(T*))) be the tree decomposition of (G4, (S N V(G,)) U X) defined
by

Wi = (W, NV(Gy)) U{ue X |zeV(T|zy,x3-4])}

forevery z € V(T).
Finally, let ' = SU X, T' = T* UT? U {2321}, and let W.. = W2 for every z € V(T)
and for every a € {1,2}. We claim that D' = (1", (W, | z € V(T"))) satisfies the outcome of the
lemma. First, observe that D’ is a tree decomposition of (G, S’). Then, we claim that following

property holds.
Forall z € V(T) and a € {1, 2},

Wa| < (Wi, (2.3)

To see this, observe that for every u € W% \ W, we have u € X and W, NV (P,) # 0. By
mapping u to a vertex in W, N V(P,), we obtain an injection from W2 \ W, to W, \ Wa.
This shows that [W% \ W,| < [W, \ Wa4| and so |[Wa| = |[Wa \ W,| + [Wa N W,| <
[W A\ Wa| + |Wa NW,| = |W,|.

The same argument also proves the following.

Forall 2122 € E(T) anda € {1,2}, W N Wi | < [Wa N Wo|. (2.4)

In particular, D’ has adhesion at most max{a,i — 1}. We now investigate the equality case in
(2.3).
Forall z € V(T) and a € {1, 2}, if |W| = |W,|, then Wf{f}l C X. (2.5)
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Suppose for a contradiction that |W%| = |WW,| and ng__‘f,, Z X for some z € V(T) and a €
{1,2}. Then W, intersects V' (C5_,), and every in W, NV (Cs_,) corresponds to a vertex v € X
such that z € V(T '[zy, x3—4)). Let Y = W2 \ W, be the set of all these vertices. Then let

X = (X \Y)U (W.NV(Cs_a)).

Note that | X'| = |X| < i. We claim that X’ intersects every (Z, U W, Z3_,)-path in G. Let
Q bea(Z,UW,, Z3_,)-path in G. Suppose for a contradiction that V(Q) N X’ = (). Since
V(Q)N(XUW.NV(C5-4))) # 0, wehave V(Q) N X # 0, and so V(Q)NY # 0. Let ug
be the last vertex of Y N V(@) along Q). Then the subpath Q|ug, term(Q)] of @ is included in
C3-a, and Qug, term(Q)] is a (W, , Wa,_,)-path. Since z € V(T[zu,, 23-a]), Q[uo, term(Q)]
intersects W,. As ug € W,, Q intersects W, in V(C5_,), and so V(Q) N X’ # (). This proves
that X' intersects every (Z, U W, Z3_,)-path in G.

If z € V(T)xq, x3-4)), then take any Z C W, of size i. Then X' intersects every (Z, Z3_,)-
path in G, and so there are no ¢ disjoint (Z, Z3_,)-paths in G. Therefore, the pair (z,23_,)
contradicts the minimality of distr(z1,z2). Now suppose z € V(T'|zq,x3-4]). We claim that
dy < d,, forevery v’ € X'\ X and for every u € X \ X’ =Y. Indeed, z € V(T[zy, ¥3-4))
by definition of W%, and as z € V(T')|z,, x3—4]), 2 lies on the path from z, to x3_, in T'. For
both cases u € S and u ¢ S, this implies that d,, > distr(z, V(T'[z1,x2])). On the other hand,
since v’ € W, and z, is such that v’ € W, , and dist7 (2, V(T[21,22])) is minimum, we have
dy < dist(z, V(T'[x1, z2])). It follows that d,, > distp(z, V(T[x1,x2])) = d, as claimed. Since
X'\ X and X \ X’ are nonempty, this contradicts the minimality of . x d,,. This proves (2.5).

We now prove the following property.
There exists z € V(T[z1, x2]) such that [W} |, |[W2| < |[W,|. (2.6)

By (2.5), it is enough to find z € V(T[x1,x2]) such that W, intersects both V(C1) and
V(C3). Suppose for a contradiction that for every z € V(T[x1,z2]), W, \ X C V(C}) or
W, \ X C V(Cy). Then there is an edge zz’ in T'[x1, z2] such that W, \ X C V(C;) and
W, \ X C V(Cs). It follows that W, N W,, C X and so |W, N W,/| < 4, a contradiction. This
proves (2.6).

To conclude, fix z as in (2.6). Let jo € {|W./,...,|V(G)|} be maximum such that there exists
z' € V(T) satisfying |W,/| = jo and \Wzl,l\, |WZ2/2| < |W,s|. Then, since |W,| > |X|+ 1, (2.3)
and (2.5) imply that n;j(D’) < n;(D) for every j € {jo,...,|V(G)|}, and nj, (D) < njy (D).
This proves (a) and (b). Finally, if 1 = x5, then (c¢) follows from the definition of D’ for z; = w%
and zo = x3. This proves the first part of the lemma.

We now prove the “moreover” part. Suppose that [W| > 3(k — 1) or 32’ € Nr(2),|W. N
W.| > k. Then let j; € {|W,]|,...,|V(G)|} be maximum such that there exists z” € V(T)
satistying [Wer| = ji, [W1|, [W2,2] < [W.nl, and [Wn| > 3(k—1)or 32’ € Np(2"),|W,» N
W| > k. Just as before, (2.3), (2.4) and (2.5) imply that n{"(D') < n{"(D) for every j €
{j1,.-,|V(G)|}, and nt® (D) < nglf) (D). This proves (d) and (e). O

J1
As a first application of this lemma, we show the following version of a result of Cygan,
Komosa, Lokshtanov, Pilipczuk, Pilipczuk, Saurabh, and Wahlstrom [CKL " 20].

Theorem 2.20. Let k be a positive integer and let G be a graph. There is a tree decomposition
(T,(Wy | z € V(T))) of G of adhesion at most k — 1 such that
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(a) for every integer i with 1 < i < k, for every x € V(T), for every Zy,Z5 C W, with
|Z1| = |Z2| =i, there are i pairwise disjoint (Z1, Z)-paths in G; and

(b) if G is connected, then for every edge x1x4 € E(T), Usev(r W induces a connected

12\11)
subgraph of G.

Proof. Let D = (T, (W, | € V(T))) be a tree decomposition of G of adhesion less than k.
Note that such a tree decomposition always exists since the tree decomposition of G with a single
bag V(G) has adhesion less than k. We take such a tree decomposition D such that n(D) is
minimum for the lexicographic order.

First we show (a). Suppose for a contradiction that there exists ¢ with 1 < i < k, z € V(T),
and 7y, Zy C W, with |Z1| = |Za| = 1, such that there are no i pairwise disjoint (27, Z2)-paths
in G. Then by Lemma 2.19 applied for S = V(G), there exists D’ a tree decomposition of G
of adhesion at most max{k — 1,7 — 1} = k — 1 such that n(D’) is smaller than n(D) for the
lexicographic order. This contradicts the minimality of n(D) and so (a) holds.

Now suppose that (b) does not hold. Then G is connected and there is an edge z1x2 € E(T)

such that G’ = G {UZEV(TIQM) WZ} is not connected. Let C be a connected component of G’

and let C; = G’ — V(C1). For each a € {1,2}, let T* be a copy of T,|,, with vertex set
{2¢ ] 2 € V(Tyy)e,)} and edge set {2725 | 21220 € E(Ty,),,)}- Then, for every z € V(T ),
let W.. = W, NV(C,), and for every z € V(T |, ), let W, = W.. Finally, for T" = T, |, U
TYUT? U {z123, 2123}, D' = (T',(W. | z € V(T"))) is a tree decomposition of G of adhesion
at most k — 1. We now prove that n(D’) is smaller than n(D), which contradicts the minimality of
n(D) and so proves the theorem. To do so, consider 29 € V(T,,|;,) be such that W, intersects
both V(C4) and V (C%), and |W,, | is maximum under this property. This is well-defined because
Wy, intersects both V' (C7) and V(C2) since G is connected. Now, for every z € V(T,|y, ), if
|W.| > |W,,|, then by maximality of [W_,|, one of W/, and W/, is empty, and the other one is
W.. Moreover, if |W,| = |W,,|, then either one of W; 1 and W; » is empty, and the other one is W;
or W intersects both V'(C1) and V(C3), and it follows that [W, |, |[W/,| < |[W.| = |[W,,|. This
second case occurs at least once for z = zj. Altogether, this implies that n;(D’) < n;(D) for every
J € A{IWxl + 1., [V(G)]}, and nyyy, (D) < npw, (D). Therefore, n(D’) is smaller than
n(D) for the lexicographic order. This contradicts the minimality of n(D) and so (b) holds. [

We can now show the main result of this section.

Lemma 2.21. Let k, a,t be positive integers with a > k. Let G be a graph and let S C V(G). If
there exists a tree decomposition of (G, S) of width less than t and adhesion at most a, then there
exists ' C V(G) with S C S" and D = (T, (W | © € V(T))) a tree decomposition of (G, S")
such that

(a) D has adhesion at most a,
(b) D has width less than max {t, 3(k — 1)};
(c) forevery x1,z0 € V(T), forevery Zy C Wy, and Zy C W, both of size k, either

(i) there are k disjoint (Z1, Zs)-paths in G,
(ii) there exists z1,z2 € E(T[xy,z2]) with |W,, N W,| < k, or
(i) 21 = @9, Wy, | < 3(k — 1), and |Wy, N W,| < k for every y € Np(z1);
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(d) for every x1xo € E(T) with |[Wy, N Wy,| < k, if there exists x3 € Nr(x2) such that
|Way N Wa,| > k, then for every positive integer i, for every Zy, Zo C Wy, N W, both of
size i, there are i disjoint (Z1, Z)-paths in

Wy, N W,
G U w.u U V© \( ) )
2€V (Tay|zq) CeC(z2|z1)

where C(xo | 1) is the family of all the connected components C of G — S’ such that
Na(V(C)) € Uzevr,,,,,) W=and Na(V(C)) £ W, 0 Wa,.

See Figure 2.7 for an illustration of (d).

ale1)

Figure 2.7: Illustration for Item (d) in Lemma 2.21.

Proof. Let S’ C V(G) containing S and D' = (T, (W, | € V(T'))) be a tree decomposition of
(G, S') of adhesion at most a and width less than max{t, 3(k — 1)}. Consider such a pair (5’, D’)
such that n®)(D’) = (n‘(‘]i)(G)‘ (D),... ,n(()k) (D’)) is minimum for the lexicographic order. We
claim that D’ satisfies (a)-(d). By definition, (a) and (b) hold.
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Now suppose that (c) does not hold: there exist z1,z2 € V(T'), Z1 C W, and Zy C W,,
both of size k, such that

(i) there are no k disjoint (Z;, Z>)-paths in G;
(ii) forevery z1, 22 € E(T[x1,x2]), |[W,, N W.,| > k; and
(i) z1 # @2, or [Wy, | > 3(k — 1), or there exists y € Nr(z1) such that [W,, N W,| > k.

Then by Lemma 2.19, there exists a set S” C V(&) containing S’ (and so S) and a tree decompo-
sition D" of (G, S”) of adhesion at most max{a, k — 1} = a such that 2.19.(a)-2.19.(e) hold. If
x1 # X9, then, since z € V(T'[x1, x2]), this implies that z has a neighbor 2’ with |W,, N W,/| > k.
Hence, by 2.19.(d) and 2.19.(e), n(¥)(D”) is smaller than n¥)(D’) for the lexicographic order, a
contradiction. Now suppose x1 = . If [W,, | > %(k — 1), then again by 2.19.(d) and 2.19.(e),
n®)(D") is smaller than n(¥)(D’) for the lexicographic order, a contradiction. Now suppose
|Wa,| < 3(k — 1). This implies that there exists y € Np(z1) such that [W,, N W,| > k. Then
again by 2.19.(d) and 2.19.(e), n*)(D") is smaller than n(¥)(D’) for the lexicographic order, a
contradiction. This proves that (c) holds.

Now suppose that (d) does not hold. Hence there exist z1xz2 € FE(T) with |[W;, N
Wy, < k, xz3 € Nrp(xe) with |[Wy, N W,,| > k, a positive integer ¢, and two sets
Z1,Zy C Wy, N Wy, both of size i, such that there are no ¢ disjoint (Z, Z2)-paths in
Go = G |Usevir,, ) W UUcec(ualen) V(O] \ (7715"%2). By possibly replacing Z, by
Zo U (Way N Woy) \ (Z1 U Z9)) forevery a € {1,2}, and i by i + |(Wo, N Woy,) \ (Z1 U Z2)|,
we assume that Z1 U Zy = W, N W,,.

We call Lemma 2.19 on Gy, Sy = V(Gp) N S, the tree decomposition Dy = (Tgcm17 (W, |
T € V(Tzzlm)))’ T2, X2, Z1, Z2. We deduce that there exists S, C V(Gp) with Sp C S() and a
tree decomposition Dy = (T, (W, | z € V(T"))) of (Go, Sy) of adhesion at most max{a,i — 1}
such that

2.19.(c) there are adjacent vertices z1, z2 in T’ such that Z; C W, , Zo C W/ ,and W, N'W isa
minimum (Z1, Zs)-cut in G. In particular [W, NW] | <.
Moreover, there exists j; € {|Wa,|,...,|V(G)|} such that
k k . )
2.19.(d) ng )(D()) < n§ )(Do) forevery j € {j1,...,|V(G)|}; and
k k
2.19.e) 0\ (Dp) < n(Dy).

Now let T3 be obtained from T by subdividing once the edge 21, 22. Let 2y be the resulting
new vertex. Then let W/ = Z1UZoU(W, NW.)). Since W, NW_ is a minimum (Z1, Z)-cut,
we have £ 1

(W2, D W)\ (Z10 Zo)l S min{[ 21\ Zaf, [Z2\ 21} < ——
This implies that [W/ | < 3(k — 1). Moreover,

WL, AW = (W, A W)U Z,
< (W, AW\ (211 Z0)| + 124
< |ZBfa \ Za’ + |Za|
=|Z1UZ| <k



60 CHAPTER 2 — Excluding a rectangular grid

for every a € {1,2}. Thenlet S” = (5" \ V(Gy)) U S, and let D" = (T", (W | z € V(T")))
where V(T") = V(Ty,10,) UV(T1), E(T") = E(Ty,|s,) U E(Ty) U {a120}, WY = W, for
every z € V(Ty,|q,), and W[ = W/ for every z € V(T1). See Figure 2.8. Then D" is a tree
decomposition of (G, S”) of adhesion at most max{a,i — 1} and width less than max {¢, 3 (k —
1)}. Moreover, since every neighbor z of zg is such that [W) NW/| < k, the bag W/ will not be
counted in n(¥) (D”), and it follows that ngk)(D”) < ngk) (D') forevery j € {j1,...,|V(G)|} and

nglf) (D") < nglf) (D'). Therefore, n*) (D) is smaller than n(*) (D’) for the lexicographic order, a
contradiction. This proves that (d) holds. ]

Figure 2.8: Construction of D" in the proof of Lemma 2.21.

2.7 Graphs excluding all k-ladders of length ¢/ have bounded k-
treedepth

In this section, we prove the “if” part of Theorem 1.20, that is the fact that graphs excluding all
k-ladders of length ¢ as minors have bounded k-treedepth. To do so, we will prove the following
statement by induction.

Theorem 2.22. There is a function fsoo: N* — N such that the following holds. Let k¢, a,t
be positive integers. For every graph G that does not contain any k-ladder of length { as a
minor, for every nice pair (U,B) in G, if S C U is such that there is a tree decomposition of
(torsog(U, B), S) of adhesion at most a and width less than t, then there exists S" with S C S’ C
U such that

tdk(tOrSOG(U, B), S/) < f‘Z.QQ(k, f, t, a).

To deduce Theorem 1.20, observe that Proposition 2.7 implies that every minor-closed class
of graphs of bounded k-treedepth excludes TT1P, for every tree 1" on k vertices, for some integer
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£. For the other direction, if C is a minor-closed class of graphs that does not contain TP,
for every tree T" on k vertices, then Observation 2.8 implies that no graph in C contains a k-
ladder of length k*~2(¢ — 1) + 1 as a minor, and Theorem 1.10 implies that every graph in G
has treewidth less than f; 1o(max{k,¢}). Hence Theorem 2.22 applied for U = S = V(G)
and B = ) implies that a graph in such a class has k-treedepth at most f> 22 (k, EF=2(0 — 1) +
1, flvlo(max{k, 6}), f1_10(maX{]€, f}))

Before showing Theorem 2.22, we give some notation and prove a key lemma. Let G be a
graph, let X C V(G) and let u € V(G). The projection of u on X is the set

{u} ifueX
Na(V(C)) ifu ¢ X and C'is the connected component of u in G — X.
Moreover, for every A C V(G), let IIg(X, A) = U,ea lle(X, u). Observe that for every con-
nected subgraph H of G — I (X, A) intersecting X, V (H ) is disjoint from A.

The following lemma is inspired by Huynh, Joret, Micek, Seweryn, Wollan’s proof for the
case k = 2 [HIM21].

Lemma 2.23. There is a function fs3: N® — N such that the following holds. Let k, !, c be
positive integers. Let G be a connected graph that does not contain any k-ladder of length ¢ as
a minor, let (U, B) be a nice pair in G, and let R C U with |R| < c. There is a set Z C U with
R C Z such that

(a) for every connected component C of torsog(U, B) — Z, R is connected in torsog (U, B) —
V(C); and
(b) tdg(torsog(U,B),Z) < fo.03(k, ¢, c).
Proof. Let
foo3(k,l,c) =c+ (¢c—1) -max {2(k — 1) + (2k — 1)(k — 1),
20k — 1)+t (foo(k,0) - fiio(max{k,}) + 2k)}.

Let G be a connected graph that does not contain any k-ladder of length ¢, let (U, 5) be a nice
pair in G, and let R C U with |R| < c. Fix an ordering 71, ..., 7z of R. Note that since G is
connected, torsog (U, B) is connected by Lemma 2.17. By Theorem 2.20 applied to torsog (U, B),
there is a tree decomposition (T, (W, | 2 € V(T'))) of torsog (U, B) of adhesion at most k — 1
such that

HG'(X, u) = {

2.20.(a) for every integer ¢ with 1 < ¢ < k, for every x € V(T), for every Z1,Zy C W, with
|Z1| = |Z2| = 1, there are i pairwise disjoint (Z;, Z2)-paths in torsog (U, B); and

2.20.(b) for every edge z122 € E(T'), the set UZE‘/(TI1
torsog (U, B).

Fix some ¢ € [|R| — 1]. We will build a set Z; C V(&) containing 7; and 74 such that

2y) W, induces a connected subgraph of

(al) for every connected component C' of G — Z;, r; and ;1 are connected in torsog (U, B) —
V(C); and

(a2) tdy(torsog(U, B), Z;) < max{2(k — 1) + (2k — 1)(k — 1),2(k — 1) + ¢ - (foo(k,£) -
fl_m(max{k,ﬁ}) + 2](2)}

Let 21,2 € V(T) be such that ; € W, and and 7,41 € W,,. Consider some y € V(T[x1, z2]).
We will build a set Z; , € W, such that
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(b1) for every connected component C' of torsog (U, B) — Z; y intersecting W, r; and r; 1 are
connected in torsog (U, B) — V(C);

(12) |Ziy| < max {2(k—1)+(2k—1)(k—1),2(k—1)+¢- (foo(k, £)- f1.10(max{k, £})+2k) };
and

(b3) Z;,y contains the adhesions of y with its neighbors in T'[z1, 2], thatis W, "\ W, C Z; , for
every ¥ € Npp, 20 ().

Let A; be the adhesion of W, with its predecessor in T'[x1, z2] if y # x1, and let A; = {r;} if
y = x1. Similarly, let A, be the adhesion of W, with its successor in T'[z1, z2] if y # 2, and let
A9 = {ri11} if y = zo. Let Q be a path from A; to Ay in torsog (U, B). Such a path exists by
2.20.(a).

If |[V(Q) N W,| < 2k, then let

Zivy = Al U A2 U HtorSOG(U,B)(Wy7 V(Q))

Note that |Z;,| < 2(k — 1) + (2k — 1)(k — 1), and for every connected component C' of
torsoq(U, B) — Z;, intersecting W,,, V(C) is disjoint from V(Q). Hence (bl), (b2), and (b3)
hold by construction.

Now suppose that |V(Q) N Wy| > 2k. Let B; be the vertex set of the shortest prefix of Q)
containing k vertices of 1y, and let B be the vertex set of the shortest suffix of () containing &k
vertices in W,. By 2.20.(a), there are k pairwise vertex-disjoint (B; N W,,, By N W,,)-paths in
torsog (U, B). By Lemma 2.17, there are k pairwise vertex-disjoint (B, B2)-paths Q1, ..., Qk
in G. Let F be the family of all the connected subgraphs H of G such that V(H) N Q; #
() for every j € [k]. By Lemma 2.9, there are no f29(k,¢) pairwise vertex-disjoint members
of 7. Hence by Lemma 1.17 and Theorem 1.10, there is a set Zgy C V(G) of size at most
foo(k, ) - fii0(max{k,¢}) that intersects every member of F. Then let

Ziy = A1 U Ay Ullg(W,, Z, U B1 U By).

See Figure 2.9.

Note that (b3) holds by construction, and Z; , C W,. Moreover, for every vertex u of G,
[IIg(Wy,u)| < tsince t > 1 and for every connected component C' of G — U, Ng(V(C))
induces a clique in torsog (U, B), and so has size at most ¢. It follows that

1 Ziyl <2k = 1)+t (foolk,€) - fi10(max{k,(}) + 2k),

which proves (b2). Consider now a connected component C' of torsog (U, B) — Z; ,, intersecting
W,. Let C’ be the connected component of G—Z; ,, containing V' (C'). Then V' (C”) is disjoint from
Zgy U By U By. In particular, C’ ¢ F and so V(C") is disjoint from Q'; for some j € [k]. Fix such
aj € [k]. By Lemma 2.16, there exists a path Qj from init(Q;) to term(Q);) in torsog (U, B) with
vertex set V' (Q;) N U. Hence Qj is a path from B; to By in torsog (U, B) — V(C). Extending
it using G[B;] and Q[Bs], we obtain a path from A; to Ay in torsoq(U,B) — V(C). If y =
x1, then recall that Ay = {r;}. If y # w1, let y the predecessor of y along T'[z1,x2]. Then
U 2€V(T,,) W, induces a connected subgraph of torsog (U, B), and this subgraph is disjoint from
V(C) and contains r;. In both cases, there is path from r; to every vertex in A; in torsog (U, B) —
V(C). Similarly, there is a path between 7,11 and every vertex in A in torsog (U, B) — V(C).
We deduce that there is a path from 7; to 741 in torsoq (U, B) — V(C). This proves (bl).
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Figure 2.9: Illustration for the proof of Lemma 2.23. For sake of clarity, we assume
here that U = V(G), and @, By, and By are drawn inside Wy, but in general this
is not the case, and so Z; ,, contains only the projection of By U Bs on W,,.

Now let
Zi= |J  Zy
yeV (T[z1,z2])
By (b3), (Tz1,22), (Ziy | y € V(T[x1,22]))) is a tree decomposition (and even a path de-
composition) of (torsoq(U,B) — R, Z;) of adhesion at most k¥ — 1 and of width less than
max {Q(k' - 1) + (2k — 1)<k — 1), Q(k — 1) + (k — 1) . (fg_g(k, 6) . fl_lo(max{k,ﬁ}) + 2k — 1)}
Hence

tdg (torsoq(U, B) — R, Z;) < max {2(k — 1) + (2k — 1)(k — 1),
20k = 1) +t- (f29(k, €) - fr10(max{k, £}) + 2k) },

and so (al) holds. Moreover, for every connected component C' of torsog(U,B) — R — Z;, if
V(C) intersects W, for some y € V(T'[x1,x2]), then by (bl), there is a path from r; to ;11
in torsog (U, B) — V(C). Otherwise, there is an edge yy' € E(T) withy € V(T'[x1,22]) and
y' & V(T[x1,x2]) such that V(C) C UzeV(quy) W \ Wy. Then, since UZEV(Ty‘y/) W, induces a
connected subgraph of torsog (U, B) which contains r; and ;41 and is disjoint from V' (C'), there
is a path from r; to 7,11 in torsog (U, B) — V(C). Therefore, (al) holds.
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Finally, let
Z=Ru |J z.
i€[|R|-1]
Then for every connected component C' of torsog (U, B) — Z for every i € [|R| — 1], C'is disjoint
from Z; and so by (al), there is a path from r; to r;4; in torsog(U, B) — V(C). Therefore, R is
connected in torsog (U, B) — V(C'), which proves (a). Moreover, by Lemma 2.6,

td(torsoq(U, B), Z) < |R| + (|R| — 1) - max {2(k — 1) + (2k — 1)(k — 1),
t- foo(k,l) - fiio(max{k,¢}) + 2k}
< foos(k,l, c),

and so (b) holds. This proves the lemma. ]
We can now give the proof of Theorem 2.22.

Proof of Theorem 2.22. Let k, ¢ be fixed positive integers. We proceed by induction on a. If
a < k — 1, then (torsog(U, B), S) has a tree decomposition of width less than ¢ and adhesion
at most k£ — 1, and so tdy(torsog(U, B),S) < t < fo00(k, £, t,a) for fooo(k, 0, t,a) = t. Now
suppose a > k, and that the result holds for a — 1.

First, we prove the following claim.

Claim 2.22.1. There is a function fs01: N* — N such that the following holds. Let ¢, c,c
be positive integers. Let G be a graph that does not contain any k-ladder of length { as a mi-
nor. Let (U,B) be a nice pair in G. Let S C U be such that there is a tree decomposition of
(torsog (U, B), S) of adhesion at most a and width less than t. Let (Vy, ..., Vy) be a path parti-
tion of torsog (U, B) such that

(a) NtorsoG(U,B)(Vi) N V;_1 is connected in torsog (U, B)[(NtorsoG(Uylg)(Vg) NVi_1) UV, for
everyi € [(! —1];

(b) |Nt01‘80(;(U,B)(W’)| < ¢ and
(c) for every W C Vi, either

(i) there are k disjoint (Vy, W)-paths in torsog (U, B), or
(i) tdg(torsoq(U, B)[W],SNW) < ¢.

Then there exists S’ C Vp with S N Vy C S’ such that
tdg (torsog (U, B)[Ve], §') < fozza(t, 0 ¢, ).

Before proving it, we motivate the statement of this claim. Its proof will consists in a down-
ward induction on ¢'. The path partition (Vj, . .., V) will ensure that the induction will eventually
stop: if this path partition is long enough, and if we have k disjoint paths from Vj to Vy, then we
will find a long k-ladder by Lemma 2.9, since each part is morally connected by (a). The problem
with this approach is that there are graphs, even with large k-treedepth, that have no path partition
with more than 3 parts. This is for example the case when there is a universal vertex. But in this
specific case, removing the universal vertex will decrease the treewidth by one. In general, we
will use the fact mentioned in Section 2.1 that for every graph G, for every u € V(G), there exists
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S C V(G) \ {u} containing Ng(u) with tw(G — u, S) < tw(G). Hence, by induction, we can
decompose a superset of N (u) in G — u, which will enable us to construct a path partition. This
is why we are working in the setting of decomposition “focused” on a subset S of vertices.

Proof of the claim. Let L = f59(k,?), where f59 is the function from Lemma 2.9. If ¢/ > 2L,
then let

fooo1(t, 0 e, ) =¢.
Otherwise, if ¢/ < 2L, let

fo01(t, 0 c,d) = fao3(k, €, c)
+c-(t+1)
+c- fooo(k, lit—1,a—1)+
+ foo01 (8,0 +1,
foo3(k,b,c) +c- (t+ 1)+ fooa(k, bt —1,a—1),c).

We proceed by induction on (2L — ¢, |Vp]), in the lexicographic order. Let Dy = (Tp, (W7 |
z € V(T))) be a tree decomposition of (torsog (U, B), S) of adhesion at most a and width less
than ¢. If ¢/ > 2L, then, by (c), either

(i) there are k disjoint (Vp, Vo )-paths in torsog (U, B), or
(i) tdg(torsoq(U, B)[Vi],SN V) < .

In the second case we are done. Now assume that there are k disjoint (Vp, Vyr)-paths in
torsog (U, B), and so k disjoint (Vp, Var)-paths in torsoq(U, B). By Lemma 2.17, there are k
disjoint (Vy, Vor)-paths @1, ...,Qx in G. Moreover, since (Vj, ..., Var) is a path partition of
torsoq (U, B), every (Vo, Var,)-path in G intersects Nyoygo,,(v,8) (Vi) NVi—1 forevery i € [2L]. For
every i € [2L], Niorso(v,58)(Vi) N Vi1 is connected in torsog (U, B)[( Niorso (v,8) (Vi) N Vi—1) U
Vi] by (a). Let C; be the vertex set of the connected component of torsog (U, B)[(Ng(Vi)NV;—1)U
V;] containing N¢ (V;)NV;_1. Let C; be the family of all the members B of B with BNV (C;) # (.
Not that | JC; and | C; are disjoint for every ¢, j € [2L] with |¢ — j| > 2, because B N U induces
a clique in torsog(U, B), for every B € B. Moreover, Nisop,w,8)(Vi) N Vi—1 is connected in
G[C; UUUC,]. Let C! be the connected component of G[C; U |JC;] containing N (V;) N Vi_;.
Then C1,C5,...,C%; _, is a family of L pairwise disjoint connected subgraphs of G, each of
them intersecting V' (Q);) for every j € [k]. By Lemma 2.17, Lemma 2.9, and the definition of L,
this implies that G contains a k-ladder of length ¢ as a minor, a contradiction.

Now suppose ¢ < 2L. If torsog (U, B)[Vy] is not connected, then let C be the family of all
the connected components of G[Vy/]. For every C' € C, we call induction on the path partition
(Vos oo, Vo, Ve U (Vi \ V(C)), V(C)). We deduce that there exists S, € V(C') con-
taining S N V(C) such that td;(C, S¢) < f2.20.1(t, €, ¢, ). Then for S" = Upee Si, we have
tdg (torsoq (U, B)[Vir], S") < fo20.1(t, ¥, ¢, ¢"). Now assume that torsog (U, B)[V}/] is connected.

A general picture of the following proof is provided in Figure 2.10. Let X =V, U -+ U
V2 U (VE’—l \ NtorsoG(U,B)(Vf/))a andletU' =U \ X. Note that U’ = NtorsoG(U,B)(W’) U V.
By Lemma 2.14, there exists a nice pair (U’, B’) in G — X with

torsog_x (U, B) = torsog (U, B) — X = torsoq(U, B)[Niorsogu,8)(Ver) U Vir].
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Vo

Ver -1

A R = NtorsoG(U,B)(‘/Z’)/'

Sb.cr / ; c’

S-i O C”

000

Figure 2.10: Illustration for the proof of Claim 2.22.1. First we remove the set Z
given by Lemma 2.23 to ensure that R is connected in torsog (U’, B') — V(C') for
every connected component C' of torsog (U’, B') — Z. Fix a connected component
C of torsog/ (U’, B'). Then, we remove Z to ensure that connected components of
C — Z are either disjoint from S (and so we are done), or have their neighborhood
included in S. Fix a connected component C’ of C' — Z which intersects S.
We want to call induction on ¢’ by considering the partition (Vj, ..., Vir_1, Vir \
V(C"),V(C")). However, this might be not a path partition, since V' (C”) can have
neighbors in 2. Hence we need to decompose Nyqrso ., (v7,587) (w) NV (C”) for every
u € R. This is done by calling induction on a, the adhesion of the given tree
decomposition of (torsog (U, B), S). Now that the neighborhood of R is covered
by a set S o, we can indeed call induction on ¢, which yields S} o for each
component C” of C' — S{ ., intersecting S. Then, combining the k-dismantable
tree decompositions obtained at each step, we deduce the claim.
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Moreover, U’ induces a connected subgraph of torsog (U, B) disjoint from X, and so by
Lemma 2.17, U’ is connected in G — X . Let G’ be the connected component of G — X containing
U’. By possibly replacing every member B of B’ by BNV (G’), we can assume that|J B’ C V(G').
Then, (U’, B') is a nice pair in G’. By Lemma 2.23 applied to R = Nioreo, (,8)(Ver), there is a
set Z C U’ containing R such that

2.23.(a) for every connected component C' of torsoc/(U’,B') — Z, the set R is connected in
torsoq (U', B") — V(C); and

2.23.(b) tdg(torsoq(U',B'), Z) < fa23(k, L, c).

Let Dy = (Tz,(WZ | =z € V(Tz))) be a k-dismantable tree decomposition of
(torsog/(U',B'), Z) of width less than fs93(k,¢,¢). Recall that torsoq(U',B') — Z =
torsoq (U, B) — (X U Z). Fix a connected component C' of torsog(U, B) — (X U Z). For every
U € (Nyorsoq(v,8)(V(C)) N R)\ S, let Cy, be the connected component of  in torsog (U, B) — S.
Since Dy is a tree decomposition of (torsog (U, B),S), there exists x,, € V(1p) such that
Ntorsog(U,B) (V(CU)) - W:gu Now let

Zo = U (W2, nv(C)).
u€ (Nyorsog (v,8) (V(C)NR)\S

Note that Zo C V(C) N S and |Z¢| < ¢ (t + 1). Now, for every connected component C” of
C — Zg, either V(C') N S = 0, or Nigro,(w,8)(V(C')) N R C S. Let Cc be the family of all
the connected components of C' — Z intersecting S. Fix C’ € C¢, and consider some vertex
U € Niosogw,p)(V(C')) N R. Recall that u € S. Let Ty, be the subtree of Tp induced by
{z € V(Io) | w € W}, and let Sy, = Uyey(r,,) Wa N V(C'). Then (Tyu, (W NV (C') |
z € V(Tp.))) is a tree decomposition of (C’, S,,) of width less than ¢ — 1 and adhesion at
most a — 1 since u € W2 \ V(C') for every z € V(Ty,). Moreover, by Lemma 2.14, since
V(C") =U\ (U\V(C), there is a nice pair in G — (U \ V(C")) of the form (V(C"), Ber)
such that C" = torsog (U, B) — (U \ V(C")) = torsog(V(C"), Bcr). Hence, by the induction
hypothesis applied to G — (U \ V/(C")), V(C"), Ber, Sy, there exists S, C V(C') with S,, C S,
such that

td(C”, ) < tdy (torsog v (V(C), Ber), Su) < faoa(k 0t — 1,0 —1).
Let

/ N /
Shor = U s’
ueNtO!‘SOG (U,B) (V(Cl))ﬂR

Then, by Lemma 2.6,
tdk(C', Sé,C’) <Lc fQ_QQ(k,E,t —1,a— 1).

Consider now a connected component C” of C" — S o, with V(C") NS # 0. Since C" is disjoint
from J,c Neorso (015 (V(C)NR Sy, this implies that there is no edge between R and V(C”) in

torsog (U, B). Moreover,

’NtorSOG(U,B)(V(CH)” <c- f2.23(k7€7 C) +c- (t + 1) + f2.22(k7€?t - 17 a— 1)
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Then (Vp, ..., Vi_1, Vp \ V(C"),V(C")) is a path partition of torsoi (U, B). By the proper-
ties of Z, R = Niorsoq,(v,8)(Ver) is connected in the graph
torsogr (U', B') — V(C") = torsog (U, B) — X — V(C")
= torsog(U, B) [NtorsoG(U,B)(Ve') U (Ve \V(C")].
Hence (Vp, ..., Vo1, Ve \V(C"), V(C")) satisfies the hypothesis of the claim for the parameters

(k, 0, t,a,0 + 1, foos(k,l,c)+c- (t+ 1)+ fooo(k,¢,t —1,a —1),c). Hence, by induction on
¥, there exists S] o C V/(C") with SN V(C") C S o such that

tdk(C’”, Si,C”) < f2_22.1 (t,f’ +1, f2.23(k’,€, C) +c- (t + 1) + f2_22(k,€,t —1,a— 1),6/).

Now, let
S/C/ - 56701 U U Si,C”'
C"" connected components of C’ — S'(’)’ c
V(" NS #£D
Then, by Lemma 2.6,
tdk(cl7 S/C/) < tdk(cl, 56 C/) + max tdk(C”, Si C//)
’ C"" connected components of C' — 5§ ’
V(C"YNS £

<c fon(k it —1,a—1)+
+ faoo (6,0 +1,
foos(k,lyc)+c- (t+ 1)+ fooa(k, bt —1,a—1),c).

Now let
Sc =Zc U U S,C’-
C'eCe

Then, by Lemma 2.6,
tdx(C, S¢) < |Zc| + max tdg(C’, S¢)
C'eCe

<C'(t—l—l)—I—C'fg_gg(k,g,t—l,a—l)—l—
+ fo201(t, 0 + 1,
foos(k,lye)+c- (t+ 1)+ fooo(k, byt —1,a— 1),6/).

Finally, let
S'=2ZU U Sc.
C' connected component of
torsoq/ (U',B') — Z
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Recall that torsog/ (U', B') — Z = torsog(U,B) — X — Z = torsog(U, B)[Vy| — Z. Then, by
Lemma 2.6,

tdy (torsog (U, B)[Vy], S") < tdg(torsoq (U, B)[Ve], Z) + Cconneggémponemtdk(C, Se)
of torsoq/ (U',B')—Z

< foo3(k, L, c)

+c-(t+1)

+c- fooalk,lit—1,a—1)+

+ foo01 (0 +1,

foos(k,b,c)+c- (t+ 1)+ fooa(k, bt —1,a—1),c)

< foma(t, 0 e,d).

Since S NV C 9, this proves the claim. O

We now define f222(k, ¢, t,a) by
fo.00(k, £,t,a) = max {t, 3(k—1),

2k — 1+ fo091 (max {t, %(k - 1)} , 1, k, max {t, %(k: — 1)}) }

Let G be a graph that does not contain any k-ladder of length ¢ as a minor, let (U, B) be a
nice pair in GG, and let S C U be such that there is a tree decomposition of (torsog (U, B), S) of
adhesion at most a and width less than ¢. To deduce the theorem, we will decompose torsog (U, B)
into nice pairs using Lemma 2.21. By Lemma 2.21 applied to torsog (U, B) and S, there exists
S C U containing S and D = (T, (W, | x € V(T))) atree decomposition of (torsog (U, B), S)
such that if C is the family of all the connected components of torsog (U, B) — S|, then

2.21.(a) D has adhesion at most a;

2.21.(b) D has width less than max {t, 3(k — 1)};

2.21.(c) forevery x1,z9 € V(T), forevery Z; C W, and Zy C W, both of size k, either
(i) there are k disjoint (Z7, Z2)-paths in G,

(ii) there exists z1, 2z € E(T'[x1,x2]) with |W,, N W,,| < k, or
(i) 21 = 22, [Wy,| < 3(k — 1) and |[W,, N W, | < k for every y € Ny (z1); and
2.21.(d) for every xyxo € E(T) with |[Wy, N W,,| < k, if there exists 3 € Np(x2) such that

|Wa, N Wa,| > k, then for every positive integer i, for every Z;, Zo C Wy, N Wy, both of
size 4, there are i disjoint (Z7, Z3)-paths in

torsog(U,B) | U wzu J V(©) \(W“QW”)
ZeV(Tm2|zl) Cec(xz‘xl)

where C(xa | 1) is the family of all the connected components C' € C such that
NtorsoG(U,B)(v(C)) - UzEV(Tx WZ and NtorSOG(U,B)(V(C)) ,@ Wz1 N sz-

2I961)
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For every connected component C' € C, fix z¢ € V(T) such that Nygrgo,(v,8)(V (C)) € Wae..

Let E-, be the set of all the edges zz" of T such that |[W,NW,/| < k. If E., = E(T), then D
has adhesion at most & — 1 and so it is a k-dismantable tree decomposition of (torso (U, B), S")
of width less than max {¢, 3(k — 1)}. This implies that td(torsoq (U, B), S)) < max {t, 3(k —
1)} < f2.22(k‘, E, t, a).

Now suppose E.y # E(T). We root T on a vertex r which is incident to an edge in E(T") \
E_j. LetTy,...,T,, be all the connected components of 7'\ E.j, that contain at least one edge.

Consider some i € [m]. Let A; be the adhesion between the root of 7; and its parent if
r & V(T;), or the empty set if » € V(T;). Let T, be the connected component containing 7; in
T — Ujepmy,ji V (T}), see Figure 2.11. Then let T;" be the subtree of 7} rooted on the root of T;.
Let

vi= |J |w.u U V(C) ],
ZGV(TZ/) CechtorsoG(U,B)(V(C))QWZ

and let BB; be the family all of the sets

U [w:u U V(C)
z€V(S) CechtorsoG(U,B)(V(C))ng
NtorsoG(U,B)(v(C))ZUi

for S connected component of 7" — T7.
Let
Vi= |J WU U V(C)
zeV(T]') ceCxceV(T!)

and let B be the family of all the sets

U |w.u U v(e)
ZGV(S) CecthorsoG(U,B) (V(C))QWZv
gV (T])

for S connected component of 7' — T;’. Then let G; = t0rS04qr0,, (1,8 (Vi, By ). Observe that G
can be obtained by (< k)-clique-sums of Gy, . .., Gy, and V(G;) NV (G;) C S for every distinct
i,j € [m]. Hence it remains to bound tdy, (G;, Sy, NV (G;)) for every i € [m].

By construction, (U;, B;) is a good pair in torsog (U, B). Moreover, for every connected
component S of T' — T/, if the edge between 7] and S is xjzo with x; € V/(T}), then
|[Wg, N Wa,| < k and x2 belongs to some Tj for j € [m] \ {i}, which implies that x5 has
a neighbor xz with |W,, N Wy,| > k. By 2.21.(d), this implies that for every positive inte-
ger ¢/, for every 71,7y C W,, N W,, both of size ¢/, there are i’ disjoint (Z1, Z2)-paths in
torsog (U, B) {UZEV(TxQ\xl) W. UUcec(zsua) V(C)} \ (W“IQW@)_ This implies that (U;, B;) is
a nice pair in torsog (U, B). Now, since (U, B) is a nice pair in G, we deduce by Lemma 2.18 that
there exists 3} such that (U;, B;) is a nice pair in G and torsog (Us, B}) = torsogorse, (v,8) (Ui, Bi)-
Now, observe that G; C torsog(U;, B;)U (). Hence, to bound tdy, (G, SyNV (G;)), it is enough
to bound the k-treedepth of tdy, ( torsoq(U;)U (‘gz) , SoNU;). To do so, we will apply Claim 2.22.1.
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71

Figure 2.11: Application of Lemma 2.21 in the proof of Theorem 2.22. This yields
a tree decomposition of (torsog (U, B), Sj)) for some S; C U containing S. For
sake of clarity, the connected components of torsog (U, B) — S, are not depicted.
We want to decompose torsog (U, B) using this tree decomposition as a clique sum
of some “nice” Gy, ..., Gp,. To do so, we rely on the “well-connected” adhesions
given by 2.21.(d). In orange are depicted the clique-sums we will perform. In
black are depicted the edge zz' € FE(T) with |W, N W./| > k, and in brown
those for which |W, N W,/| < k. By the properties of the tree decomposition, and
in particular 2.21.(d), the sets Ui = U.cy (1) Wz U Ucecacevr) V(C) are in
suitable nice pairs (U;, B.) in G, and so we can apply Claim 2.22.1 to decompose
them.
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Let V} be a subset of k vertices of the bag of the root of T;. Observe that for every W C U, if
there are no k disjoint (Vp, W)-paths in torsog (U;, B;), then by Lemma 2.17 and 2.21.(c), |IW N
W, | < kforevery z € V(T;). This implies that |W,NW, NW| < k forevery zz' € E(T}), and so
(T}, (W,NW | z € V(T}))) is a tree decomposition of ( torso(U;, B;)[W], S,NW) of adhesion
at most k—1 and width less than max {¢, 3 (k—1) }. This proves that tdy, ( torsoc(Us, B;)[W], SjN
W) < max {t,3(k — 1)}. Hence, by Claim 2.22.1 applied to the path partition (Vp, U; \ V),
' =1,¢=k ¢ =max{t,3(k—1)}, Vi = U \ V. there exists Sj; C U; \ Vo with
SN (Ui \ Vo) C S’ such that

tdy (torsoq (U, B)[Ui \ Vol, $p.0) < fooor (max {&,3(k = 1)}, 1, k,max {t,3(k — 1)}).
Let S; = (S5, UVp) N V(G;). Then

tdk(Gi, Sz/) tdg (tOI‘SOG(UZ‘, B{), S(/J,z U V()) + ‘Al|
[Vo| + tdy. (torsoq (Us, B)[U; \ Vo, S{),i) + | 4]
k + fg.gg.l (max {t, %(k) — 1)} y 1, k, max {t, %(k — 1)}) + (k) — 1)
Joa(k, l,t,a).
Let D; = (T;, (W, | z € V(T;))) be a k-dismantable tree decomposition of (G;, S;) of width less
than fQ_QQ(kZ, E, t, a).

Finally, let

<
<
<
<

s'= U s

i€[m]
Let (41,71) -+, (im—1,Jm—1) be all the pairs of distinct indices ¢,j € [m] such that there is an
edge between V/(T}) and V(T;) in T, with the root of T; being closer from 7 in 7' than the root
of Tj. Note that for every a € [m — 1], 4;, = V(G;,) N V(Gj,) induces a clique in both
G, and G;,, and A;, C S’. This implies that there exists z, € V(T;,) and 2}, € V(T},) such
that V(G;,) N V(G,,) C W;Z,Wgz Now, let T" = (Uie[m} TZ) U {242, | @ € [m — 1]} and
S" = Uiem) (SiNV(Gy)). Then, S C Sy C 8" and (T", (W, | z € V(T"))) is a k-dismantable
tree decomposition of (G, S”) of width less than f5 25 (k, £, ¢, a). This proves the theorem. O

2.8 k x ( grid minor of long (25 — 1)-ladders

In this section, we show how to find a £ x £ grid in TU Py, for any tree T" on 2k — 1 vertices, and
some large enough integer L. Together with Theorem 1.20, this implies Corollary 1.21.

Lemma 2.24. Let k, ¢ be positive integers. For every tree T on 2k — 1 vertices, there exists an
integer L such that the k x £ grid is a minor of TU Py,

First, let us introduce some notation. Given two graphs H, G, we write H C G if there is a
sequence @1, . . ., @, of injective functions from V' (H) to V(G) such that

(i) for every i € [m — 1], ¢; and ;4 differs on exactly one vertex x € V(H), and
©i(z)pir1(z) is an edge in G; and

(i) forevery xy € E(H ), there exists ¢ € [m/] such that p;(z)p;(y) € E(G).
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Less formally, we can see the vertices of H as tokens placed on the vertices of G, and we succes-
sively move these tokens along the edges of G in such a way that every edge of H is such that the
corresponding tokens are adjacent in GG at least once in this sequence. See Figure 2.12.

*—0—0—0—

X X XX

Figure 2.12: A sequence (1, p2, 3, p4) Witnessing that P; = T, where T is the
tree on 6 vertices having two internal vertices of degree 3. Informally, we place the
vertices of P5 as token on the graph 7', and we move them one by one in such a
way that for every edge zy of P, the tokens of z and y are adjacent in 7" at least
once. The fat edges represent these realizations o;(z);(y) € E(T) of the edges
Ty € E(P5)

This definition is motivated by the following observation.

Observation 2.25. Let G, H be two graphs. If H T G, then for every positive integer {, there
exists a positive integer L such that HUPy is a minor of GL1Py,.

Proof. Since H C G, there is a sequence 1, . . . , ¢, of injective functions from V (H) to V(QG)
such that

(i) for every i € [m — 1], ¢; and ;4 differs on exactly one vertex z € V(H), and
©i(2)pi+1(z) are adjacent in G; and

(ii) forevery xy € E(H), there exists i € [m] such that ¢;(z)pi(y) € E(G).

Let L = ¢-(2m—1). We label the vertices of GLIPp, by (z,4) forx € V(G) and ¢ € [L]. For every
z € V(H), let By = {(pi(2),4) | i € [m]} U{(pi(z),i+1) | i € [m — 1], pi(x) # pit1(2)}.
Then let B} = BYU{(u,2m —1i) | (u,i) € BY}, and finally B, jy = {(u,i+ (2m ~1)(j—-1) |
(u,i) € BL} for every j € [¢]. See Figure 2.13. It is not hard to check that (GOPy)[B, ;] is
connected, that the sets (Bz j),cv (), je[q are pairwise disjoint, and for every zy € F(H), there
is an edge between By, ;) and By, ;) in GOPy, for every j € [f]. Moreover, there is an edge
between B, ;) and B, 1) in GOPy forevery j € [( — 1]. Hence (B, ;) | (z,7) € V(HOF))
is a model of HOP; in GO Py. This proves the observation. O

Using Observation 2.25, it is enough to show the following to prove Lemma 2.24.
Lemma 2.26. For every positive integer k, for every tree T on 2k — 1 vertices, P, T T.

Proof. Let P = (ug,...,up) be alongest pathin 7. If p > k — 1, then set m = 1 and ¢ (i) =
u;—1, for every every vertex ¢ of the path P, = (1,..., k), and it follows that P, = 7. Now we
assume that p < k — 2, and so |V (T') \ V(P)| > k. Let g be any injection from [k] = V (P%)
to V(T') \ V(P). We claim that it is enough to show that for every distinct z,y € [k] = V(Py),
there is a sequence (o777, . .., ¢ ) of injections from [k] to V/(T) such that
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Figure 2.13: Tllustration for Observation 2.25. Using the sequence (¢1, ..., ®4)
given in Figure 2.12, we construct a model of Ps[JF; in T P-4 by gluing together
¢ copies of the model (Bl | = € V(Ps)) depicted here. For sake of clarity, some
edges of TJP; which are not used by this model are not depicted.

(i) for every i € [may — 1], ¢ and @]} differs on exactly one vertex z € V(H), and
@Y ()Y () are adjacent in G; and
(i) oY ()en? (y) € B(T);
(i) ¢ = o.
Indeed, the sequence cp%’2, . ,go,lr;zm_l, <p,1,;2172, @},;2172_1, ey @%’2, @?’3, ey @%éf){fk then
witnesses that P, = T'. Note that this argument also yields K C T

For sake of clarity, we fix z,y € [k] = V(Py) distinct, and we will write ¢; for ;. First
set o1 = . Let u; (resp. wu;) be the vertex of P closest to x (resp. y). Without loss of
generality, assume that ¢ < j. By maximality of P, |V (P[uo,u;[)| = |V (T[¢o(z),w:[)| and
[V (Pluj, up))| = [V (Tlpo(y), uj[)]-

Then we move the vertices of o ([k]) N V(T [po(x), u;]) into {uo, ..., u;—1} by a sequence
©1,- -+, Pm, satisfying (i) and such that ¢, (z) = u;_1, and the vertices not in T[¢o(z), u;[ are
not moved. Then, we move the vertices of ¢ ([£]) NV (T[¢o(y), u;]) into {uji1,...,up} by a
SeqUENCe Ymo+1,- - -, Pm, satisfying (i) and such that ¢, (y) = u;41, and the vertices not in
Two(y), u;| are not moved. Finally, we move y from u; 1 to u; by a sequence @y, 41, .- ., Pm
satisfying (i) and such that @;(z) = ¢, (2) for every z € [k] \ {y}. This sequence is depicted on
Figure 2.14. Then ¢, (2)om(y) = uj—1u; is an edge of T', and so @1, . . ., ¢y, is as claimed. This

proves the lemma. O
\I/
() U; u

Figure 2.14: The main steps in the sequence given in the proof of Lemma 2.26 to
make adjacent the red token z and the blue token y. In gray are depicted the tokens
which are not moved.
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Excluding a rooted minor






CHAPTER 3

Rooted and rich minors

This chapter contains joint work with Jedrzej Hodor, Hoang La, and Piotr Micek, and is
an introduction to the technique used in [HLMR24a, HLMR24b, HLMR25].
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3.3 Rich minors and hittingsets . ... ... ... .00ttt 84

3.1 Motivation

The purpose of this chapter is to present the main tool used throughout this part. This technique is
an attempt to answer to the general question:

Question. Let X be a graph and let x € V(X). Knowing a structure for (X — x)-minor-free
graphs, can we deduce a structure for X -minor-free graphs?

To illustrate this problem, consider the following concrete example.

Locally-bounded vertex cover.

Question. For which minor-closed class of graphs C there is a function f such that for every
G eg,
ve(G) < f(radius(G))?

We say that such a class C has locally-bounded vertex cover. A first step to answer this question
is to find “obstructions”, that is a minimal family of graphs that do not have this property. Here,
a good candidate is the following family. For every integer ¢ with ¢ > 2, let X, be the graph
obtained from a matching M, on £ edges by adding a vertex u adjacent to exactly one vertex in
each edge of M. In other words, Xy is obtained from the star with ¢ leaves by subdividing every
edge once. See Figure 3.1.

The point of this construction is that X, has radius 2, but it has a matching on ¢ edges, which
implies ve(X,) > ¢. Hence, if a minor-closed class of graphs has locally-bounded vertex cover,
then there exists an integer ¢ with £ > 2 such that X, ¢ C. We will show that this condition is also
sufficient.

77
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Figure 3.1: The graph X5.

Theorem 3.1. Let £ be an integer with { > 2. For every graph G, if Xy is not a minor of G, then
ve(G) < (20 — 1) radius(G).
To prove it, we will use the following crucial observation.

Observation 3.2. Let ¢ be an integer with { > 2, let G be a graph, and let u € V(G). If there is a

matching M on { edges in G — w such that every edge in M intersects N (u), then Xy is a minor
of G.

The point of this observation is that it shifts the problem of excluding a subdivided star, to the
problem of excluding a matching, which is much simpler.

Let G be a graph, and let S C V(G). An S-matching in G is a set of pairwise disjoint edges
in G, all incident to at least one vertex in S. See Figure 3.2. A vertex cover of (G, S) is a set

T
Figure 3.2: An S-matching.

X C V(@) intersecting every edge intersecting S, and we denote by vc(G, S) the minimum order
of a vertex cover of (G, S).

First, observe that if M is an S-matching in G, then vc(G, S) > |M|. Indeed, any vertex
cover of (G, S) must intersect every edge in M. The following lemma shows that reciprocally, if
there is no large S-matching in G, then vc(G, S) is bounded.

Lemma 3.3. Let ¢ be an integer with { > 2, let G be a graph, and let S C V(G). If there is no
S-matching of order € in G, then
ve(G, S) <20 —2.

Proof. Let M be an inclusion-wise maximal S-matching in . By maximality of M,
Uwwerr{u, v} is a vertex cover of (G, S), which has size 2| M| < 20 — 2. O

We are now ready to prove Theorem 3.1.

Proof of Theorem 3.1. Let (G be a graph that does no contain X, as a minor. We proceed by
induction on radius(G). If radius(G) = 0, then G has only one vertex and clearly ve(G) = 0.
Now suppose radius(G) > 0 and that the result holds for graph of smaller radius.

Let u € V(G) be a vertex at distance at most radius(G) from every other vertices in G. By
Observation 3.2, there is no N (u)-matching of order £ in G — u. Hence, by Lemma 3.3, there is
a vertex cover Xg C V(G — u) of (G — u, Ng(u)) of size at most 2¢ — 2. Take such an X which
is inclusion-wise minimal. This implies that every vertex in Xg is at distance at most 2 from « in
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G, and so G[{u} U S U Xj] is connected. Let G’ be the graph obtained from G by contracting
{u} U S U Xy into a single vertex u/'.

Observe that v’ is at distance at most radius(G) — 1 from every other vertex in G’. Hence
radius(G’) < radius(G) — 1. Moreover, G’ is a minor of G, and so X is not a minor of G’. By
the induction hypothesis, this implies that

ve(G') < (20 — 1) (radius(G) — 1).
Let X’ be a vertex cover of G’ of size at most (2¢ — 1)(radius(G) — 1). Finally, let
X = X"\ {«})UXoU{u}.

See Figure 3.3. First, by construction, | X| < (2¢ — 1) radius(G). It remains to show that X
is a vertex cover of GG. Let vw be an edge in G. We want to show thatv € X orw € X. If
v € {u} U Xgorw € {u} U Xy, then we are done. Now suppose that v,w ¢ {u} U Xo. If
v € Ng(u) or w € Ng(u), then, since X is a vertex cover of (G — u, N (u)), either v € Xy or
w € Xy and we are done. Otherwise, v, w & {u} U N(u) U Xy. Hence vw is an edge of G’, and
sov € X' orw € X'. But since v and w are different from «’, this implies that v € X orw € X,

which concludes the proof of the theorem. O
_u
X—‘/ - )

(L2270 [Ne(w
Xo | :
1 |
I I
X\ {u'} |
| |

Figure 3.3: Illustration for the proof of Theorem 3.1.

Note that a slightly better analysis in the proof would yield ve¢(G) < (2¢ — 2) radius(G).

3.2 Rooted minors and decompositions focused on a subset of ver-
tices

In this section, we describe a general framework to generalize the method used in the previous
section. This technique will be the subject of Chapter 4. First, we need a rooted version of minors,
to generalize the concept of rooted matchings.

Let G, X be two graphs, let S C V(G), and let U C V(X). An S-rooted model of (X,U) in
G is a family (B, | x € V(X)) of pairwise disjoint nonempty subsets of V' (G) such that

(i) forevery x € V(X), G[B,] is connected,
(ii) forevery x € U, SN B, # 0, and

(iii) for every edge xy € E(X), there is an edge between B, and B, in G.
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For example, if M is the matching on ¢ edges, and if U C V(M) contains exactly one vertex per
edge of M, then GG contains an S-rooted model of (M, U) if and only if there is an S-matching of
order £ in G. When U = V (X)), we simply say that (B, | z € V(X)) is an S-rooted model of X .
This will be the case in most applications, and so we will suppose this is the case in this overview.
We say that X is an S-rooted minor of G if there is an S-rooted model of X in G.

The point of this definition is the following generalization of Observation 3.2.

Observation 3.4. Let X be a graph and let x € V(X), let G be a graph and let u € V(Q). If
G — u contains an Ng(u)-rooted model of X — x, then X is a minor of G.

Therefore, to prove a structural property on X -minor-free graphs, we will prove a structure for
graphs excluding X — z as a rooted minor, and then apply it iteratively as in the proof of Theo-
rem 3.1. In the remaining of this section, we describe some of the local structures we can obtain
when a rooted minor is excluded, and their applications. The proofs will be given in Chapter 4.

Rooted paths and treedepth. As mentioned in the introduction, a class of graphs has bounded
treedepth if and only if it excludes a path as a minor. This can be generalized to the context of
rooted minors through the following notion of treedepth focused on a subset of vertices.

First, we need a few definitions. A rooted forest is a disjoint union of rooted trees. The vertex-
height of arooted forest ' is the maximum number of vertices on a path from a root to a leaf in F',
and the depth of a vertex u € V' (F') is the number of vertices in the path between v and the root of
its component. For two vertices u, v in a rooted forest F', we say that v is a descendant of v in F
if v lies on the path from a root to w in F'. The closure of F is the graph with vertex set V' (F') and
edge set {vw | v # w and v is a descendant of w in F'}. We say that F' is an elimination forest
of Gif V(F) = V(G) and G is a subgraph of the closure of F. It is a classical observation that
the treedepth of a graph G, is 0 if G is empty, and otherwise is the minimum vertex-height of an
elimination forest of G. When F' is a non rooted forest, the vertex-height of £ is the minimum
vertex-height of a rooted forest with underlying non rooted forest F'.

Let G be a graph and let S C V(G). An elimination forest of (G, S) is a rooted forest F' with
vertex set S such that

(efl) for every edge uv of G[S], either u is an ancestor of v in F', or v is an ancestor of u in F,

(ef2) for every component C' of G — S, there exists a root-to-leaf path P in F' such that
Ng(V(C)) CV(P).

See Figure 3.4. The treedepth of (G, S), denoted by td(G,S), is the minimum height of an
elimination forest of (G, .S). Note that this is consistent with the definition given in Chapter 2.
Note that S — td(G, S) is not necessarily monotone for the inclusion. For example, when G is a
star with £ leaves, S is the set of leaves and Sy = V(G), we have S; C Sy with td(G, S1) = ¢
while td(G, S2) = 2. For this reason, it will be convenient to consider the parameter td(-,-),
defined by
td(G,S) = min td(G,S").
SCS'CV(G)

The S-rooted counterpart of the fact that paths have unbounded treedepth is that if G has an

S-rooted model of a long path, then the treedepth of (G, S’) is large for every superset S’ of .S.
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Figure 3.4: An elimination forest of (G, S). The set S is depicted in red, and the
components of G — S are depicted in blue.

Lemma 3.5. Let k be a nonnegative integer, let G be a graph and let S C V(G). If Py is an
S-rooted minor of G, then o
td(G, S) > k.

Proof. We proceed by induction on k. The result is clear if £ = 0. Now suppose £ > 0 and that
the result holds for k£ — 1.

First, observe that we can assume that G is connected. Let S’ C V(G) containing S and let F’
be an elimination forest of (G, S”) of minimum vertex-height. Since G is connected, this forest is
connected. Let r be the root of F. Observe that td(G, S") > 1+ td(G —r, 5"\ {r}). But, on the
other hand, G — r contains an S\ {r}-rooted model of P,+-1. Hence, by the induction hypothesis,

td(G,8) > 1+ td(G —r, 8\ {r}) > 1+ (k— 1) = k. O

In Section 4.2, we will show that reciprocally, if there is no S-rooted model of the path on ¢
vertices in G, then td(G, S) is bounded by a function of /.

Theorem 3.6. Let ¢ be a positive integer, let G be a graph, and let S C V(G). If Py is not an

S-rooted minor of G, then
td(G, 9) < (5)

Rooted forests and pathwidth. As mentioned in the introduction, a class of graphs has bounded
pathwidth if and only if it excludes a tree as a minor. This can be generalized to the context of
rooted minors through the following notion of pathwidth focused on a subset of vertices.

Let G be a graph and let S C V(G). A path decomposition of (G,S) is a sequence
(W1,...,W,,) of subsets of S such that

(pdl) forevery u € S, {i € [m] | u € W;} is a nonempty interval of integers,
(pd2) for every edge uv € E(G|S]), there exists i € [m] such that u,v € W;, and
(pd3) for every component C' of G — S, there exists ¢ € [m/] such that Ng(V(C)) C W;.

See Figure 3.5. We define the pathwidth, denoted by pw(G, S), as the minimum width of a path
decomposition of (G, S). Moreover, we denote by pw(G, S) the minimum of pw(G, S’) over all
S’ C V(G) containing S.

Let ¢ be a positive integer. We denote by T} the complete ternary tree of vertex-height ¢.
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Wy Wm

INZAR ViR /¥

Figure 3.5: A path decomposition (W1,...,W,,) of (G,S). The set S =
Uiejm) Wi is depicted in red, and the components of G’ — S are depicted in blue.

Lemma 3.7. Let { be a positive integer, let G be a graph, and let S C V(G). If Ty is an S-rooted
minor of G, then

(G, S) > £ — 1.

Proof. We proceed by induction on ¢. The result is clear if £ = 0. Now suppose £ > 0 and that
the result holds for ¢ — 1.

First, observe that we can assume that GG is connected. Let M be an S-rooted model of
Typ. Let S C V(G) containing S and let (W71, ..., W,,) be a path decomposition of (G, S’) of
minimum width. By taking S inclusion-wise minimal for containing M, we can assume that
Wy and W, both intersect a branch set of M. Let P be a path in G between these two branch
sets corresponding to a path in T} between the aforementioned branch sets. Observe that V' (P)
intersects W; for every i € [m]. Hence, pw(G — V(P),S" \ V(P)) < pw(G,S’). But on the
other hand, G — V(P) contains Fy_1 as an S-rooted minor. Hence, by the induction hypothesis,

pw(G,S") > pw(G -V (P),S"\V(P)) > { —1. O

We will prove in Section 4.3, that reciprocally, if T} is not an S-rooted minor of G, then
pw(G, S) is bounded.

Theorem 3.8. Let F' be a forest with at least two vertices, let G be a graph, and let S C V(QG). If
F is not an S-rooted minor of G, then

(G, §') < 2V(F)| - 3.

Outer-rooted grids and treewidth. For treewidth, the natural notion of treewidth focused on a
subset of vertices is the following. Let G be a graph and let S C V(G). A tree decomposition of
(G, S) is apair (T, (W, | x € V(T))) where T is a tree and W,, C S for every X € V(T') such
that

(td1) foreveryu € S, {x € V(T') | u € W, } induces a nonempty connected subtree of 7", and

(td2) for every connected component C' of G — S, there exists x € V(T") such that Ng(V (C)) C
W,

See Figure 3.6. The width of this tree decomposition is max,cy 7y |[W,| — 1. The sets W, for
x € V(T), are called the bags of this tree decomposition. The treewidth of (G, S), denoted by
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tw(@G, S), is the minimum width of a tree decomposition of (G, S). Again, we define an inclusion-
monotone version by

tw(G,S)= min tw(G,9).
SCS'CV(Q)

. VAN ._L_{a

oA

Figure 3.6: A tree decomposition (7', (W, | x € V(T))) of (G, S). In blue are
depicted the components of G — S.

As mentioned in the introduction, the Grid-Minor Theorem of Robertson and Seymour (The-
orem 1.10) asserts that a class of graphs has bounded treewidth if and only if it excludes a grid as
a minor. However, it is not true that if there is no S-rooted model of a fixed grid in G, then there
exists S’ C V(G) containing S with tw(G, S”) bounded.

Lemma 3.9. Let ¢ be a positive integer, let X be the ¢ X £ grid and let U be the vertex set of the
outer face of X, let G be a graph, and let S C V (QG). If there is an S-rooted model of (X,U) in
G, then

tw(G,S) > ¢.

The proof will use the following variant of Lemma 1.17 focused on a subset of vertices.

Lemma 3.10. Let G be a graph, let S C V(G), and let D be a tree decomposition of (G, S). For
every positive integer d, for every family F of connected subgraphs of G, if every member of F
intersects S, then either

(1) there are d pairwise disjoint members of F, or

(2) there is a set Z C S which is the union of at most d — 1 bags of D such that Z intersects
every member of F.

Proof. Let G’ be the graph with vertex set S and edges all the pairs uv of distinct vertices in S
such that either uv € E(G), or there exists a component C' of G — S such that u, v € Ng(V (C)).
Observe that D is then a tree decomposition of G’.

Let F' be the family of all the subgraphs of G’ of the form 7(F) = G'[V(F)] for F € F.
It follows from the definition of G’ that every member of F’ is a connected subgraph of G'.
Moreover, for every Fy, Fy € F,if V(Fy) NV (Fy) # (), then there is a bag in D intersecting both
V(F1) and V (F»), and so the projections of 7w(F}) and w(F%) in D have a nonempty intersection.
Hence, by Lemma 1.17, either
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(i) there are d members of F’ whose projections on D are pairwise disjoint, and so the corre-
sponding members of F are pairwise disjoint, or

(ii) there is a set Z which is the union of at most d — 1 bags of D intersecting every member of
F', and so every member of F. O

Lemma 3.9 is now a simple consequence of Lemma 3.10.

Proof of Lemma 3.9. Let (B, | € V(X)) be an S-rooted model of (X, U) in G. Recall that the
vertex set of X is [¢] x [¢]. For every i,j € [{], let

Vij= U BuynY U By
J'€le] i'efd]

Then the family 7 = {G[V;;] | ¢,j € [¢{]} has no two disjoint members. Let S C V(G)
containing S. By Lemma 3.10, there exists Z C V(G) of size at most tw(G, S’) intersecting
every member of . By the definition of F, this implies |Z| > ¢, and so

tw(G,S") > |Z] > ¢. O

We will prove in Section 4.4 that it is actually the only obstruction to have bounded tw(G, S).
The proof is a direct application of a result of [MSW17].

Theorem 3.11. There is a function f311: N — N such that the following holds. Let ¢ be an
integer, let X be the £ x { grid and let U be the vertex set of the outer face of X, let G be a graph,
and let S C V(QG). If there is no S-rooted model of (X,U) in G, then

tw(G, S) < fa11(0).

3.3 Rich minors and hitting sets

The technique presented in the previous section shows how to deduce a structure for X -minor-free
graphs knowing a structure for (X — x)-minor-free graphs for x € V(X). However, to go further
and adding more than one vertex to the excluded minor, we need a more general notion of rooted
minors that will enable us to set up inductions on the structure of the excluded minor.

Let G, X be two graphs, let F be a family of connected subgraphs of G. An F-rich model of
X in G is a family (B, | z € V(X)) of pairwise disjoint nonempty subsets of V' (G) such that

(i) forevery x € V(X), G|B;] is connected,
(ii) forevery x € V(X), there exists F' € F such that V(F) C B,, and
(iii) for every edge zy € E(X), there is an edge between B, and B, in G.

For example, if S C V(G) and F is the family {G[{u}] | v € S}, then an F-rich model of X is
just an S-rooted model of X as defined in the previous section.

An important remark is that we will need some global structure on G to obtain a meaningful
structural property if G has no F-rich model of X. Indeed, we need to rule out the case G = K,
and F is the set of all the subgraphs of K, with more than 5 vertices. In this case, there are no
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two disjoint members of F, and so as long as X has an edge, G has no F-rich model of X. To
solve this issue, we will suppose that G has bounded treewidth, or at least that G excludes K; as
a minor for a fixed integer ¢, which will be the case in our applications. In this overview, we will
consider only the bounded treewidth case. We now give examples of structures for graphs with no
JF-rich model of X.

Excluding a stable set. Let ¢ be a positive integer. We denote by K, the graph with ¢ vertices
and no edges. Let G be a graph and let F be a family of connected subgraphs of G such that there
is no F-rich model of K. In other words, there are no £ pairwise disjoint members of 7. Here, the
relevant result is the already mentioned Lemma 1.17. As a consequence, we obtain the following
property when G has bounded treewidth.

Corollary 3.12. Let ¢, t be positive integers, let G be a graph with tw(G) < t, and let F be a
family of connected subgraphs of G. If G has no F-rich model of K, then there exists S C V(QG)
such that

(A) V(F)NS # 0 for every F € F, and
B) |S]| <t —1).

We will see that this is a rather general phenomenon: if G has no F-rich model of a graph X,
then there is a hitting set S of F, that is a set of vertices intersecting every member of F, with a
specific structure depending on the structure of X.

Excluding a star. Let G be a connected graph that does not contains the star Ky y as a minor.
Let u € V(G), and for every nonnegative integer 4, let P; be the set of vertices of G at distance
i from u. The crucial observation is that G[Py U - - - U P;_1] is connected for every nonnegative
integer ¢, and every vertex in P; has a neighbor in P;,_;. Hence, contracting Py U --- U P;_;, we
have that Ky |p, is a minor of G, and so |P;| < ¢ — 1. Therefore, the sequence (P, ..., Pr) is a
partition of V' (G) such that every edge of G is either within one part or between two consecutive
parts, and each part has bounded size. It turns out that a similar structure exists when excluding a
star as an JF-rich minor.

Let G be a graph, let F be a family of connected subgraphs of G, let D = (T, (W, | = €
V(T))) be a tree decomposition of G, and let H be a subgraph of G. We denote by F | the family
{F € F | F C H}. Moreover, we denote by D|j the tree decomposition (T, (W, NV (H) | z €
V(T))) of H.

Let G be a graph and let S C V(G). A path partition of (G, S) if an ordered partition
(Po, ..., Ppy) of S such that

(ppl) foreveryi,j € [m], if there is an edge uv € E(G) withu € P;and v € P}, then |[i—j| < 1,
and

(pp2) for every component C' of G — S, there exists i,j € [m] with |i — j| < 1 such that
Na(V(C)) € P,UP,.

See Figure 3.7. The width of (Py,. .., Py) is max;c(y) | P;|. The path partition width of (G, S),
denoted by pp(G, S), is the minimum width of a path partition of (G, S).
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Figure 3.7: A path partition (P, ..., Py,) of (G,S). In red is depicted the set S
and in blue the components of G — S.

Theorem 3.13. Let ¢, t be positive integers, let G be a graph with tw(G) < t, and let F be a family
of connected subgraphs of G. If G has no F-rich model of K1 4, then there exists S C V(G) such
that

(A) V(F)N S # 0 for every F € F, and
(B) pp(G, 5) < th.

This statement was inspired by a result of Dujmovi¢, Hickingbotham, Joret, Micek, Morin,
and Wood [DHJ " 23], that we will prove later in this section. Theorem 3.13 is implied by the
following statement that we prove by induction.

Lemma 3.14. Let ¢ be a positive integer, let G be a connected graph, let D be a tree decomposition
of G, and let F be a family of connected subgraphs of G such that G has no F-rich model of K1 .
For every set R C V (G) such that G|R)] is connected, there exists S C V(G) and a path partition
(P1,...,Pp) of (G,S) such that

(@) V(F)N S # 0 forevery F € F,
(b) P, =R, and
(c) P, is contained in a union of at most ¢ bags of D, for everyi € {2,...,m}.

Proof. Let R C V(G) such that G[R] is connected. We proceed by induction on |V (G — R)|. If
Flg—r = 0, thenlet m = 1and S = P, = R. Now suppose F|g_r # 0 and suppose that the
result holds for smaller values of |V (G — R)|. In particular V(G — R) # 0.

Let ' be the family of all the connected subgraphs H of G — R such that Ng(R)NV (H) # 0
and there exists F' € F such that F* C H. We claim that there are no £ 4+ 1 disjoint members of
F.

Suppose for contradiction that there exists Hy,..., Hyy 1 € JF' pairwise disjoint. Then
(V(Hy),...,V(H),R U Vpyq) is an F-rich model of K, with the branch set of the center
being R UV (Hy41). This proves that there are no £ + 1 pairwise disjoint members of F”.

Hence, by Lemma 1.17, there exists Z C V(G) contained in a union of at most ¢ bags of D
intersecting every member of F’. Take such a set Z which is inclusion-wise minimal. Let U be the
union of the vertex sets of all the connected components C' of G — (R U Z) containing at least one
member of F, that is such that 7|¢ # 0. Let ' = V(G) \ U. We claim that G[R/] is connected.
Since G is connected, every component of G[R'] — (R U Z) has a neighbor in R U Z. Therefore,
as G[R] is connected, it is enough to show that for every v € Z, there is a path from u to R in
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G[R'] =G —U. Letu € Z. Since Z \ {u} does not intersect every member of F’, there exists
H € F'suchthat H N Z = {u}. But by definition of 7/, H contains a path from N¢(R) to u. By
construction, this path must be disjoint from U. Hence there is a path from v to R disjoint from U
in G. We deduce that G[R'] is connected.

Moreover, since F|g_r # () and G is connected, F' # (), which implies Z # () and so
V(G — R')| < |[V(G — R)|. Hence by the induction hypothesis applied to R’, there exists
S’ C V(G) and a path partition (Pj, ..., P/ ,) of (G, S") such that

@) V(F)NS" # ) forevery F € F,
(b) Pl =R/, and
(c’) P/ is contained in a union of at most ¢ bags of D, forevery i € {2,...,m'}.

See Figure 3.8.

R Z P2/ P7In’
11—
™~ :; a B I —
w7 S u__B
W/ N B\
R U

Figure 3.8: Illustration for the proof of Lemma 3.14. In blue are depicted the
components of G — S.

We can now define S and its partition (P, ..., Pp,). Let

m=m'+1, S=(S"\RYURUZ
PL=R, P,=Z
P,=P/_, foreveryic {3,...,m +1}.

We claim that (P, ..., P,,) satisfies is a path partition of (G, S) satisfying (a) to (c).

First we show that (Py, ..., P,,) is a path partition of (G, S). We start by proving (pp1l). Let
i,j € [m]andletu € P;,v € P; such that uv € E(G). Without loss of generality, i < j. If i = 1,
thenv € RUNg(R) since Py = R. If j > 2,thenv € P;U---U P/, = U. But by the definition
of U, the component C of v in G — (R U Z) contains a member of F, which implies that C' € F.
Since C is disjoint from Z, this contradicts the fact that Z intersects every member of F’. This
proves j < 2. Now suppose that ¢ > 2. In particular u € P; C P/_,. Thensince (P],..., P! ) is
a path partition of (G, S’), this implies that v € P/_; U P/, and so v € P; U P;41. This proves that
j < ¢+ 1. Therefore, (pp1) holds.

To prove (pp2), consider a component C' of G — S. If C intersects R’, then by the definition
of U, Ng(V(C)) € RUZ = Py U P,. Now suppose that C'is disjoint from R’. Then, since
(P{,...,P/,) is a path partition of (G, S’), there exist 7, j € [m’] with i < j < i + 1 such that
Ng(V(C)) - Pz/ U P]/ If ¢+ > 2, then Pi, U Pg/ =P U Pj+1 and so Ng(V(C)) CPnU Pj+1.
Now suppose i = 1. Then since N (U) C Z, we conclude that Ng(V(C)) € ZUP] = PaUPj1.
This proves (pp2) and so (P, ..., Py,) is a path partition of (G, S).
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To prove (a), consider F' € F. By (a’), there exists ¢ € [m/] such that P, NV (F) # 0. If
i > 2, then V(F)N Piy1 # 0 and so V(F) NS # (. Now suppose that V(F) N P # 0. If
V(F)NR # 0, then V(F) NS # (). Otherwise, let C be the component of G — R containing
F. Then by the definition of 7', C € F’. As a consequence, either V(F) N Z # () and so
V(F)NS # 0,or V(F) C U. But then V(F) is disjoint from P; = R’, a contradiction. This
proves that V (F) NS # () for every F' € F, and so (a) holds.

By construction, P, = R and so (b) holds. Moreover, since Z is contained in a union of at
most ¢ bags of D, as well as P; for every i € {3,...,m} by (c’), (c) holds. This concludes the
proof of the lemma. 0

Proof of Theorem 3.13. We will apply Lemma 3.14 to every component of G for R being an arbi-
trary singleton and D a tree decomposition of width less than ¢. Let C, .. ., C, be the components
of G. Let j € [c], and let R be an arbitrary singleton in V(C;). By Lemma 3.14, there exists

S; C V(G) and a path partition (P, . .. 7Pg;ﬂ) of (C}, S;) such that
3.14.(a) V(F)NS; # 0 forevery F € Flc,,
3.14.(b) P/ = RJ, and
3.14.(c) |P/| < tlforeveryi € {2,...,m}.

Then let
S=1JS; and (Pr,....Pn)=(P,....,Ppi, PL,..., Poe).
Jj€ld
The sequence (P4, ..., Py,) is a path partition of (G, S), and 3.14.(a) implies that V(F) N S # ()
for every F' € F. This proves the theorem. O

This proof is a first glimpse of the usefulness of F-rich models. By applying iteratively the
result for graphs with no F-rich model of K, we obtain a result for graphs with no F-rich models
of K1 ® K; = K. Below, we will see that we can similarly apply this result to deduce a result
for graphs with no F-rich model of a given forest.

Excluding a forest. In [DHJ 23], Dujmovi¢, Hickingbotham, Joret, Micek, Morin, and Wood
proved the following inspiring result.

Theorem 3.15 (Dujmovi¢, Hickingbotham, Joret, Micek, Morin, and Wood [DHJ " 23]). Let h be
an integer with h > 2, and let X be a tree of vertex-height h. There exists a positive integer ¢ such
that for every graph G, if X is not a minor of G, then there exists a graph H such that

(A) G C HX K., and
(B) pw(H) < 2(h +1).

We prove this theorem within the framework of rich models. While the presentation is very
different from the original paper [DHJ 23], the proof is fundamentally the same. Let h,d be
positive integers. Let F}, ;4 be the complete d-ary tree of vertex-height h. See Figure 3.9. In
particular, I ¢ = Ky 4. We root I}, 4 naturally. Note that for every tree X of vertex-height h,
there exists a positive integer d such that X C F}, 4. Hence, it is enough to prove Theorem 3.15
for X of the form Fj, 4.

We will use the following property of the family (F}, 4)n deN--
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Figure 3.9: The tree F3 4.

Lemma 3.16. Let h,d be positive integers. Let G be a connected graph. If there is a model (B, |
x € V(Fhat1)) of Frav1 in G, then for every u € V(G), there is a model (B, | x € V (F} q))
of Fyq in G such that

(a) u € B., where s is the root of Fp, 4, and
(b) forevery x € V(Fy 4), By C Bl for some y € V(F}, q11).

Proof. Suppose that there is amodel (B, | x € V(F}, 4+1)) of Fj, g41in G. Since G is connected,
we can assume that UxGV(Fh,dH) B, = V(G). Let sq be the root of F}, 441. There is a subtree T’
of Fj, 441 rooted in a child of so such that u € U,y (105} B Define By = Upev (ryugsoy B
and B], = B, forevery € V(Fj 44+1) \ ({so} UV(T")). The collection (B, | z € V(F}, 4))is a
model of F}, 4 in G satisfying (a) and (b). ]

Let G be a graph and let P be a partition of V(G). We denote by G/P the graph with vertex
set P and edges all the pairs P, P’ € P such that there is an edge uwv € E(G) with v € P and
v € P'. Note that for every graph H, G C H X K, if and only if there is a partition P of V(G)
such that

(i) G/P C H, and
(ii) every part of P has size at most c.
Before proving Theorem 3.15, we define the following variant of product structure “focused”

on a subset S of vertices. A path decomposition of (G, P) is a sequence (W7, ..., W,,) where
W; C P for every i € [m] such that

(pd1) forevery u € S, {i € [m] | uw € JW;} is a nonempty interval of integers,
(pd2) for every edge uv of G[S], there exists ¢ € [m] such that u, v € |JW;, and
(pd3) for every component C' of G — S, there exists i € [m] such that Ng(V(C)) C | W;.

The width of this path decomposition is then max;e[, |[W;| — 1, and we define the pathwidth of
(G,P), denoted by pw(G, P), as the minimum width of a path decomposition of (G,P). We
prove by induction on h the following lemma, which will immediately implies Theorem 3.15.

Lemma 3.17. Let h, d be integers with h,d > 2. There is an integer c3 17(h, d) such that for every
positive integer t, for every graph G with tw(G) < t, for every family F of connected subgraphs
of G, if there is no F-rich model of F}, q in G, then there exists s C V(G) and a partition P of S
such that
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(A) V(F)NS # 0 forevery F € F,
(B) |P| < c3.17(h, d)t for every P € P, and
(C) pw(G,P) <2(h+1).

Proof. We proceed by induction on h. If h = 2, then F}, 4 = K 4 and so the result holds by
Lemma 3.14 for ¢3.17(1,d) = d. Now suppose h > 2 and that the result holds for 4 — 1. Let

Cg,n(h, d) = max{d, Cg,n(h — 1, d+ 1)}

Let F' be the family of all the connected subgraphs H of G such that H has an F|y-rich
model of F},_; 441. We claim that there are no F’-rich model of K 4in G.

Suppose for a contradiction that there is an F'-rich model (B, | z € V(K 4)) of K 4 in
G. Figure 3.10 illustrates how to deduce an F-rich model of F}, ;. We denote by c the center of
the star Ky 4 and by 1, ..., x4 the leaves of K; g. We denote by r the root of Fj,_1 4,1. Let
i € [d]. Since (B | x € V(K1 4)) is F'-rich, B, contains a neighbor u; of B, and G[By,] has
an F|y-rich model (B% | x € V(Fj—1,4+1)) of F4_14+1. By Lemma 3.16, there is an F-rich
model M; of F},_; 4 in G[B,,] whose branch set of the root contains a neighbor of B.. It follows
that the union of the models M, ..., M, together with B, for the branch set of the root, yields
an F-rich model of F}, 4 in G, a contradiction. This proves that there is no ”-rich model of K7 4
in G.

Figure 3.10: In the proof of Lemma 3.17, an F'-rich model of K 4 yields an F-
rich model of F}, 4. This model is constructed by contracting the colored sets, and
removing the gray vertices and edges.

Hence, by Lemma 3.14, there exists Sy C V(G) such that
3.14.(A) V(F)N Sy # 0 forevery F' € F', and
3.14.(B) pp(G, So) < dt.

Let (P1,...,Py) be a path partition of (G, Sy) of width at most dt. By convention, we set
Py = P,,4+1 = 0. By definition of path partition, for every component C' of G — S, there exists
ic € [m] such that Ng(V(C)) C P, U Pig11. Forevery i € [m], let U; = Ugecin—i V(C)
where C is the family of all the connected components of G' — Sy. By convention, we set Uy = ().

Let i € [m]. By the definition of ', the graph G[U;] has no F-rich model of F},_1 441 .
Hence, by the induction hypothesis, there exists S° C U; and a partition P’ of S* such that

(A) V(F)N S # () forevery F € Flaw,)»

B’) |P| < ¢317(h —1,d + 1)t for every P € P, and
(B |P| ( : y
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(C) pw(G[U;], PY) < 2h.
Let (W7,..., W} ;) be a path decomposition of (G[U;], P*) of width less than 2/. By possibly
adding an empty bag, we assume that m* > 0. For every j € [m'], let
Wi ={P;, P} UW,.
See Figure 3.11. We take
Py P, Py P,

/
T~
So T~ /

—

Figure 3.11: Illustration for the proof of Lemma 3.17. The components of G — S
are depicted in blue.

S=Su lJ S, ad P={P,....P,}u |J P"

ie[m] i€[m]

Let I = {(i,5) | i € [m],j € [m]}. We order I lexicographically. Let D be the sequence
(Wi j)(j)er- We claim that D is a path decomposition of (G, P), and that S, P, D satisfies (A),
(B), and (C).

First, we show that D is a path decomposition of (G, P). Letu € S. If u € Sy, then
{(G,5) € I'lue UWi;} ={(i,j) | i € [m],u € P;U Piyy,j € [m]},
which is a nonempty interval of I. If u € S* for some i € [m], then
{(i,4) € I'lue UWis} = {i} x {j € [m'] [u € UW}},

which is a nonempty interval of integers because as (W7,. .., me) is a path decomposition of
(G[Ui], P*), the set of indices {j € [m'] | u € [JW}} is a nonempty interval of integers. This
proves (pd1).

Let uv be an edge of G[S]. First suppose that u € Sy. Then, there exists ¢ € [m] such that
u € P;. Since (P, ..., Py,) is a path partition of (G, Sp), and by the definition of U;_1, U;

ve P 1UU_ 1 UFPUU;UP; ;.

Ifve P_yUP,thenu,v e JW;_11. Ifv € Py, thenu,v € JW; 1. If v € U;—1, then
i > 1, and since (W, 1,..., Wrinﬂl) is a path decomposition of (G[U;_1], P;—1), there exists
j € [m'~!] such that v € UW;fl, and so u,v € JW;_1;. Finally, if v € Uj, then since
(W{,...,W",) is a path decomposition of (G[U;], P;), there exists j € [m'] such that v € J W,
and so u,v € (JW; ;. This concludes the case u € Sp. The case v € Sy is symmetric. Now
suppose that u,v & Sp. Then there exists ¢ € [m] such that u,v € S. Since (W7{,..., W' ) isa
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path decomposition of (G[U;], P*), there exists j € [m’] such that u,v € UW} € UW; ;. This
proves (pd2).

Let C be a component of G—S. Let C’ be the component of G — Sy containing C'. There exists
i € [m] such that V(C") C Uj, and so C is a component of G[U;] — S*. Since (W{,...,W! )
is a path decomposition of (G[U;], P'), there exists j € [m'] such that Nov(V(C)) € UW;.
Moreover, Ng(V(C)) € Ne(V(C)) U Ng(V(C)), and since Ng(V(C')) € P; U Piy; by
definition of U;, we conclude that

Ng(V(C)) S (UW])UP U Py =UWi.

This proves (pd3), and so D is a path decomposition of (G, P).

We now prove (A). For every F' € F, either V(F') NSy # 0, or there exists ¢ € [m] such that
F C G[U;], which implies V(F) N S* # () by (A’). In both cases, we deduce that V(F) N S # (.
Therefore, (A) holds.

To show (B), observe that for every P € P, either P € {Py,..., P, } and so |P| < dt by
3.14.(B), or P € P! for some i € [m] and so |P| < c3.17(h — 1,d + 1)t by (B’). In both cases,
|P| < ¢3.17(h, d)t and therefore (B) holds.

Finally, for every (i,5) € I,
(Wijl =2+ |W}| <242k =2(h+1)
by (C’), and so (C) holds. This concludes the proof of the theorem. L]

Proof of Theorem 3.15. Let X be a graph of vertex-height at most h. There exists a positive
integer d such that X C Fj, 4. Let

c=cs17(h,d)(|[V(X)| = 1).

Let G be an X-minor-free graph. By Theorem 1.11, tw(G) < pw(G) < |[V(X)| — 1. Let F
be the family of all the connected subgraphs of GG In particular, there is a no F-rich model of F}, 4
in G. By Lemma 3.17, this implies that there exists S C V(G) and a partition P of .S such that

(A) V(F)N S # 0 forevery F € F,
B) |P| < c3a7(h,d)(JV(X)| —1) for every P € P, and
(©) pw(G,P) < 2h.

By (A) and the definition of F, we have S = V(G). Let H = G/P. Then (B) implies
G C HX K., and (C) gives pw(H) < 2h. This proves the theorem. O

Interestingly, Lemma 3.17 has applications beyond product structure. Indeed, it implies that
for any tree X, there exists a positive integer c such that for every graph G, for every family F of
connected subgraphs of G, if there is no F-rich model of X in G, then there is hitting set .S of F
with pw(G, S) < ¢(tw(G) + 1). Choosing carefully F, we can obtain a few non trivial results.
Consider a graph Y that consists of a tree X, with triangles added on every leaf. See Figure 3.12.
Now, if G does not contain Y as a minor, then it has no F-rich model of X for F being the family
of all the connected subgraphs of GG containing K3 as a minor. By Lemma 3.17, this implies that
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Figure 3.12: A graph obtained from a tree by adding a triangle on every leaf.

B d

Figure 3.13: A feedback vertex set S (in red), and a path decomposition of (G, S).

there is a hitting set .S for F with pw(G, S) < ¢(tw(G) + 1). Since Y is planar, the treewidth of
G is bounded by a function of Y by the Grid-Minor Theorem (Theorem 1.10). Therefore, G has
a set S of vertices intersecting every cycle of G, i.e. a feedback vertex set of G, with pw(G, S)
bounded. See Figure 3.13. An simple observation is that there are such graphs Y for which
MiN Gy (V) feedback vertex set of v PW (G, S) is arbitrarily large. Therefore, this is a characterization
in term of excluded minors of graph classes for which the minor-monotone graph parameter

G— min pw(G,S)
SCV (G) feedback vertex set of G

is bounded.
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Let G be a graph. Recall that a layering of G is a sequence (L; | i > 0) of disjoint subsets of
V(@) whose union is V' (G) and such that for every uv € E(G) there is a non-negative integer i
such that u,v € L; U L4 1.

Let D = (T, (W, | z € V(T))) be a tree decomposition of G and let £ = (L; | ¢ € N). The
width of (D, L) is max{|W, N L;| | z € V(T), i > 0}. The layered treewidth of G, denoted by
ltw(G) , is the minimum width of a pair (D, £), where D is a tree decomposition of G and L is
a layering of G. The layered pathwidth of G, denoted by lpw(G) is the minimum width of a pair
(D, L), where D is a path decomposition of G and L is a layering of G.

A graph is an apex graph if it can be made planar by the removal of at most one vertex, and
a graph is an apex-forest if it can be made acyclic by the removal of at most one vertex. It turns
out that forbidding apex-type graphs as minors interplays with the layered versions of treewidth,
pathwidth, and treedepth. Dujmovié, Morin, and Wood [DMW 17] proved that a minor-closed
class of graphs excludes an apex graph if and only if it has bounded layered treewidth. Similarly,
Dujmovié, Eppstein, Joret, Morin, and Wood in [DEJ " 20a], proved that a minor-closed class of
graphs excludes an apex-forest if and only if it has bounded layered pathwidth.

In this chapter, we give a short and simple proof of the latter statement with an explicit and
much better bound on layered pathwidth.

Theorem 1.23. Let X be an apex-forest with at least two vertices. For every graph G, if G is
X-minor-free, then
Ipw(G) < 2|V(X)| - 3.

We propose a natural counterpart of the definitions above for treedepth. Let F' be an elim-
ination forest of G, and let L = (L; | ¢ > 0) be a layering of G. The width of (F, L) is
max{|R N L;| | Risaroot-to-leaf pathin F',i > 0}. The layered treedepth of G, denoted by

95
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1td(G), is the minimum width of a pair (F, £), where F is an elimination forest of G and L is a
layering of G.

A graph is a fan or (an apex-path) if it becomes a path by the removal of at most one vertex.
Since a layering of a fan has at most 3 nonempty layers, and since paths have large treedepth
(see the introduction), we deduce that fans have unbounded layered treedepth. We show that
reciprocally, in the context of minor-closed classes of graphs, if a class of graphs excludes a fan as
a minor, then it has bounded layered treedepth.

Theorem 1.24. For every fan X with at least three vertices, and for every graph G, if G is X -

minor-free, then
-1
itd(@) < (V).

4.1 Preliminaries

A separation of G is a pair (A, B) of subgraphs of G such that AU B = G, E(AN B) = (.
The order of (A, B) is [V(A) NV (B)|. We need the following well-known version of Menger’s
Theorem.

Theorem 4.1 (Menger’s Theorem for separations). Let G be a graph and X, Y C V(G). There
exists a separation (A, B) of G such that X C V(A), Y C V(B), and there exists |V (A)NV (B)|
pairwise disjoint (X, Y )-paths.

Let G be a graph and let S C V(G). If H is a plane graph, we say that a model (B, | x €
V(H)) of H in G is S-outer-rooted if B, NS # () for each vertex z in the outer face of H.

4.2 Excluding a rooted path and layered treedepth

Recall that if a graph G has no model of P, then td(G) < £. We prove an analogous result within
the setting of S-rooted models of paths.

Theorem 4.2. For every positive integer {, for every graph G, and for every S C V(Q), if G has
no S-rooted model of Py, then td(G, S) < (g)

As already mentioned, Theorem 4.2 is the main ingredient of the proof of Theorem 1.24.
Actually, the intuition standing behind this is very simple. For a vertex u in a graph G, we set
S = N(u). Now, if G — u has a S-rooted model of a path P, then G has a model of P, with a
universal vertex added, and so G has a model of every fan on £ + 1 vertices.

In this section, we prove Theorem 4.2 and Theorem 1.24. In Chapter 3, we stated the definition
of treedepth via elimination trees. Treedepth can be also equivalently defined inductively. Namely,
treedepth of a graph is the maximum of treedepth of its components, treedepth of the one-vertex
graph is 1, and when a graph GG has more than one vertex and is connected, treedepth is the
minimum over all vertices v € V(G) of td(G — v) + 1. The new version of treedepth that we
proposed also admits an inductive definition, which we state in terms of properties (t1) to (t3). Let
G be a graph, and S C V(G).
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(t1) If S = (), then td(G, S) = 0.

(©2) IfV(G) # 0, then td(G, S) = maxc td(C, SNV (C)), where C goes over all components
of G.

(t3) If G is connected and S # 0, then td(G, S) = 1 + min,ey (g td(G — u, S\ {u}).
It immediately follows that treedepth is monotone in the following sense.
(t4) If H is a subgraph of G, then td(H, SNV (H)) < td(G, S).

A depth-first-search tree, DFS tree for short, of G is a rooted spanning tree 1" of G such that
T is an elimination forest of G. We proceed with the proof of Theorem 4.2, the key inductive step
is encapsulated in the following lemma.

Lemma 4.3. Let G be a connected graph, let S C V (G), and let T be a DFS tree of G. For every
positive integer {, if for each root-to-leaf path P in T, there are no { pairwise disjoint (V (P), S)-

paths in G, then
(G, 9) < (5)

Proof. We proceed by induction on ¢. If ¢ = 1, then S = (), and so, td(G, S) = 0 by (tl). Now,
assume that ¢ > 2.

For every u € V(G), let T,, be the subtree of T rooted in u, and let G, = G[V(T,)]. Let
so € V(G) be the vertex with maximum depth in 7" such that S C V' (T, ). Let R be the path from
the root to sg in 7. By assumption, there are no ¢ pairwise disjoint (V' (R), S)-paths. Hence by
Menger’s Theorem, there is a separation (A, B) of G of order at most {—1 such that V(R) C V(A)
and S C V(B). In particular, every (V(R), S)-path intersects X = V(A4) N V(B).

Consider a component C' of G — X. If C has no vertex in S, then td(C,S NV (C)) = 0.
Therefore, we assume the opposite, namely, V (C') C V(Ts,) \ {so}. It follows that there is a child
v of sg with V(C) C V(T,). The next goal is to apply induction to G,, — this step is illustrated
in Figure 4.1. To this end, we claim that for every root-to-leaf path P’ in T), there are no ¢ — 1
pairwise disjoint (V' (P’), S)-paths in G,,. Suppose to the contrary that there is such a root-to-leaf
path P’. Let P be the path connecting the root of 7" and the unique leaf in P’. By the maximality
of sg, we have S ¢ V(T,). Hence, there is w € S such that w ¢ V(T,,). Let Q be the shortest
path from sg to w in T". Note that @ is a (V(R), S)-path, and @ disjoint from V' (T,). Therefore,
the ¢ — 1 pairwise disjoint (V' (P'), S)-paths in G, and @ form a collection of ¢ pairwise disjoint
(V(P), S)-paths in G, which is a contradiction. By inductive hypothesis applied to G, and T},
we obtain td(Gy, S N V(Gy)) < (31). By (t4), this yields td(C, S N V(C)) < (") for every
component of G — X.

By (12), we deduce td(G — X, S — X) < (*3'). Finally, by (t3),

_ — -1 14

td(G,S)é]X+td(G—X,S\X)<(£—1)+< 5 >:<2>. O
Proof of Theorem 4.2. Let £ be a positive integer, let G be a graph, and let S C V(G). We can
assume that (G is connected due to (t2). Assume that G has no S-rooted model of P, and suppose
to the contrary that td(G, S) > (g) Then, by Lemma 4.3 applied with an arbitrary DFS-tree of
G, there is a path P in G and ¢ pairwise disjoint (V' (P), S)-paths in G. These paths, together with
P, give an S-rooted model of P in GG. This is a contradiction, which ends the proof. O
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root

Induction

Figure 4.1: An illustration to the proof of Lemma 4.3. In the figure ¢ = 5. On the
left, we illustrate the proof by contradiction that induction can be applied to G;,. On
the right, we illustrate an elimination tree that is build in the proof.

In the second part of this section, we prove Theorem 1.24. The proof is quite similar to the
second part of the proof of Theorem 1.23 in terms of structure and content. Again, we first prove
a technical lemma and then derive the theorem.

Lemma 4.4. Let X be a fan with at least one vertex. Let G be a connected graph and let u be a
vertex of G. If G is X-minor-free, then G has a layering (L; | j > 0) and there is an elimination
forest F of G — u with

(i) Lo = {u}, and
() |[V(P)NL;| < (‘V();”*l) for every root-to-leaf path P in F and for every j > 1.

Proof. Let x be a vertex of X such that X — z is a path, and let ¢/ = |V(X)| — 1. If £ = 0, then
the result is vacuously true, thus, we assume that £ > 0. We proceed by induction on |V (G)|. If
(7 has only one vertex, then the result is clear. Hence, assume that G' has more vertices.

Let S = N(u)and G’ = G—u. Observe that G’ has no S-rooted model of P, as otherwise, this
model together with a branch set {u} added would give a model of X in G. By Theorem 4.2, there
is an elimination forest of (G’, S’) of vertex-height at most (%) for some " C V(G') containing
S. Let S’, F' be as above with S = V(F”) of minimum size.

Let C be a component of G’ — V(F”’). We claim that G — V(C) is connected. Suppose to
the contrary that there exists a component C’ of G — V(C') that does not contain u. In other
words, C” is disjoint from S = N (u). Since G is connected, there is an edge vw in G such that
v e V(C)and w € V(C"). More precisely, w € V(F”) since otherwise, C'is not a component of
G — V(F"). Tt follows that |S” \ V(C")| is strictly less than |S’|. Let F” be the forest with vertex
set V(F') \ V(C"), where for all z,y € V(F"), we have zy € E(F") whenever z is an ancestor
of y or y is an ancestor of x in F’, and there is an (x,y)-path in F’ with all internal vertices in
V(C"). For every component C” of G' — V(F"), either C" is a component of G’ — V(F”), or
V(C") = V(C") U V(C). Since C’ has no neighbors in V(F"), in both cases, there exists a
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root-to-leaf path in F” containing the neighborhood of V' (C’) in G’. Hence F” is an elimination
forest of (G', 5"\ V(C")). Since vertex-height of F” is at most (é) and |S"\ V(C")| < |5], this
contradicts the minimality of F”.

Let G¢ be obtained from G by contracting V' (G) \ V (C) into a single vertex uc, in particular,
G is a minor of GG and therefore G¢ is X-minor-free. Since G is connected, S is non-empty,
thus, [V(Geo)| < |[V(G)| = |S U {u}| +1 < |V(G)| — 1. Hence, by induction hypothesis, there
is a layering (L¢,; | 7 = 0) and an elimination forest o of G — uc such that

¢
Leo ={uc}and |V(P)N Lg,| < <2>, for every root-to-leaf path P in Fio and j > 1.

Let Ly = {u}, L1 = V(F'), and for every j > 2, L = U Lcj—1 where C goes over
all components of G’ — V(F”). We claim that (L; | j > 0) is a layering of G. Indeed, every
edge of G is either inside a layer or between two consecutive layers of (L; | j > 0) since
N(u) =S CV(F')=Ly,and N(V(C)) C Ly and (L¢c; | j > 0) is a layering of C, for every
component C of G' — U.

Let Z be the set of all leaves of F”, and for each y € Z, let P, be the path from the root of F’
to y in F’. For every component C' of G’ —V (F"), fix some «(C') € Z such that the neighborhood
of V(C) in G is contained in P, ). Let I be a forest obtained from F’ in the following way. For
each component C of G — V(F’) add F¢ and edges of the form «(C)z for every root x of Fe.
Let the roots of F' be the roots of F’. It follows that F is an elimination forest of G — w.

Finally, let P be a root-to-leaf path in F'. We have |[V(P) N Ly| < (g) since V(P) N Ly
is the vertex set of a root-to-leaf path of F”. For every j > 2, V(P) N L; C V(F() for some
component C of G’ — V (F”’), which implies |[V(P)N L;| = |[V(P)N L¢ j—1| < (g) This proves
the lemma. O

Proof of Theorem 1.24. Let X be a fan with at least three vertices, and let G be an X -minor-free
graph. If G has no vertex, then the result is clear. Hence, we assume that V(G) is non-empty.
When G is connected, apply Lemma 4.4 to G with an arbitrary vertex u € V(G). We obtain an
elimination forest F' of G —u and a layering (L; | j > 0) of G such that |V (P)NL;| < (|V()§)71\)’
for every root-to-leaf path P and for every j > 1, and Ly = {u}. Let T be obtained by adding u to
F as a new root adjacent to all the roots of F'. Then 7" is an elimination tree of G witnessing that
Itd(G, S) < (|V()§)|_1). When G is not connected, apply the above to each component of G, take
for F' the disjoint union of the elimination forests obtained for each component, and concatenate
the layerings. O

4.3 Excluding a rooted forest and layered pathwidth

Bienstock, Robertson, Seymour, and Thomas [BRST91] first proved that if a graph GG has no model
of a forest I, then pw(G) < |V(F')| — 2. Note that the first bound on pw(G) in terms of |V (F)|
was proved by Robertson and Seymour in [RS83]. On the other hand, Diestel gave a beautiful and
short proof of the above in [Die95]. We prove an analogous result within the setting of S-rooted
models of forests.

Theorem 4.5. For every forest F with at least one vertex, for every graph G, and for every
S C V(G), if G has no S-rooted model of F, then pw(G, S) < 2|V (F)| — 2.
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The proof of Theorem 4.5 follows Diestel’s proof [Die95] that graphs excluding a forest F'
as a minor have pathwidth at most |V (F')| — 2. The notation follows a recent paper by Sey-
mour [Sey23].

Let G be a graph, let w be a positive integer, and let S C V(G). A separation (A, B) is
(w, S)-good if it is of order at most w and there is S” C V(A) containing S N V(A) such that
(A, S’) has a path decomposition of width at most 2w — 2 whose last bag contains V (A) NV (B)
as a subset. When (A, B), (A, B) are separations of G, we write (4, B) < (A, B'),if A C A’
and B D B’. If moreover the order of (A’, B') is at most the order of (A, B), then we say that
(A’, B') extends (A, B). A separation (A, B) in G is maximal (w, S)-good if it is (w, S)-good
and for every (w, S)-good separation (A’, B’) extending (A, B), we have A’ = A and B’ = B.

We start with a simple lemma illustrated in Figure 4.2.

A 24

|
| 8 °

—
—
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Figure 4.2: Illustration of the proof of Lemma 4.6. On the left, we depict the initial
situation and on the right, we depict the result of applying the procedure from the
lemma. Bags of path decompositions are green and blue alternately. In yellow,
we show the components that are left after removing all vertices of respective path
decompositions. The latter is obtained from the former by contracting |V (P) N
V(Q)| disjoint (V(P), V(B’))-paths (in blue).

Lemma 4.6. Let G be a graph, let w be a positive integer, let S C V(G), and let (A', B") and
(P, Q) be two separations of G with (P, Q) < (A", B"). If (A", B') is (w, S)-good and there are
|[V(P)NV(Q)| vertex-disjoint (V(P),V (B'))-paths in G, then (P, Q) is (w, S)-good.

Proof. Suppose that (A’ B') is (w,S)-good and there are |V(P) N V(Q)| vertex-disjoint
(V(P),V(B'))-paths (R, | = € V(P)NV(Q)) in G. Suppose z € V(R,) for every
x € V(P)NV(Q). Let (W; | i € [m]) be a path decomposition of (A’, S") for some S C V(A)
containing SNV (A’) of width at most 2w—2 with V(A" )NV (B’) C W,,. Let (V; | i € [m]) be ob-
tained from (W; | i € [m]) by contracting R, into a single vertex that we identify with z, for every
xz € V(P)NV(Q). Inother words, V; = (W;NV(P))U{z € V(P)NV(Q) | V(Rz)NW; # 0} for
every i € [m]. Observe that |V;| < |W;]| for every i € [m]. We claim that (V; | ¢ € [m]) is a path
decomposition of (P, S"), where S” = [, c(, Vi, which proves the lemma since SNV (P) C S”.

The fact that (V; | @ € [m]) is a path decomposition of H = P[S”] follows from the con-
struction. We show that every component C' of P — V' (H) has its neighborhood in P contained
in V; for some ¢ € [m]. Let H' = A’[S'] and let C' be a component of P — V(H). Observe that
V(H)NV(P)=V(H')NV(P),and so, P—V(H) is a subgraph of A’ — V (H'). It follows that
C'is a connected subgraph of A" — V(H'). Therefore, there exists ¢ € [m] such that the neigh-
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borhood of V(C') in A’ is contained in W;, and thus, the neighborhood of C' in P is contained in
Vi.

Finally, since V(A") N V(B') C W,,,, we have V(P) NV (Q) C V,,. Additionally, |V (P) N
V(Q)| =Ry | z € V(P)NV(Q)} < |V(A)NV(B')| < w. All this proves that (P, Q) is
(w, S)-good. O

We will use the following version of Menger’s theorem in the proof of Lemma 4.8.

Lemma 4.7. Let G be a graph and let (A, B) and (A’, B") be two separations of G. If (A, B) <
(A’, B'), then there is a separation (P, Q) of G such that

() (A, B) < (P.Q) < (A, B'), and
(ii) there are |V (P) NV (Q)| pairwise disjoint (V(A), V(B'))-paths in G.

Lemma 4.8. Let w be a positive integer, let G be a graph, and let S C V(G) such that
pw(G, S) > 2w — 2. If F is a forest on at most w vertices, then there is a separation (A, B)
of G such that

D [V(A) nV(B)| < [V(F)

>

(s2) thereis a (V(A) NV (B))-rooted model of F in A, and
(s3) (A, B) is maximal (w, S)-good.

Proof. We proceed by induction on |V (F')|. Suppose that F' is the null graph. Since (0, G) is
a (w, S)-good separation of G, then a maximal (w, S)-good separation (A, B) extending (0, G)
satisfies (s1)-(s3). Next, let F' be a non-empty forest on at most w vertices. Let ¢ be a vertex of F'
of degree at most one.

By the induction hypothesis applied to F' — ¢, G has a separation (A°, B) satisfying (s1)-(s3)
for ' — t. Let (W; | i € [m]) be a path decomposition of (A%, S) of width at most 2w — 2, for
some S" C V(A®) containing S NV (A?), with V(A%) NV (B%) C W,,. If V(A%) = V(G), then
(Wi | i € [m]) is a path decomposition of (G, .S), which contradicts the fact that pw(G, S) >
2w — 2. Hence V(BY) \ V(A%) # 0. Let (B, | € V(F —t)) be a (V(A°) N V(BY))-rooted
model of F' —t in A°. If ¢ has degree 0 in F, then choose a vertex v € V(B?) \ V(A) arbitrarily.
Otherwise, t has a unique neighbor s in F. Since |V (A% NV (B®)| = |[V(F)| — 1, let u be the
unique vertex in Bs N V(A% N V(BY), and choose v to be a neighbor of u in V(B°) \ V(A°).
Such a neighbor exists as otherwise (A° U {uv/ | uu’ € E(B%)}, BY — u) is (w, S)-good, which
contradicts the maximality of (A°, BY).

Let (A, B) be the separation of G defined by A = G[V (A%°)u{v}] and B = G[V (B°)]\E(A).
Since V(A%) NV (B®) C W,,, and the neighborhood of v in A is contained in V (A°) NV (BY),
(Wi, ..., Win—1, W, V(A)NV(B)) is a path decomposition of (A, SNV (A)). Moreover, since
[V(A)NV(B)| < |V(F)] < w < 2w — 1, this path decomposition is of order at most 2w — 2.
Therefore, (A, B) is (w, S)-good, and so, there is a maximal (w, S)-good separation (A’, B')
extending (A4, B) in G. In particular, |V (A") NV (B')| < |V(F).

The next step of the proof is illustrated in Figure 4.3. By Lemma 4.7, there exists a separation
(P, Q) such that (A, B) < (P,Q) < (A’, B'), and there is a family £ of |V (P) N V(Q)| disjoint
(V(A),V(B))-paths in G. If [V (P)NV(Q)| < |V(F)| — 1, then by Lemma 4.6, since (A", B)
is (w, S)-good, (P, Q) is (w, S)-good as well. Since (P, Q) extends (A°, B®), and v € V(P) \
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V (AY), this contradicts the maximality of (A%, BY). Hence |V (P) N V(Q)| > |V (F)]. Setting
B, = {v} gives a (V(A) N V(B))-rooted model (B, | x € V(F)) of Fin A. Since (A, B) <
(A, B"), every (V(A),V(B’))-path is a (V(A) N V(B))-(V(A") N V(B'))-path contained in
V(B) N V(A’). Therefore, the model can be extended using the |V (F)| paths in £ yielding a

(V(A") NV (B'))-rooted model of F in A’. This proves that (A", B) satisfies (s1)-(s3). O
P Q
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Figure 4.3: An illustration of the proof of Lemma 4.8. We consider F' to be a forest
([V(F)| = 5 in the figure). In pink, we depict the branch sets of the rooted model
of F —t. We argue that if [V(P) N V(Q)| < |V(F)|, then (P, Q) contradicts
the maximality of (A°, B). Hence, V(A) is connected with V(B’) by 5 pairwise
disjoint paths. We add the blue branch set containing v to the model and extend
pink branch sets using the paths obtaining a (V(A’) N V(B’))-rooted model of F'
in A’

Proof of Theorem 4.5. The proof is illustrated in Figure 4.4. Let F' be a forest with at least one
vertex, let G be a graph, and let S C V(G) such that G has no S-rooted model of F'. Suppose
that pw(G, S) > 2|V(F)| — 2 and let w = |V (F')|. By Lemma 4.8, G admits a separation (A, B)
satisfying (s1)-(s3). Let (W; | i € [m]) be a path decomposition of (A, S’) of width at most
2w — 2, for some S C V(A) containing S N V(A), with V(A) NV (B) C W,,. By Menger’s
Theorem applied to V' (A) and S N V(B) there is a separation (P, Q) of G with V/(A) C V(P),
SNV(B) C V(Q) and a family £ of |V (P) NV (Q)| pairwise disjoint (V (A), S NV (B))-paths
inG.

First, suppose that [V(P) N V(Q)| < |V(F)|. Then we claim that (W1,..., W, (V(A) N
V(B)) U (V(P)NV(Q))) is a path decomposition of (P, S”) of width at most 2w — 1, where
S" = S'U(V(A)NV(B))U(V(P)NV(Q)), whose last bag contains V (P)NV (Q). Since S C S”,
this will contradicts the fact that pw (G, S) > 2|V (F)| — 2. Indeed, [V (A) NV (B)| + |[V(P) N
V(Q)|—1 < 2w—2. Let C be a component of P — (U;ep,,) WiU(V(P)NV(Q))). Since V(A)N
V(B) C Wiy, either C is a component of A — J;¢[,) Wi or C' is a component of P — (V(A) U
(V(P)NV(Q))). In the former case, there is ¢ € [m] such that the neighborhood of V' (C) in A
(and so in P) is contained in W;. In the latter case, the neighborhood of V' (C) in P is contained in
(V(ANV(B))U(V(P)NV(Q)). Hence, (P, Q) is (w, S)-good, which contradicts the maximality
of (A, B) because (P, Q) extends (A, B) and |V(P)NV(Q)| < |V(F)| =|V(A) NV (B)].
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It follows that [V (P) N V(Q)| > |V (F)|. By (s2), there is a (V(A) N V(B))-rooted model
of ' in A. The model combined with the paths in £ yields an S-rooted model of F' in G. This

contradicts the assumption on G and ends the proof of the theorem. O
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Figure 4.4: An illustration of the proof of Theorem 4.5. On the left, we depict the
situation, where |V (P)NV(Q)| < |V(F')|. We can extend the path decomposition
by appending the bag (V(A)NV(B)) U (V(P)NV(Q)) (the last green bag in the
figure). On the right, we depict the opposite situation, where |V (P) N V(Q)| >
|V (F)|. Then, we simply extend the model and make it S-rooted.

Finally, we proceed with a proof of Theorem 1.23. The proof is by induction, however, since
we need to keep some invariant stronger than the statement of the theorem, we encapsulate it in
the following technical lemma, which we later show implies the theorem.

Lemma 4.9. Let X be an apex-forest with at least two vertices. Let G be a connected graph and
let u be a vertex of G. If G is X -minor-free, then G has a layering (L; | j > 0) and there is a
path decomposition (W; | i € [m]) of G — u with

(i) Lo = {u}, and
() [WinL;| <2|V(X)| =3, foralli € [m]and j > 1.

Proof. Let z be a vertex of X such that X — x is a forest, which we denote by F'. We proceed by
induction on |V (G)|. If G has only one vertex, then the result is clear. Hence, assume that G has
more vertices.

Let S = N(u) and G’ = G — u. Observe that G’ has no S-rooted model of F', as otherwise,
this model together with a branch set {u} added would give a model of X in G. By Theorem 4.5,
there exist S’ C V(G’) containing S, and a path decomposition of (G, S’) of width at most
2|V(F)| —2 =2|V(X)| — 4. Let S’ be such a set of minimum size, and let (V; | i € [mo]) be a
path decomposition of (G’, S”) of width at most 2|V (X)| — 4.

Let C be a component of G’ — S’. We claim that G — V(C') is connected. Suppose to the
contrary that there exists a component C’ of G — V(') that does not contain w. In other words, C’
is disjoint from S = N(u). Since G is connected, there is an edge vw in G such that v € V(C)
andw € V(C"). More precisely, w € U since otherwise C'is not a component of G— 5. It follows
that S” = S" — V(") is strictly less than S’. For every component C” of G’ — S”, either C” is
a component of G’ — S, or V/(C") = V(C'") U V(C). Since C’ has not neighbors in S”, in both
cases, there exists i € [mg] such that N(V(C")) C V; \ V(C"). Hence (V; \ V(C’) | i € [mg]) is
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a path decomposition of (G’, S”). The width of this path decomposition is at most 2|V (X)| — 4,
which contradicts the minimality of S’.

Let G¢ be obtained from G by contracting V' (G) \ V(C) into a single vertex u, in particular,
G is a minor of GG and therefore G is X-minor-free. Since G is connected, S is non-empty,
thus, |[V(G¢o)| < [V(G)| —|S U {u}| +1 < |[V(G)| — 1. Hence, by induction hypothesis, there
is a layering (L¢ ; | 7 > 0) and a path decomposition (Ve ; | @ € [m¢]) of Go — ue such that

Leo = {uc}and |V, N Lej| < 2[V(X)| — 3, forevery i € [m¢]and j > 1.

Let Lo = {u}, Ly = S, and forevery j > 2, L; = o L¢ j—1 where C' goes over all components
of components of G’ — S’. See Figure 4.5. We claim that (L; | j > 0) is a layering of G. Indeed,
every edge of G is either inside a layer or between two consecutive layers of (L; | j > 0) since
N(u) =8 C S =Li,and N(V(C)) C Ly and (Lc,; | j > 0) is a layering of C, for every
component C of G’ — 5.

u

) 2 |
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Ly | |
- Lj | ]
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Figure 4.5: An illustration of how we construct the layering (L; | j > 0) in the
proof of Lemma 4.9.

For every component C of G’ — 5, fix some «(C) € [my] such that the neighborhood of V' (C)
in G is contained in V,,(¢). Moreover, let the path decomposition obtained as a concatenation of
the path decompositions (Vio; | i € [m¢]) for every component C' of G’ — U with a(C) = k
be denoted by (Vi | i € [my]) where my, = > mc. For every k € [mo], let Vjj = V} and
Viii = Vii U Vi forevery i € [my]. Observe that (Vy; | 0 < @ < my) is a path decomposition
of the subgraph of G’ induced by Vi, U U V(C) where C' goes over all components of G' — 5’
with a(C) = k. Now, let (W; | i € [m]) be the concatenation of the path decompositions
(Vi | 0 < < my) for each k € [my] in the increasing order of k. Here, m = 37", (my + 1).
This yields a path decomposition of G — u. This construction is illustrated in Figure 4.6.

Finally, we argue that the width of (W; | i € [m]),(L; | j > 0)) is at most 2|V (X)| — 3.
For every i € [m], we have W; N Ly = W; N S’ = Vj, for some k € [mg], and so, [W; N Lq| <
2|V(X)| — 3. On the other hand, for every j > 2 andi € [m], wehave W; N L; = Vo, N Lej—1
for some component C' of G’ — S” and £ € [m(], which gives [W; N L;| < 2|V (X)| — 3 and ends
the proof. O

Proof of Theorem 1.23. Let X be an apex-forest with at least two vertices, and let G be an X-
minor-free graph. If G has no vertex, then the result is clear. Hence, we assume that V(G) is
non-empty. When G is connected, apply Lemma 4.9 to G with an arbitrary vertex u € V(G). We
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u

N

Figure 4.6: An illustration of how we construct the path decomposition (W; | i €
[m]) in the proof of Lemma 4.9.

obtain a path decomposition (W | i € [m]) of G — u and a layering (L; | j > 0) of G such that
[W;NL;| <2|V(X)|—3,foreveryi € [m]and j > 1,and Ly = {u}. Then (W;U{u} | i € [m])
is a path decomposition of G such that every bag has intersection with every layer of (L, | j > 0)
of size at most 2|V (X)| — 3. When G is not connected, apply the above to each component of G
and concatenate the layerings and the path decompositions. 0

4.4 Excluding a outer-rooted planar graph

The Grid Minor Theorem can be generalized to the setting of S-outer-rooted models as follows,
which is equivalent to Theorem 3.11.

Theorem 4.10. For every plane graph H, there exists a positive integer cy such that, for every
graph G, and for every S C V(G), if G has no S-outer-rooted model of H, then tw(G, S) < cy.

Note that in this result, one cannot replace “S-outer-rooted model” with “S-rooted model”.
Indeed, for every non-negative integer ¢, the graph H, with Sy being the vertex set of the outer
face has no Sy-rooted model of K, while tw(Hjy, Sy) > ¢ — 1. The latter inequality follows from
Lemma 3.10 applied for the family of all the connected subgraphs that are the union of a row with
a column.

It is noteworthy that the proof of Theorem 4.10, together with known results on the Grid-Minor
Theorem, actually shows that the constant ¢z is at most polynomial in |V (H)|. See [HLMR24b]
for the details.

We obtain Theorem 4.10 via tangles. First, let us recall the definition of tangles in graphs. Let
G be a graph and let k be a positive integer. Let 7 be a family of separations of GG of order less
than k in G. T is a trangle of order k in G if

(T1) for every separation (A, B) of order at most k — 1in G, (A,B) € Tor (B,A) €T,
(T2) forevery (A1, B1), (A2, B2),(As,Bs) € T, A1 U Ay U A3 # G, and
(T3) forevery (A,B) € T,V (A) # V(G).

Marx, Seymour, and Wollan [MSW 17] proposed a variant of tangles that is focused on a prescribed
set. Additionally, for a fixed S C V(G), T is a tangle of (G, S) if it is a tangle of G and
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(T4) forevery (A,B) e T,S ZV(A).

The tangle number of (G, S), denoted by tn(G, S), is the maximum order of a tangle of (G, S).
When S = V(G), condition (T4) is vacuous, and tn(G) = tn(G, V(G)) is the classical tangle
number of G. One of the cornerstones of structural graph theory is that the following graph
parameters are functionally tied to each other: treewidth, tangle number, and the maximum integer
£ such that a graph contains a model of H,. An analog in the “focused” setting also holds.

Marx, Seymour, and Wollan [MSW 17] showed that the tangle number of (G, .S) is functionally
tied to the maximum integer ¢ such that G has an S-outer-rooted model of H, (since this precise
statement is not exactly the one showed in [MSW17], a proof of the following is given as an
appendix in [HLMR?24b]).

Theorem 4.11 ((MSW17]). Let H be a plane graph. There is an integer cygy such that for every
graph G, if there is a tangle T of (G, S) of order cp, then G contains an S-outer-rooted model of
H.

We prove that tn(G, S) is functionally tied to tw(G, S).

Theorem 4.12. For every graph G with at least one vertex, and for every S C V(G),
tn(G, S) — 1 < tw(G, S) < 10max{tn(G, S),2} — 12.

Note that Theorem 4.11 and Theorem 4.12 immediately imply Theorem 4.10. In this section,
we prove Theorem 4.12. Let G be a graph with at least one vertex, and S C V(G). Lemma 4.13
directly implies the upper bound, that is, tw(G, S) < 10max{tn(G, S),2} — 12. Lemma 4.15
implies the lower bound, that is, tn(G, S) — 1 < tw(G, 9).

Lemma 4.13. Let k be an integer with k > 2. Let G be a graph and let S C V (G) be such that
there is no tangle of (G, S) of order k. Then for every R C V(G) with |R| < Tk — 8, there exists
S" C V(G) containing S, and a tree decomposition D of (G, S") of width at most 10k — 12 such
that there is a bag of D containing R.

Proof. We proceed by induction on |V(G)|. If |V (G)| < 10k — 11, then the tree decomposition
consisting of a single bag V' (G) witnesses the statement. Thus, we assume that |V (G)| > 10k —
10 > 7k — 8. By possibly adding some vertices to R, we assume without loss of generality that
|R| =Tk — 8.

Let 7 be the family of all separations (A, B) of G of order at most k—1 such that |V (A)NR| <
4k — 5. By assumption, 7 is not a tangle of (G, S). Therefore, one of (T1)-(T4) does not hold.

If (T1) does not hold, then there is a separation (A, B) of G of order at most & — 1 such that
[V(A)NR| > 4k — 4 and |V(B) N R| > 4k — 4. Then |R| > |V(A) N R| + |V(B) N R| —
[V(A)NV(B)| 28k —-8—(k—1) =Tk — 7> 7k — 8, a contradiction.

If (T2) does not hold, then there are separations (A1, By), (Az, B2), (A3, Bs) in T such that
AjUAy U A3 = G. Let Z = U2, (V(A:) NV(B;)). Let C be a component of G — Z, let
Ge =G[V(C)UN(C)],andlet Rc = N(V(C))U(RNV(C)). Since V(C) C V(A;) for some
i€{1,2,3}, |[V(C)NR| < |V(4;) NR| < 4k — 5. Note that V(G¢) = V(C) U N(C) C A,
and thus,

[V(G)\V(Ge)| = |[V(Bi) \ V(Ay)| = |[(V(Bi) \ V(A;))NR| >3k —3>0.
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Moreover, since N(V(C)) C Z, IN(V(C))| < |Z] = 3(k — 1). Hence, |[Rc| < |[V(C)NR| +
IN(V(C))| < 4k — 5+ 3k — 3 = Tk — 8. In order to apply induction to G¢ and R, we have
to argue that |V (G¢)| < |[V(G)|. We have V(C) U N(C) C A; for some i € {1,2,3}. By
induction hypothesis applied to G¢ and R¢, there is S, C V(G¢) containing S N V(C), and
a tree decomposition (Tc, (We, | © € V(I¢))) of (Ge, S) of width at most 10k — 12 such
that R¢ C We, ., for some rc € V(I¢). Let T be obtained from the disjoint union of T for all
components C' of G — Z by adding a new vertex r and edges rr¢ for every component C of G—Z.
Finally, let W,, = Z U R, and for every component C of G — Z and every z € V(T¢), let W,, =
We,x. Wetake S" = U, ey () Wa. Observe that [W,| < [Z]+|R| < 3(k—1)+T7k—8 = 10k—11.
Every component of G — U ey (1) Wa is a subgraph of a component of Gc — Uyev (1) We,e for
some component C' of G — Z. Therefore, (T, (W, | x € V(T))) is a tree decomposition of
(G, S") of width at most 10k — 12 such that R C W,..

If (T3) does not hold, then there is a separation (A, B) € T such that V(A4) = V(G). It
follows that |R| = |[RNV(A)| < 4k — 5 < 7Tk — 8 = | R|, a contradiction.

If (T4) does not hold, then there is a separation (A, B) € 7T such that S C V(A). Let
R =(RNV(A))U(V(A)NV(B)). Note that |R'| < 4k —5+ (k—1) =5k — 6 < Tk — 8. By
induction hypothesis applied to A and R/, there is S’y C V(A) containing S NV (A), and a tree
decomposition (177, (W, | z € V(T"))) of (A, S’y) of width at most 10k — 12 such that R C W,
for some ' € V(T"). Let T be obtained from 7’ by adding a new vertex r and the edge 77’
Finally, set W, = RU (V(A) NV (B)) and observe that |W,| < |R|+k—-1<Thk—8+k—1=
8k — 9 < 10k — 12. Every component of G — ¢y () Wy is either a component of B — A oris a
subgraph of a component of A — Uer(T,) W,. In both cases, the neighborhood of the component
is contained in a single bag. Therefore, (T, (W, | z € V(T))) is a tree decomposition of (G, S’),
for 8" = Upev(r) Wa = S, URU(V(A) NV (B)), of width at most 10k — 12 such that R C W,
Since S C 5, this concludes the lemma. O

In the proof of Lemma 4.15 we use the following simple observation.

Observation 4.14. Let k be a positive integer, let G be a graph, and let T be a tangle of G of order
k. Let (A, B) and (A', B') be two separations of G of order at most k—1 such that V(A) = V (A’)
and V(B) = V(B'). Then,

(B,A) ¢ T <= (A,B) €T < (A, B)eT < (B, A) ¢ T.

Proof. The first and last equivalences are clear by (T1) and (T2). In order to prove the middle
equivalence, suppose to the contrary that (A, B) € 7 and (A, B') ¢ T. By (T2), (B",A’) € T.
Observe that (A U B’, A’ N B) is a separation of G, and its order is at most k& — 1. By (T3),
(AUB', AN B) ¢ T,hence by (T), (A NB,AUB’) € T.Butthen BUAU (A'NB) =G,
which contradicts (T3). L]

Lemma 4.15. Let k be a positive integer, let G be a graph with at least one vertex, and let
S CV(G). Iftn(G, S) = k, thentw(G,S) > k — 1.

Proof. Let T be a tangle of (G, S) of order k. Suppose to the contrary that there is a tree decom-
position (Ty, (Wy | 2 € V(Tp))) of (G, S) of width at most k — 2. Let U = U,ev(r,) We- By
possibly adding some vertices to T and some bags to (W, | x € V(Tp)), without loss of general-
ity we can assume that every vertex in U is in at least two bags. For every component C of G — U,
there is a bag ¢ € V(1p) such that N(V(C)) C W,,,. Let T be obtained from 7T} by adding a
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new vertex uc and the edge zcuc for every component C of G—-U. Let W,,, = N(V(C))UV(C)
for every component C' of G — U. It follows that (7', (W, | x € V(T'))) is a tree decomposition
(T, (W, | x € V(T))) of G. While this tree decomposition may have large width, for every edge
xzy € E(T), we have [W, N W, | <k — 1.

Let Z = V(T') \ V(1p) be the set of all added vertices. For every uv € E(T), recall that T,
is the component of 7"\ uwv containing , and let G|, be the subgraph G[UmEV(Tuh,) W]

Let T be the directed graph with the vertex set V(T") and the arc set consisting of all the pairs
(u,v) € V(T)? such that wv € E(T') and for every separation (A, B) of G with V(A) = V(G,,)
and V(B) = V(G,,), we have (4, B) € T. By Observation 4.14, T is an orientation of T'. Since

Tis atree, T is acyclic, and thus, there is a sink x in T.If z € Z, then the neighbor y of x in T is
such that (G, Ggy \ E(Gy5)) € T, which contradicts (T4) since S C V(G|,,). Hence, x ¢ Z,
and so, |W,| < k — 1. Letyy, ..., yq be the neighbors of = in T". For every i € [d], let (4;, B;)
be a separation of G with A; = G [U;":l V(Gij)} and B; = G [ ;-:1 V(Gx|yj)} — E(A;). It
follows that V' (A;) NV (B;) C W,. Therefore, (A;, B;) has order at most |W| < k — 1 for every
ield.

We claim that (A;, B;) € T for every i € [d]. We prove this by induction on i. The fact that
x is a sink implies that (A1, B1) € T, hence, let 1 < i < d, and assume that (A;_1,B;_1) €
7. Suppose to the contrary that (B;, A;) € T. Since (A;—1,B;-1) € T and (Gy,jq; Gay, —
E(Gy,z)) € T by (T2), A;_1 UGy, U B; # G, which is false since 4; = A4; 1 U G,,|,, and
yields (A;, B;) € T.

The above in particular, implies that (A4, By) € T. However, since every vertex in U is in at
least two bags, we have V(G) = U.cv(r)\fz} W= = V(A), which contradicts (T3), and shows
that there is no tree decomposition of (G, S) of width at most k — 2. Ul

yilz

4.5 Erdos-Pésa property

In this section, we discuss the applications of our techniques to Erd6s-Pdsa properties for rooted
models. Lemma 3.10 with Theorem 4.10 yield that outer-rooted models of a fixed connected plane
graph admit the Erd6s-Pésa property.

Corollary 4.16. For every connected plane graph H, there exists a function dr: N — N such
that for every graph G, for every S C V(G), and for every positive integer k, either

(1) G has k vertex-disjoint S-outer-rooted models of H or

(ii) there exists a set Z C G suchthat |Z| < dy(k—1) and G — Z has no S-outer-rooted model
of H.

Proof. Let H be a connected plane graph. For every positive integer k, let £ - H denote the plane
graph consisting of k disjoint copies of H drawn in the plane in such a way that the outer face of
each copy belongs to the outer face. Let cx.;y be the constant given by Theorem 4.10 applied to
k- H. Suppose that G, S, k are like in the statement. Assume that (i) does not hold. In other words,
G has no S-outer-rooted model of k - H. Therefore, tw(G,S) < ¢.g. Then by Lemma 3.10
applied to the family of all the connected subgraphs of G containing an S-outer-rooted model
of H, there exists a set Z of at most (¢, + 1)(k — 1) vertices in G such that G — Z has no
S-outer-rooted-model of H. This proves the corollary for dgy(k — 1) = (cp.y +1)(k—1). O
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Recently, Dujmovié, Joret, Micek, and Morin [DJMM?24] showed that for every tree T, for
every graph G, for every positive integer k, either G has & disjoint models of T, or there is a set Z
of at most |V (T')|(k — 1) vertices such that G — Z is T-minor-free. Theorem 4.5 and Lemma 3.10
imply the following Erd6s-Pésa property for rooted models of trees.

Corollary 4.17. For every tree T, for every graph G, for every S C V(Q), and for every positive
integer k, either

(1) G has k vertex-disjoint S-rooted models of T, or

(ii) there exists a set Z C G such that |Z| < (2k|V(T)|—1)(k—1) and G — Z has no S-rooted
model of T'.






CHAPTER 5

Product structure

The results presented in this chapter are joint work with Vida Dujmovi¢, Robert Hicking-
botham, Jedrzej Hodor, Gwenaél Joret, Hoang La, Piotr Micek, Pat Morin, and David
R. Wood [DHH " 24], but the proof proposed here is new.
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This chapter is devoted to the proof of the following theorems, which relies on the notion of
rich minors. The ideas of this proof will be extensively used in the next chapter.

Theorem 1.30. Let X be a nonnull apex graph. There exists a positive integer c such that, for
every X -minor-free graph G, there exists a graph H of treewidth at most 2°9X) — 2 such that

GCHXPNXK,
for some path P.

Theorem 1.31. Let X be a nonnull planar graph. There exists a positive integer c such that the
following holds. For every X-minor-free graph G, there exists a graph H of treewidth at most
2t d(X) _ 9 such that

GCHKXK.,.

Actually, we will prove the following result, which combined with, respectively, Dujmovic,
Morin, and Wood’s result on layered treewidth [DMW 17] and the Grid-Minor Theorem (Theo-
rem 1.10) will imply Theorem 1.30 and Theorem 1.31.

Theorem 5.1. Let X be a nonnull graph. There exists a positive integer c such that the following
holds. For every X-minor-free graph G, for every tree decomposition D of G, there exists a
partition P of V(G) such that

(A) tw(G/P) < 299X — 2 and

(B) for every P € P, P is included in a union of at most c bags of D.

This theorem is inspired by Illingworth, Scott, and Wood [ISW24], who proved a similar result
but with tw(G/P) < |V(X)| — 2. Their technique is a tool we extensively use in this chapter and
the next one.

Proof of Theorem 1.31 assuming Theorem 5.1. By the Grid-Minor Theorem (Theorem 1.10),
there exists an integer co such that every X-minor-free graph has treewidth less than cy. Let
G be an X -minor-free graph and let D be a tree decomposition of G of width less than cq. Then,
by Theorem 5.1, there is a partition P of V(G) such that

111
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5.1.(A) tw(G/P) < 2'4X) — 2 and
5.1.(B) forevery P € P, P is included in a union of at most c; bags of D,

for a positive integer ¢; depending only on X. We take ¢ = cpc1, and H = G/P. It follows
that every part in P has size at most ¢, and so for every P € ‘P, there is an injection ¢p from P
to V(K.). Then the mapping ¢: V(G) — V(H K K.) defined by ¢(u) = (P, tp(u)) for every
u € P, for every P € P, witnesses the fact that G C H X K. This proves the theorem. O

Proof of Theorem 1.30 assuming Theorem 5.1. By the aforementioned result of Dujmovié, Morin,
and Wood in [DMW 17], there exists a positive integer ¢y such that every X -minor-free graph has
layered treewidth at most ¢g. Let G be an X -minor-free graph, and let (D, £) be a layered tree
decomposition of G of width at most ¢g. Then, by Theorem 5.1, there is a partition P of V(G)
such that

5.1.(A) tw(G/P) < 2t4X) — 2 and
5.1.(B) forevery P € P, P is included in a union of at most c¢; bags of D,

for a positive integer ¢; depending only on X. Let (L; | ¢ € N) = L, and let m be a positive
integer such that L; = () for every i > m. We take ¢ = cpcy;, H = G/P. Let Q be the path
with vertices 0, ..., m, in this order along (). For every P € P, and for every i € {0,...,m},
we have |P N L;| < ¢pe; = ¢ and so there an injection tp;: PN L; — V(K,). Let p: V(G) —
V(H X QX K.) be defined by ¢(u) = (P,4,cpi(u)) for every u € PN L;, for every P € P,
and for every i € {0,...,m}. Then, ¢ witnesses the fact that G C H X @ X K, which proves
the theorem. O

5.1 Preliminaries

Let T be a tree rooted in a vertex 7. For every vertex v of 7" with v # r, we define p(7, v) to be
the vertex following v on the path from v to r in 7. We call p(7, v) the parent of v in T', and we
say that v is a child of p(T,v) in T'. For a subtree 7" of T', we define root(7”) to be the root of 7",
that is as the unique vertex in 7” closest to 7 in 7.

A tree partition of a graph G is a pair (T, P), where T is a rooted tree and P = (P, | = €
V(T)) is a partition of V(G) such that for every edge uv in G either there is x € V(T') with
u,v € Py, or there is an edge xy in T' with w € P, and v € P,. A tree partition of (G, S), where
G is agraph and S C V(G), is a tree partition (T, (P, | z € V(T'))) of G[S] such that, for every
connected component C' of G — S, there exists two adjacent or identical vertices x,y in T  such
that Ng(V(C)) € P, U P,. Recall that a path partition of G (resp. (G,S)) is a tree partition
(T,(Py |z € V(T))) of G (resp. (G, S)) where T is a path.

Let u, v be two (not necessarily distinct) vertices of T'. The lowest common ancestor of v and
v in T', denoted by lca(T, u,v), is the furthest vertex from the root that has « and v as descen-
dants. Let Y C V(T). The lowest common ancestor closure of Y in T is the set LCA(T,Y) =
{Ica(T,u,v) | u,v € Y}. See Figure 5.1. Observe that LCA(T,LCA(T,Y)) = LCA(T,Y).
The following two lemmas are folklore. See e.g. [DHH 24, Lemma 8] for a proof.

Lemma 5.2. Let m be a positive integer, let T be a tree, and let Y be a set of m vertices of
T. If X = LCA(T,Y), then | X| < 2m — 1 and for every connected component C of T — X,
[N (V(C))] < 2.
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Figure 5.1: For X the set of the full red vertices, LCA(T, X) \ X consists of the
red circled vertices.

A tree decomposition (T, (W, | = € V(T))) of a graph G is natural if for every edge zy in

T, the graph G {UzeV(Tﬂy) WZ} is connected. The following statement appeared first in [FN06],
see also [GINW23]. A proof of this lemma (in stronger version) will be given in Chapter 6, see
Lemma 6.52.

Lemma 5.3 ([FNO6, Theorem 1]). Let G be a connected graph and let (T,(W, | x € V(T'))) be
a tree decomposition of G. There exists a natural tree decomposition (T", (W, | x € V(T"))) of
G such that for every x’' € V(T") there is x € V(T') with W, C W,.

Applying Lemma 5.2 to a natural decomposition, we obtain the following lemma. (See also
Figure 5.2.)

Lemma 5.4. Let m be a positive integer. Let G be a graph and let W = (T, (W, | z € V(T)))
be a tree decomposition of G. Let X be a set of m vertices of T. Then Z = UzeLCA(T,X) Wy is
the union of at most 2m — 1 bags of W such that for every connected component C of G — Z,
Na(V(C)) is a subset of the union of at most two bags of W. Moreover, if W is natural, then
Ng(V(C)) intersects at most two connected components of G — V (C).

NS, TN
e @

Figure 5.2: Illustration for Lemma 5.4. The bags in X are in red, and Z is the union
of the bags encircled in red. The darker bag is the bag of the root. Observe that
every connected component of G — Z has neighborhood contained in a union of at
most two bags.

For all graphs G1, G2, we denote by G'1 @ G5 the graph obtained from the disjoint union of G
and G2 by adding every edge between V' (G1) and V(G2). In other words, G; & G is the graph
with vertex set (V(G1) x {1})U(V(G2) x{2}) and edge set { (u, i) (v, j) | i # j oruv € E(G;)}.

We define a graph U), 4 for all positive integers h, d by induction on h as follows. For every
positive integer d,
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(i) Uy q consists in d isolated vertices, and
(i) for every integer h with h > 2, U}, 4 is the disjoint union of d copies of K1 @® Up_1 4.

See Figure 5.3. An immediate induction shows that a graph X has treedepth at most A if and

AR TR KRN

Figure 5.3: The graph U3 3. For sake of readability, some edges are depicted in
gray.

only if X C U}, 4 for some positive integer d. Therefore, it is enough to show Theorem 5.1 for
X=U h,d-

The following lemma is an important property of the graphs (U, 4 | h,d € Nxg). Informally,
it says that, if d’ is large enough compared to k and d, then for every covering of Uy, ¢ by k sets,
Uy, contains a model of Uy, 4 rooted in one of these k sets. Similar results will be extensively
used in Chapter 6 under the name “coloring elimination property”.

Lemma 5.5. Let h, d, k be positive integers. There exists a positive integer d' such that for every
covering S1, ..., Sk of V(Up.a), there exists i € [k] such that Uy, ¢ contains an S;-rooted model
of Up q.

Proof. We proceed by induction on h. If h = 1, then let d’ = k(d — 1) + 1. Let Sy,..., Sk
be a covering of V' (Uy, ¢). By definition, Uy, ¢ consists of d’ isolated vertices. By the pigeonhole
principle, there exists i € [k] such that |.S;| > d. Then, for a subset R of S; of size d, ({z} | x € R)
is a Sj-rooted model of Uy, 4.

Now suppose h > 1 and that the result holds for h — 1. By the induction hypothesis, there
exists a positive integer df, such that for each covering S, ..., Sy of V(Uh_l%), there exists
i € [k] such that Uj,_ 4, contains an S;j-rooted model of Up,—1,d+1.

We take d’ = max{kd + 1,d}. Let Si,..., Sk be a covering of V(Uj, 4 ) and let C be a
connected component of Uy, 4. By definition, C' is isomorphic to K1 & Up_1,4. Let r be the
vertex corresponding to K in C. Then, by the induction hypothesis, there exists i¢c € [k] and an
Si-rooted model M¢ o of Up_1 441 in C — r. Let M¢ be the model of K1 @ Uj,_; 4 obtained
from M by taking for the branch set of the vertex of Ky the union of {r} with all the branch set
corresponding to the vertices in one of the connected components of Ujy,_1 441. By construction,
M is a S;,-rooted model of K1 @ Up_1 4in C.

Finally, by the pigeonhole principle, there exists d connected components C1, . .., Cy of Uy, ¢
such that
iy = =gy,
Let ¢ be this integer. It follows that the union of M¢,, ..., M¢, is an S;-rooted model of Uj, 4 in
Uh, 4 - This proves the lemma. ]

5.2 Proof of Theorem 5.1

Let G be a graph, let S C V(G), and let P be a partition of S. If D = (T, (W, | = € V(T)))
is a tree decomposition of G, then the D-width of P is the smallest integer k such that every part
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of P is included in a union of at most k bags of D, i.e. VP € P,3xy,...,2, € V(T),P C
Wy, U -+ UW,,. Recall that a tree decomposition of (G, P) is a pair (T, (W, |
where T is a tree and W, C P for every x € V(T) such that

(i) foreveryu € S, {x € V(T') | u € |JW,} induces a nonempty connected subtree of 7',
(i) for every edge uv of G[S], there exists = € V(T') such that u,v € |J W, and

(iii) for every connected component C' of G — S, there exists « € V (T') such that N (V (C)) C
U Ws.

The width of this tree decomposition is then max,cy (1) |[Wz| — 1, and the treewidth of (G, P),
denoted by tw(G, P), is the minimum width of a tree decomposition of (G, P).

Theorem 5.1 will be a consequence of the following technical statement.

Theorem 5.6. Let h, d be positive integers with d > 2. There is an integer cs ¢(h, d) such that, for
every graph G, for every tree decomposition D of G, for every family F of connected subgraphs
of G, if there is no F-rich model of Uy, 4 in G, then there exists S C V(G) and a partition P of S
such that

(A) V(F)NS # 0 forevery F € F,

(B) for every connected component C of G — S, Ng(V(C)) intersects at most 21 — 2 con-
nected components of G — V (C),

(C) P has D-width at most cs ¢(h, d), and
D) tw(G,P) <2 —1.
Theorem 5.1 is now a direct application of Theorem 5.6.

Proof of Theorem 5.1 assuming Theorem 5.6. Let h = td(X), and let d be a positive integer such
that X C Uj 4. We take ¢ = ¢56(h,d). Let G be an X-minor-free graph, and let D be a tree
decomposition of G. We take F to be the family of all the connected subgraphs of G. Then, G
has no F-rich model of U}, 4. Therefore, by Theorem 5.6, there exists S C V(G) and a partition
‘P of S such that

5.6.(A) V(F)NS # 0 forevery F' € F,

5.6.(B) for every connected component C of G — S, Ng(V(C)) intersects at most 2! — 2 con-
nected components of G — V' (C),

5.6.(C) ‘P has D-width at most ¢, and
5.6.D) tw(G,P) < 2" —1.

By the definition of F, 5.6.(A) implies that S = V(G). In particular, tw(G, P) = tw(G/P) <
2" — 2 by 5.6.(D). Moreover, since P has D-width at most c, every part of P is included is a union
of at most ¢ bags of D. This proves Theorem 5.1. O
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Proof of Theorem 5.6. We proceed by induction on h. First suppose that 2~ = 1. Note that U; 4
has d vertices and no edges. We set

C5.6(1, d) =2d — 3.

Let G be a graph, let D be a tree decomposition of (7, and let F be a family of connected subgraphs
of G such that there is no F-rich model of Uy 4 in G. If F is empty, then the result is clear for
S = and P = ). Now assume F # ().

By Lemma 5.3, we assume that D is natural. By Lemma 1.17, there is a set which is the
union of d — 1 bags of D intersecting every member of P. By Lemma 5.4, this implies that there
is a set S which is a union of at most 2(d — 1) — 1 = 2d — 3 bags such that every member of
F intersects .S, and for every connected component C' of G — S, Ng(V(C)) intersects at most
2 = 22 — 2 connected components of G — V(C). We take P = {S}. Recall that F # {), and
so P is a partition of S. By the definition of S, the items (A), (B) and (C) hold. Moreover,
tw(G,P) < |P] =1 = 2! — 1, and so (D) holds. This concludes the case h = 1.

Now suppose h > 1 and that the result holds for h — 1. We start with the following claim,
which can be seen as an analog of Lemma 3.14. (See also Figure 5.4.)

Claim 5.6.1. Let d be a positive integer. There exists an integer cs¢.1(h, d) such that, for every
connected graph G, for every family F of connected subgraphs of G, for every nonempty set
R C V(Q) of size at most oh _ 9o for every tree decomposition D of G — R, if there is no F-rich
model of K1®Up,_1 q in G, then there exists S C V(G), and a tree partition (A, (P, | y € V(A)))
of (G, S) with A rooted in a € V(A) such that

(@) R=PFy;
(b) V(F)NS # 0 for every F € F;

(c) for every connected component C of G — S, Ng(V(C)) intersects at most 21 — 4 con-
nected components of G — V(C'); and

(d) foreveryy € V(A)\ {a}, there exists a partition Py of P, such that
(i) tw(Gy, Py) < 2" 1 —1, and
(ii) Py has D-width at most cs.6.1(h, d),

where G is the subgraph of G induced by the union of U, = UzeV(Ay) P! with V(C) for
all the connected components C of G — S such that N¢(V (C)) N U, # 0.

Proof of the claim. Let k = 2" — 2. By Lemma 5.5 there exists a positive integer d’ such that
for every covering Si, ..., S, of V(Up_1,4), there exists ¢ € [k] such that U_; ¢ contains an
S;-rooted model of Uj,_1 441. Let

¢s6.1(h,d) =cs6(h—1,d).
Let GG be a connected graph, let D be a tree decomposition of G, let F be a family of connected

subgraphs of G such that there is no F-rich model of K1 @ Uj_1 441 in G, and let R C V(G) be
nonempty and of size at most 2" — 2.

!Recall that for a rooted tree A and for y € V' (A), we denote by A, the subtree of A rooted in y.
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Figure 5.4: Illustration for Claim 5.6.1. When exlcuding K1 & Uj_1 4, we obtain
a tree partition where every part has, in its own subtree, the structure given by the
induction hypothesis (see Item (d)).

We proceed by induction on |V(G — R)|. If F|g—r = 0, then the result is clear for S = R,
V(A) = {a}, and P = {R}. Now suppose that F|g_r # 0, and so in particular V(G — R) # 0.

Let 7' be the family of all the connected subgraphs H of G — R such that there exists F' € F
with ' C H, and Ng(R)NV (H) # (). We claim that there is no F’-rich model of Uj,_1 4 in G —
R. Suppose for contradiction that there is an F'-rich model (B, | € V/(Up—1,a)) of Up—1,@ in
G—R. Foreveryr € R, letS, = {x € V(Up_1,4) | r € Ng(By)}. Since (B | © € V(Up—1,4))
is F'-rich, the family (S,),cr is a covering of V(Up,_1,4). Therefore, by Lemma 5.5 and the
definition of d’, there exists 7 € R and a S,-rooted model (Cy | y € V(Up—1,4+1)) of Up—1,4+41
in Up_1@. Foreveryy € Up_1 441, let Dy = Uxecy By. Then, (Dy | y € V(Up—1,4+1)) is
an F-rich model of Uy_1 g11 such that for every y € V(Up—1,4+1), 7 € Ng(Dy). Let B be a
connected component of Uy, _1 441. Note that Up_1 41 — B is isomorphic to Uj,_1 4. Then the
union of (D, | y € V(Up-1,441 — V(B))) with the branch set {r} UU,cy (p) Dy is an F-rich
model of K1 & Up,—1,4 in G, a contradiction. This proves that G — R has no F’-rich model of
Un—1,a-

Hence, by the induction hypothesis of the theorem, there exists Sp C V(G — R) and a partition
Py of Sy such that

(A) V(F)N Sy # 0 forevery F € F,

(B) for every connected component C of G — (RU Sp), Ng_r(V (C)) intersects at most 2" — 2
connected components of G — (RU V(C)),

(C’) Pp has D-width at most ¢5 s(h — 1,d’), and
(D) tw(G — R, Pg) < 2h1 —1.

Note that since F|g_r # 0 and G is connected, we have ' # (), and so Sy # (. Let C be the
family of all the connected components C' of G — (R U Sy) such that F|¢ # ().

Let C € C. Since C is disjoint from Sy and contains a member of F, by (A’), we have
Ng(V(C))NR = ). Moreover, by (B’) and because G is connected, G — V (C') has at most 2" —2
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connected components. Let G¢ be the graph obtained from G by contracting all the connected
components of G — V' (C) into single vertices, and let R be the set of the vertices resulting from
these contractions. Note that | Ro| < 2" — 2. Since Sy # 0, we have |V (G¢ — Re)| = |V (O)| <
|V(G — R)|, and so by the induction hypothesis applied to G¢, D|c, F|c, and R, there exists
Sc C V(Ge), and a tree partition (Ac, (Pcy | y € V(A))) with A¢ rooted in ac € V(Ac)
such that

(@) Rc = Poac
(0’) V(F)NS # ( forevery F € F¢,

(¢’) for every connected component C’ of Go — Sc, Ng (V(C")) intersects at most oh+l _ 4
connected components of G — V (C'), and

(d”) forevery y € V(Ac) \ {ac}, there exists a partition Pc,, of Pc, such that

(i) tw(Gey, Poy) <2"71 —1,and
(i) Pc,y has D|c-width at most ¢5 6.1 (h, d),
where G ¢y is the subgraph of G¢ induced by the union of Ucy = U.cv (4

V(C") for all the connected components C’ of G¢ — S¢ such that N, (V' (
We fix such a partition Pc .

) PC,Z Wlth
)) - UC,y-

Cyy
!

We suppose that the trees A¢ for C' € C have disjoint vertex sets, and that a, ag are fresh vertices.

Let A be the tree rooted in a defined by

V(4) = {a,a0} U |J (V(Ac) \ {ac})

cecC
and
E(A) ={aap} U U (E(Ac —ac)U{aoy | y € Na.(ac)}).
CceC
Then, let

Pa:Ra Pa():SOa 7)ao:,PO7
and for every C' € C, forevery y € V(Ac — ac), let
Py = FPoy, Py=TPcy.

Finally, let
S=RUSyU U (Sc \ Re).
ceC

Note that, as wanted, { P, | z € V(A)} is a partition of S.
We claim that (A, (P, | x € V(A))) is a tree partition of (G, S). Let uv be an edge of G[S].
We want to show that there exists y, z € V(A) adjacent or identical such thatu € A, and v € A..

If u € R, then v € Ugee V(C) by the definition of C. Hence, v € RU Sy = P, U P,,. Now
suppose that u,v ¢ R. If u,v € Sp, then we are done. Otherwise, without loss of generality,
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v € V(C) for some C € C. If u € Sp, then let r € R¢ be the vertex in G¢ resulting from the
contraction of the connected component of u in G — V' (C). Then, rv is an edge in G¢[S¢]. Since
(Ac, (Poy |y € V(Ag))) is a tree partition of (G¢, S¢), and because Pc o, = Rc, there exists
y € Na,(ac) such that v € Pg,,. It follows that v € Py, u € P,,, and apy € E(A). Finally,
suppose u ¢ Sp, and so u, v € V(C'). Then uv is an edge of G¢, and so there exist y, z € F(A¢)
adjacent or identical such that v € Pc, and v € Pc .. Moreover, since u,v € Rc, y,z # ac.
Hence y and z are either adjacent or identical vertices of A, and u € Py, v € P..

Let C’ be a connected component of G—S. Let C be the connected component of G—(RUS))
containing C’. We want to show that there exists y,z € V(A) adjacent or identical such that
Ne(V(C") € Py,UP,. IfC & C, then C = C’, and so Ng(V(C")) = Ng(V(C)) € RU
So = P, U P,, and we are done. Now suppose C' € C. Then C’ is a connected component
of Go — Sc. Since (Ac, (Pcoy | v € V(Ag))) is a tree partition of (G¢, Sc), there exists
y,z € V(Ac) adjacent or identical such that N (V(C")) C Pc, U Pc .. If y, 2z # ac, then
N¢(V(C") = Ng.(V(C") C PcyU P, = P, U P, and we are done. If y = a¢ and 2 # ac,
then Ng(V(C)) C SoU Pe, = P,, U P;. Finally, if ¢ = y = ac, then Ng(V(C)) C Sy = Py,.
This shows that (A, (P, | € V(A))) is a tree partition of (G, S).

We now prove (a) to (d). Item (a) holds by construction. To show (b), consider F' € F.
If F intersects R U Sp, then V(F) NS # (). Otherwise, let C' be the connected component of
G — (R U Sp) containing F. Since F' € F|¢, we have C € C. Then by (b’), V(F) N S¢ # 0.
Since V (F) is disjoint from R¢, we conclude that V (F') NS # (). This proves (b).

Let C' be a connected component of G — S. We want to show that Ng(V (C")) intersects
at most 2! — 4 connected components of G — V(C”). Let C be the connected component of
G—(RUSy) containing C". If C' & C, then C = C’. In particular, N(V (C")) C RUSy. Then, by
(B"), Ng_r(V(C)) intersects at most 2" —2 connected components of G —(RUV (C')). Moreover,
|R| < 2" — 2. We deduce that Ng(V(C")) intersects at most (2" — 2) + (2" — 2) = 2"+l 4
connected components of G—V (C”). Now assume that C' € C. Then C" is a connected component
of G — Sc, and by (¢’), Ng.(V(C")) intersects at most 2! — 4 connected components of
Ge — V(C'). Since G¢ was obtained from G by contracting some connected subgraphs, we
deduce that Ng(V (C")) intersects at most 2"+1 — 4 connected components of G — V' (C’). This
proves (c).

Lety € V(A) \ {a}, let Uy = U.cy(a,) P> and let Gy be the subgraph of G induced by the
union of U, with all the connected components C' of G — S such that No(V (C)) N U, # 0. If
y = ap, then G, C G — R, and so by (D), tw(G — R, P,,) < 2h=1 _1 and Pa, has D-width at
most ¢56(h — 1,d’) < ¢56.1(h,d) by (C"). Now suppose that y # ag. Hence there exists C' € C
such that y € V(A¢) \ {ac}. Then Gy, = G¢y, and so by (d), tw(Gy, Py) < 271 — 1 and P,
has D|c-width, and so D-width, at most ¢5 s(h — 1, d). This proves (d), and concludes the proof
of the claim. O

We can now deduce the following claim, which corresponds to excluding K & Uj,_1 4 instead
of Uy, 4 in the theorem. The proof consists in applying Claim 5.6.1, and combining the obtained
small tree decompositions of (G, P,) into a tree decomposition of (G, P) for a suitable P.

Claim 5.6.2. Let d be a positive integer. For every graph G, for every tree decomposition D of G,
for every family F of connected subgraphs of G, if there is no F-rich model of K1 ® Uy_1 4 in G,
then there exists S C V(G) and a partition P of S such that
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(@) V(F)NS # 0 for every F € F,

(b) for every connected component C of G — S, Ng(V (C)) intersects at most 21 — 4 con-
nected components of G — V(C),

(¢) P has D-width at most c5 ¢ 1(h, d), and
d) tw(G,P) < 2h —2.

Proof of the claim. Let G be a graph, let D = (T, (W, | € V(T'))) be a tree decomposition
of GG, and let F be a family of connected subgraphs of GG such that G has no F-rich model of
K1 & Up-1,4.

First suppose that G is connected. By Claim 5.6.1 applied for R C V(&) being an arbitrary
singleton, there exists S C V(G), a tree partition (4, (P, | y € V(A))) of (G, S) with A rooted
in a such that

5.6.1.(a) R= P,
5.6.1.(b) V(F)NS # () forevery F' € F,

5.6.1.(c) for every connected component C of G' — S, Ng(V(C)) intersects at most 2! — 4 con-
nected components of G — V' (C'), and

5.6.1.(d) forevery y € V(A)\ {a}, there exists a partition P, of P, such that

(i) tw(Gy,Py) < 2"~ —1,and
(i) P, has D-width at most c5 6.1 (h, d),
where G, is the subgraph of G induced by the union of Uy, = |, ( ,) Pz with V(C) for

every connected component C' of G — S such that Ng(V(C)) N 75 (). We fix such a
partition P,.

Suppose that A, (P, | y € V(A)),(Py | v € V(A) \ {a}) are as above and with |V (A)] is
maximal. This is well defined because P, # () for every y € V(A), and so |V (A4)| < |[V(G)].

We claim that G, is connected for every y € V(A) \ {a}. Suppose otherwise, and consider a
vertex y € V(A)\{a} with G, not connected. Let C be the family of all the connected components
of G,. Let A’ be the tree rooted in a defined by

V(A) = (V(A\V(4) U{(z,C) |z € V(4), P.NV(C) # 0}
E(A") = E(A-V(4y))
U{(z,C)(7,C) | 22" € E(4,),C €C,P.NV(C)#0,P, NV(C) # 0}
U {p(A,1)(5,C) | C € C, B, NV(C) # 0},

Less formally, we split A, in |C| copies, and we remove the vertices in the resulting trees corre-
sponding to empty parts. One can check that, because G is connected, A is indeed a tree. Then,
forevery z € V(A) \ V(4y), let

P.=P,, and P.=7P,ifz+#a,



5.2 — Proof of Theorem 5.1 121

and for every z € V(A,), for every C € C with P, NV (C) # 0, let
Ploy=P.NV(C), and P( o ={UNV(C)|U € P, UNV(C)#0}.

It is then straightforward to show that A’, (P | z € V(A")),(P. | z € V(4') \ {a}) satisfy
5.6.1.(a) to 5.6.1.(d). Moreover, for every z € V(A’), there exists f(z) € V(A) such that P, C
Py (.). Since P, # () for every y € V/(A), f: V(A’") — V(A) is surjective. Additionally, because
G is connected, there exists C, C’ € C distinct such that V/(C')NP, # 0 and V (C")NP, # (), which
implies (y,C), (y,C") € V(A’) and f((y,C)) =y = f((y,C")). Therefore, f is surjective but
not injective, and so |V (A’)| > |V (A)|, which contradicts the choice of A, (P, | y € V/(A)), (Py |
y € V(A) \ {a}). Therefore, G, is connected for every y € V(A) \ {a}.

Let
P={R}U |J P,
yeV(A—a)

Items 5.6.1.(b) and 5.6.1.(c) directly imply (a) and (b). Moreover, (c) follows from 5.6.1.(d) and
the fact that R is a singleton.

We now show (d). Lety € V(A). If y # a, then by 5.6.1.(d), tw(G,, P,) < 2"~1 — 1. If
y = a, then tw(G,P,) < 1 < 271 — 1 as well since S, = R and P, = {R}. In both cases, let
(T, (Wy.» | z € V(Ty))) be a tree decomposition of (G, P,) of width less than 271 — 1.

Lety € V(A) \ {a}, and let 3/ be the parent of y in A. Pick s, € V(T,)) arbitrarily. Since
(Ty,(Wy | z € V(T,))) is a tree decomposition of (G, P,/), and because G, is connected,
there exists z, € V(T}/) such that Ng(V(Gy)) € U W, ., . Then for every z € V(T),), let

WZ = Wyvz U Wylvzy'

Moreover, for every z € V(T,), let W, = W, .. We assume that the trees T, for y € V(A) have
pairwise disjoint vertex sets.
Finally, let T" be the tree defined by

vr) = {J V(1)

yeV(A)

and

E(T)=E(T)u | (BE(T,)U{syz}).
yeV(A)\{a}

We claim that (T, (W, | 2 € V(T))) is a tree decomposition of (G, P). First, we show that
for every u € S, the set {x € V(T) | u € UW,} induces a nonempty connected subtree of
T. Letu € Sandlety € V(A)such thatu € Py = |JP,. Let X be the set {z € V(T |
u € UW.}. Since (T, (Wy . | z € V(T}))) is a tree decomposition of (G, P, ), the set
Xo={z € V(Ty) | v € UW,/ .} induces a nonempty subtree of 7}y. Since Xy C X, this
implies that X is nonempty. Now, every vertex x € X \ X, belongs to V (T},) for some child y of
y’ in A such that u € |J W,y . , which implies z, € Xo. Therefore,

X =XU U V(Ty),
ychildof y',u € (W, .,
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and for every y child of 3 with u € JW,y ., there is an edge in T between Xo and V(7))
(namely s, z,). This implies that X induces a nonempty connected subtree of 7'.

Second, we show that every edge of G[S] lies in the union of a bag. For every edge uv of
G[S], since (A, (P, | x € V(A))) is a tree partition of (G, S), there exists y,y’ € V(A) identical
or adjacent such that uw € Py and v € Py. If y = ¢/, then since (T, (W, | z € V(T}))) is a tree
decomposition of (G, P ), there exists z € V(T},) such that u,v € |JW, ., and so u,v € JW..
Now suppose that y # y'. Without loss of generality, 3/ is the parent of y in A. Since (T}, (W, |
z € V(Ty))) is a tree decomposition of (G, Py), there exists z € V(T},) such that v € W, ..
Then, since u € Ng(V(Gy)), u € UW,y ., and so u,v € YWy, . UWy, . ) = UW,.

Third, we show that the neighborhood of every connected component of G — S is contained
in the union of a bag. For every connected component C of G — S, since (A, (P, | x € V(4))) is
a tree partition of (G, S), there exists y,y’ € V(A) identical or adjacent such that N (V (C)) C
P,UP,. If y =y, then since (T, (Wy,. | z € V(T}))) is a tree decomposition of (G, Py),
there exists z € V(1) such that Ng, (V(C)) € UWj,., and since Ng(V (C)) = Ng,(V(C)),
we conclude that N (V(C)) € UW, . € UW.. Now suppose that y # y'. Without loss of
generality, ¢/ is the parent of y in A. Since (T, (W, | z € V(Ty))) is a tree decomposition of
(Gy, Py), there exists z € V(Ty,) such that Ng, (V(C)) € UW,,.. Then, since Ng(V(C)) C
Ng,(V(C)) U Ng(V(Gy)), and Ng(V(Gy)) € U W, ., we conclude that

Ne(V(C) € Wy UWy.,) = [JW..

This proves that (7', (W, | z € V(T'))) is a tree decomposition of (G, P).
Finally, by construction, every bag of (T, (W, | z € V(T))) has size at most 2(2"~1 — 1) =
2h — 2. This proves (d) and concludes the case G connected.

Now suppose that G is not connected. Let C be the family of all the connected components
of G. Let C' € C. By applying the previous case to C, D|¢, F|c, there exists Sc € V(C') and a
partition P¢ of S¢ such that

@) V(F)NS # () forevery F' € F

C?

(b*) for every connected component C’ of C' — S, No(V(C")) intersects at most 2+ — 4
connected components of C' — V (C"),

(c’) Pc has D-width at most ¢ 6.1 (h, d), and
(@) tw(C,Pc) < 2h — 2.

Let

S={JSc and P= ] Pc.
cec ceC

Then (a), (b), and (c) directly follow from, respectively, (a’), (b’), and (c’). Finally, it is a conse-
quence of the definition of tree decompositions of (G, P) that

tw(G,P) < rggé(tw(c, Po) < 2 —2.

This proves the claim. O
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We can now finish the proof of the theorem. Let
C5,6(h, d) = max{2d — 3, C5_6,1(h, d)}

Let G be a graph, let D = (T, (W, | « € V(T))) be a tree decomposition of G, and let F
be a family of connected subgraphs of G, such that G has no F-rich model of U, 4. If G is
not connected, then we apply the induction hypothesis to every connected component C' with the
family F|c. This gives a set Sc C V(C) and a partition Pc of Sc. Then, S = J- Sc and
P = Uc Pc are as desired. Now assume that GG is connected. By Lemma 5.3, we assume that D
is natural.

Recall that U}, 4 consists of d connected components isomorphic to K1 ® Up_1 4. Let F " be
the family of all the connected subgraphs H of G such that H contains an JF|g-rich model of
K1 ® Up—1,4. Since G has no F-rich model of Uj, 4, there are no d pairwise disjoint members
of F'. Hence, by Lemma 1.17 and Lemma 5.4, there is a set Z C V(G) which is the union of
2(d — 1) — 1 = 2d — 3 bags of D that intersects every member of F’, and for every connected
component C of G — Z, Ng(V(C)) intersects at most two connected components of G — V (C).
Observe that by construction, G — Z has no F|g_z-rich model of K; @ Uj_1 4. Hence, by
Claim 5.6.2, there exists Sy C V(G) and a partition Py of Sy such that

5.6.2.(a) V(F)N Sy # () forevery F € Flg_z,

5.6.2.(b) for every connected component C of G—(ZUSy), Ng_z(V (C)) intersects at most 2"+1 —4
connected components of G — V (C),

5.6.2.(c) Py has D-width at most ¢5 6.1 (h, d), and
5.6.2.(d) tw(G — Z,Py) < 2" — 2.
Then, let
S=7ZUSy and P={Z}UPp.

We now prove that S and P satisfy (A) to (D).

For every F' € F, either V(F) N Z # ), or F € F|g_z, which implies V(F) NSy # () by
5.6.2.(a). This proves (A).

Let C be a connected component of G — S. Let C’ be the connected component of G — Z
containing C. Then Ng(V(C")) intersects at most two connected components of G — V(C”)
by the definition of Z, and Ng_z(V(C)) intersects at most 2"T! — 4 connected components of
G — (ZUuV(0)) by 5.6.2.(b). Hence Ng(V(C)) intesects at most 2 + 2"+1 — 4 = 2h+1 9
connected components of G — V(C). This proves (B).

Since Py has D-width at most ¢ 6.1 (h, d), and because Z is included in the union of at most
2d — 3 bags of D, we deduce that P has D-width at most c; (h, d). This proves (C).

Finally, since P = {Z} U Py,

tw(G,P) < 1+tw(G — Z,Py) <1+2" —2=2"—1.

This proves (D) and concludes the proof of the theorem. O
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In this chapter, we prove generic bounds on three families of graph parameters, namely the
centered chromatic numbers, weak coloring numbers, and fractional treedepth-fragility rates. The
impatient reader interested only in centered colorings in K;-minor-free graphs can read the pre-
liminaries (Section 6.1) and then directly Section 6.9, up to Section 6.9.3. First, we recall the
definitions of these families of parameters. See Section 1.3.3 for a proper introduction.

Let G be a graph, let ¢ be a positive integer, and let C' be a set of colors. A coloring
v: V(G) — C of G is g-centered if for every connected subgraph H of G, either ¢ uses more
than ¢ colors on V' (H), or there is a color that appears exactly once on V(H). The g-centered
chromatic number of G, denoted by cen, (G), is the least nonnegative integer & such that G' admits
a g-centered coloring using k colors.

Let G be a graph, let II(G) be the set of all vertex orderings of G, let o € II(G), and let ¢ be
a nonnegative integer. For all v and v vertices of (G, we say that v is weakly q-reachable from u in
(G, 0), if there exists a path P between u and v in G containing at most ¢ edges such that for every
w € V(P),v <, w. Let WReach[G, 0, u] be the set of vertices that are weakly g-reachable from
win (G, o). The g-th weak coloring number of G is defined as

weoly(G) = min  max | WReach[G, o, 1]
c€ll(G) ueV(G)

Let GG be a graph and let g be a positive integer. The ¢-th fractional treedepth-fragility rate of
G, denoted by ftdfr,(G), is the minimum positive integer £ such that there exists a family ) of
subsets of V' (G) such that

(i) td(G —Y) < kforevery Y € );

(ii) there exists a probability distribution A on ) such that for every u € V(G), we have
ZUEYE.)} A(Y) < %

To determine the growth rates of these parameters in minor-closed classes of graphs, we intro-
duce two graph parameters, the rooted 2-treedepth and simple rooted 2-treedepth. We now recall
their definitions.

Let X be a class of graphs. We define T(X) as the class of all the graphs G such that there
is a rooted forest decomposition (F, (W, | x € V(F'))) of G of adhesion at most 1 such that for
every z € V(F), G[Wy; \ Wy (pe)| € X if 2 is not aroot, and [W,| < 1if x is a root. We define,
for every nonnegative integer t, the classes R+ and S; by

only the null graph if¢ =0, only the null graph if¢ =0,
Ry = all edgeless graphs %f t=1, and S, — all e.dgeless graphs %f t=1,
all forests ift =2, all linear forests ift =2,
T(R¢—1) ift > 3, T(S:-1) ift > 3.

We are ready to define the two key parameters, namely, rooted 2-treedepth (denoted by rtda(-))
and simple rooted 2-treedepth (denoted by srtds(-)). For every graph G, let

rtde(G) = min{t € N | G € R},
srtda(G) = min{t e N | G € &}

In this chapter, we prove the following bounds on centered chromatic numbers, weak coloring
numbers, and fractional treedepth-fragility rates in minor-closed classes of graphs.
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Theorem 1.34. For every integer t witht > 2, for every graph X, there exists an integer c such
that, for every X -minor-free graph G, for every integer q with q > 2, if srtda(X) < t, then

ceng(G) < c- ¢t
ceng(G) < ¢ (tw(G) + 1) - ¢" %
and if rtda(X) < tandt > 3, then
ceny(G) < c- ¢ tlogyq,
ceny(G) < ¢ (tw(G) +1) - ¢ %logq.

Theorem 1.35. For every integer t with t > 2, for every graph X, there exists an integer c such

that, for every X -minor-free graph G, for every integer q with q > 2, if srtde(X) < t, then
weoly(G) < c- ¢,
weoly(G) < - (tw(G) + 1) - ¢%;

and if rtda(X) < t, then

¢ (tw(G) +1)-¢"%logg.

Theorem 1.36. For every integer t with t > 2, for every graph X, there exists an integer c such

that, for every X -minor-free graph G, for every integer q with q > 2, if srtda(X) < t, then
ftdfry (G) < c- ¢,
ftdfr, (G) < c- (tw(G) + 1) - ¢'7%

and if rtda(X) < t, then

ftdfry(G) < c- ¢ tlogyq,
ftdfr, (G) < ¢ - (tw(G) + 1) - ¢ 2 log q.

The final proofs of these theorems are given in, respectively, Sections 6.7 to 6.9. These three
theorems, together with known lower bounds (see Appendix A), yield the following classification
of growth rates of centered chromatic numbers, weak coloring numbers, and fractional treedepth-
fragility rates in minor-closed classes of graphs.

Corollary 1.37. Let par € {cen,wcol, ftdfr}, let X be a nonempty family of nonnull graphs,
and let C be the class of all graphs G such that X is not a minor of G for all X € X. Let
s = min{srtde(X) | X € X} and t = min{rtda(X) | X € X'}. For every integer q with q > 2

o ift <1lor(s,t)=1(2,2), then

max par,(G) = O(1),

e if(s,t) =1(2,3), then

G p—
max par, (G)

o(g)  ifpar=cen,
©(logq) ifpar € {wcol, ftdfr},
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o if3 <t =s, then for every integer q with q > 2,

_9 -1
Q') < papan, () < O,

and moreover maxgec par,(G) = O(q'~2) if X contains a planar graph,
o if3 < t=s—1, then for every integer q with q > 2,

Q¢ log ¢) < max pary(G) < O(¢ " logg),

and moreover maxgec par,(G) = O(q¢'2log q) if X contains a planar graph.

Proof. An important observation is that maxgen. , par,(G) = td(G). If t < 1or (s,t) = (2,2),
then X’ contains a path, and so C has bounded treedepth by Proposition 1.12, and it follows that
maxgec par,(G) is bounded by a constant independent of g.

If (t,s) = (2,3), then X contains a forest, and so by Theorem 1.10, C has bounded treewidth.
First suppose par € {wcol,ftdfr}. Then, by Theorems 1.35 and 1.36, maxgec par,(G) =
O(log q). Moreover, since s > 3, every path is in C. It is a simple fact that paths have at least log-
arithmic weak coloring numbers and fractional treedepth-fragility rates, see [JM22] and [DS20].
Now suppose par = cen. Then, by Theorem 1.34 for ¢t = 3, maxgec ceng(G) = O(q). Again,
since C contains every path, C has unbounded treedepth. Therefore maxgec ceng(G) is not
bounded by a constant independent of ¢, and so maxgec ceng(G) > g + 1.

If 3 < ¢t = s, then, by Theorems 1.34 to 1.36, maxgec par,(G) = O(¢"™!). If more-
over X contains a planar graph, then C has bounded treewidth by Theorem 1.10, and so
maxgec pary(G) = O(¢'?). For the lower bound, by the definition of ¢ and s, we have
Ri—1 C C. But by the lower bounds recalled in Appendix A.l, there are graphs in R;_; with
par, in Q(q"~?), which gives the claimed lower bound.

If 3 < ¢ = s— 1, then, by Theorems 1.34 to 1.36, maxgec pary(G) = O(¢" *logq). If
moreover X contains a planar graph, then C has bounded treewidth by Theorem 1.10, and so
maxgec par,(G) = O(q*=21logq). For the lower bound, by the definition of ¢ and s, we have
St C C. But by the lower bounds recalled in Appendix A.1, there are graphs in S; with par, in
Q(q*~21og q), which gives the claimed lower bound. O

6.1 Preliminaries

We denote by £ the class of all the edgeless graphs.

An ordering of a finite set S is a sequence o0 = (z1,... ) T S‘) of all the elements of S. We
write min, S = z1, max, S = z|g|, and z; <, x; if and only if i < j, for every i,j € [|S]]-
A collection P of subsets of a nonempty set S is a partition of S if elements of P are nonempty,
pairwise disjoint, and | JP = S.

Let F' be a rooted forest. For a vertex € V(F), we denote by F, the subtree induced
by all the descendants of z in F. An elimination ordering of a tree T rooted in s € V(T) is
an ordering (z1,...,zy(r)) of V(T) such that ;1 = s and for every i € {2,...,[V(T)l},
N(zi) N {xj | j € [i =11} = {p(T,z:)}.

Let G1, G2 be two graphs. We denote by G LI GG, the disjoint union of G; and G2, and by
G1 ® G the graph obtained from G LI G2 by adding all possible edges with one endpoint in
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V(G1) and the other in V' (G2). For every positive integer k, for every graph G, we write k - G for
the union of % disjoint copies of G.

A tree partition of a graph G is a pair (T',P), where T is a rooted tree and P = (P, | = €
V(T)) is a partition of V(G) such that for every edge uv in G either there is x € V(T') with
u,v € P, or there is an edge xy in T with u € P, and v € P,. A tree partition of (G, S), where
G is a graph and S C V(G) is a tree partition (T, (P, | € V(T))) of G[S] such that for every
connected component C of G — S, there exists an edge xy in 7" such that Ng(V (C)) C P, U P,
Recall that a path partition of G (resp. (G, S)) is a tree partition (T, (P, | z € V(T)))) of G (resp.
(G, S)) where T is a path.

Let W = (T,(W, | © € V(T))) be a tree decomposition of a graph G. An elimination
ordering of W is an ordering (u1, ..., uy(g)|) of V(G) such that for every i € [|[V(G)]], there
exists z € V(T') such that

W [ zeV(T)andw; € W N {u; | eli—1]} CW,.!

We conclude this section by introducing the notion of layered Robertson-Seymour decom-
positions. Recall that a layered tree decomposition of a graph G is a pair (W, L) where
W = (T,(W, | « € V(T))) is a tree decomposition of G, and £ = (L; | i € N) is a layer-
ing of G. The width of (W, L) is max |[W, N L;| overallz € V(T') and ¢ € N.

For a graph G, a tree decomposition W = (T, (W, | x € V(T))), and x € V(T), the
torso of W, in G, and W, denoted by torsog v (W;), is the graph with the vertex set W, and
where two distinct vertices u, v are adjacent if uv € E(G), or there exists y € Np(z) such
that u,v € W, N W, 2. For a graph G and a positive integer c, a layered Robertson-Seymour
decomposition of G (layered RS-decomposition for short) of width at most c is a tuple

(T, W, A, D, L)
where 7' is a tree, and
(rsl) W = (T, (W, | z € V(T))) is a tree decomposition of G of adhesion at most c;
(rs2) A= (A, |z € V(T)) where A, C W, and |A,| < cforevery x € V(T);

(rs3) D = (D, | © € V(T)) where D, = (Ty, (D | z € V(T}))) is a tree decomposition of
torsog w(W,) — A, forevery x € V(T);

(rs4) L= (Ly |z € V(T)) where L, = (L, | i € N) is a layering of torsog w(W,) — A, for
every z € V(T'); and

(Irs5) |Dg N Lyl < cforallz € V(T), z € V(Ty),and i € N.

See Figure 6.1. Dujmovié, Morin, and Wood proved in [DMW 17] that, for every fixed positive
integer ¢, K;-minor-free graphs admit such decompositions with bounded width.

Theorem 6.1 ((DMW 17, Theorem 22 and Lemma 26]). For every positive integer t, there is a
positive integer cirs(t) such that every K-minor-free graph admits a layered RS-decomposition
of width at most cprs(t).

YEquivalently, (u1, ..., u|v(¢)|) is an elimination ordering of W if and only if it is a perfect elimination ordering of
the chordal graph obtained from G by adding all possible edges between vertices in a same bag W, for every x € V(T').

ZNote that this definition of torso coincides with the graph torsog(W.,B) defined in Chapter 2 for B =
{USEV(S) W, | S connected component of T' — z}.



130 CHAPTER 6 — Centered colorings and weak coloring numbers

Figure 6.1: A bag W, of W in a layered RS-decomposition (7, W, A, D, L) of
width at most c. The set A, (in red) is included in W,. The graph torsogw (Wy) —
A, has alayering £, (in purple), and a tree decomposition D, (in green). Note that
foreveryy € V(T') \ {z}, (W, NW,)\ A, is a clique in torsog w(W,) — Az, and
S0, it is contained in a single bag of D, and in at most two layers of L.

6.2 The abstract framework

The proofs of our main theorems (Theorems 1.34 to 1.36) are by induction on (simple) rooted
2-treedepth. We present an abstract framework which will encapsulate the induction step for the
three considered families of parameters (cen, wcol, and ftdfr).

6.2.1 Families of focused parameters
Let Z be the family of all pairs (G, .S) where G is a graph and S C V(G). We call a family
par = (par,: Z — [0,00) | ¢ € Nxo)

a family of focused parameters®.

The following definition encapsulates the properties that a family of focused parameters has
to satisfy so that the abstract induction step can be performed.

We say that a family of focused parameters is nice if there exist positive integers b and b’ such
that for every positive integer ¢ and every (G, S) € Z, we have

(z1) par (G, S) < par,(C,SNV(C)) for some connected component C of G;
(z2) par (G, S) < [S],
(z3) par,(G,51 U S2) < parq(G, S1) + parq(G — 51, S9) for all disjoint S1, S C V(G);
(z4) for every tree partition (T, (P, | x € V(T)))) of (G, S),
par,(G,S) <b'(g+1)- nax pary, (Gy, Py)
where for every x € V(T'), G, is the subgraph of G induced by the union of U, = [J{P; |

z € V(T)} and all the vertex sets of the connected components of G — S having a neighbor
in U,.

3In a slight abuse of notation, we write par, (G, S) instead of par ((G, 5)).
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In Section 6.3, we define focused versions of ceng(-), wcoly(-), and ftdfr,(-); and we show that
these family of focused parameters satisfy (z1)-(z4). Therefore, the abstract theorems, that we will
state at the end of this section, can be applied to prove the induction step of our main theorems.

6.2.2 Coloring elimination property

To bound the growth rate of our families of focused parameters in minor-closed graph classes, we
rely on the structure of the excluded minors — namely, rooted 2-treedepth and/or simple rooted 2-
treedepth. The families with bounded rtds and srtds are built inductively in the same manner and
they differ only in the base cases. Therefore, we extract the main property of these two parameters
to characterize a family X of graphs for which the inductive step of our main theorems would
apply.

Let X be a class of graphs. We say that A" has the coloring elimination property if, for every
positive integer k, for every X € X, there exists Y € X such that for all sets Si,...,S; C V(Y)
such that U, Si = V(Y), there exists i € [k] such that there is an S;-rooted model of X in Y.
In this case, we say that Y witnesses the coloring elimination property of X’ for X and &.

In Lemma 6.21, in Section 6.4, we show that, for every positive integer ¢, R; and S; have the
coloring elimination property.

6.2.3 The abstract induction step

The general idea of the abstract statement below is the following. Consider a nice family of
focused parameters par,. Let X be a class of graphs like R; or ;. We would like to proceed
by induction on the structure of excluded minors (on t) by showing that, if, for every fixed X €
X, par, is in O(g(g)) in X-minor-free graphs for some function g, then par, is bounded by
O(q - 9(q)) in X'-minor-free graphs, for every fixed X’ € T(X) (recall that R;+1 = T(R;) and
Si+1 = T(S;)). To this end, we reinforce our induction hypothesis by introducing the notion of
(par, X')-bounding functions.

Let par be a family of focused parameters and let X be a class of graphs. A function g: Ny —
Ns ¢ is (par, X)-bounding if for every positive integer k, there exists a nonnegative integer « such
that for every graph X € X, there exists a nonnegative integer 5(X) such that for every positive
integer ¢, for every K-minor-free graph G, for every family F of connected subgraphs of G, if
G has no F-rich model of X, then there exists S C V(G) such that

(gl) SNV(F) # 0 forevery F' € F;

(g2) for every connected component C' of G — S, Ng(V(C)) intersects at most « connected
components of G — V(C);

(g3) par,(G,S) < B(X) - g(q).

In this case, when £ is fixed, we say that « and [(-) witness g being (par, X')-bounding. Essen-
tially, we require that excluding an F-rich model of a graph X in G implies the existence of a set
S C V(G) hitting F such that the parameter focused on S is bounded.

Now we can state the main abstract statement of this section.

Theorem 6.2. Let par be a nice family of focused parameters, let X be a class of graphs having the
coloring elimination property and closed under disjoint union and leaf addition. Let g: N~g —
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Nso be a function. If g is (par, X)-bounding, then there exists a positive integer b such that
q— q- g(bg) is (par, T(X))-bounding.

In practice, we split this induction into the two following steps.

Theorem 6.3. Let par be a nice family of focused parameters, let X be a class of graphs having
the coloring elimination property, and let g: N~o — N. If g is (par, X')-bounding, then there
exists a positive integer b such that ¢ — q - g(bq) is (par, A(X))-bounding.

Theorem 6.4. Let par be a nice family of focused parameters, let X be a nonempty class of
graphs closed under disjoint union and leaf addition, and let g: N~o — Nxq. If g is (par, A(X))-
bounding, then g is (par, T(X))-bounding.

Clearly, Theorems 6.3 and 6.4 imply Theorem 6.2. We prove Theorems 6.3 and 6.4 in Sec-
tion 6.5. To deduce Theorems 1.34 to 1.36, we will choose carefully the families (par, | ¢ € N>)
of focused parameters to consider, and show that the desired function (typically ¢ — ¢‘~2log q or
q — ¢'~2)is (par, R;)-bounding or (par, S;)-bounding. To do so, we proceed by induction on
t. The base cases are proved in Sections 6.6 to 6.9, while the induction is carried out by Theo-
rems 6.3 and 6.4. The plans of these final proofs is depicted in Figures 6.2 and 6.3. We did not
depict the plan for the part of Theorem 1.35 corresponding to graphs of unbounded treewidth, but
the argument is very similar.

6.3 The considered nice families of focused parameters

In this section, we define the families of focused parameters we will consider in order to prove
Theorems 1.34 to 1.36, and we prove that they are nice.

6.3.1 Weak coloring numbers

Let G be a graph, let ¢ be a nonnegative integer, let S C V/(G), let o be an ordering of S,
let w € V(G), and let v € S. We say that v is weakly q-reachable from u in (G,S,o) if
there is a (u,v)-path P in G of length at most ¢ such that min,(V(P) N S) = v. We denote
by WReachy[G, S, o, u] the set of all the weakly g-reachable vertices from u in (G, S, o) and
we write weoly (G, S,0) = max,cy(q) | WReach,[G, S, o, u]|. Finally, let weoly(G, S) be the
minimum value of wcol,(G, S, o) among all orderings o of S. For each of the defined objects,
we drop S when S = V/(G). Namely, v is weakly g-reachable from u in (G, o) whenever v
is weakly g-reachable from u in (G, V(G), o), WReach[G, 0, u] = WReach,[G, V(G), o, u],
weolg (G, o) = weoly (G, V(G),0), and weoly(G) = wceoly (G, V(G)). This matches the defini-
tion given in Chapter 1. See an illustration in Figure 6.4.

Next, we state some simple observations concerning weak coloring numbers. Ultimately, we
will show that (wcol, | ¢ € N5 ) is a nice family of focused parameters.

Observation 6.5. Let G be a graph, let S C V(QG), and let C be the family of the connected
components of G. For every positive integer q, we have

weoly (G, S) = rélzeiécwcolq(C, SNV (C)).
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ar,: (G,5) —
t“( ) 5 ftdfr, (G, S) m weoly (G, S) Max, (4, )-good C€Nq (G, ¥, )
Lemmas 1.17 and 5.4 Lemmas 1.17 and 5.4  Definition of (g, ¢)-good colorings
q — 1is (par, £)-bounding ceccccoce
M/ Theorem 6.23
q — 1is (par, S2)-bounding oo ooooeoe
\U{ Theorem 6.3
q — qis (par, A(S2))-bounding m
\U{ Theorem 6.24
q — q is (par, S3)-bounding
13
Theorem 6.3, t <t + 1
q—q s > qg— ¢ 2is
(par, S;)-bounding | & (par, A(S;—1))-bounding

Theorem 6.4

Figure 6.2: Road map for the proofs of Theorems 1.34 to 1.36 for the part corre-
sponding to excluding a graph in S;. We show that, for a carefully chosen nice
family of focused parameters (par, | ¢ € Nxg), ¢ — q'~2 is (par, S;)-bounding
for every integer ¢t with ¢ > 3. The main part of the induction consists in applying
Theorem 6.3 and Theorem 6.4. Since Theorem 6.4 can be applied to X = S;_;
only if t > 4 (because X should be closed under leaf addition), the cases ¢ = 2 and
t = 3 are proved separately. On the right hand is depicted a typical excluded rich
minor for each step of the base case.
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par, (G, S) =
m ftdfr, (G, S) m weoly (G, S) max,, (4, ¢)-good o4 (G, ¢, S)
Lemma 6.31 Lemma 6.40 Lemma 6.63

v =

q +— log(q + 1) is (par, R2)-bounding m

\V/
@ q +— qlog(q + 1) is (par, A(Rz2))-bounding
12
<+ 3
v Theorem 6.3, ¢ <t + 1
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Figure 6.3: Road map for the proofs of Theorems 1.34 to 1.36 for the part corre-
sponding to excluding a graph in R;. The base case corresponds to excluding a
graph in R, that is a forest.

Figure 6.4: The pink vertices correspond to the set .S. The vertices in S highlighted
blue are in WReachs|G, S, o, u].
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Observation 6.6. Ler G be a graph and let Sy, Sy be disjoint subsets of V(G). For every positive
integer q, we have

weoly (G, S1 U S) < weoly (G, S1) + weoly (G — S, .52).

Observation 6.5 is clear from the definition and to see Observation 6.6, it suffices to order all
the vertices of S before all the vertices of Ss.

To derive an upper bound on weak coloring numbers of trees, it suffices to root a given tree
and take an elimination ordering of the vertices. In such an ordering, for every positive integer q,
a vertex weakly g-reaches only its ¢ + 1 closest ancestors (including itself). See Figure 6.5.

Observation 6.7. Let T be a rooted tree. Let o be an elimination ordering of T'. Then
weoly(T,0) < g+ 1.

We extend this idea to tree partitions of graphs.

Figure 6.5: An example of an elimination ordering of a complete binary tree of
height 3.

Lemma 6.8. Let G be a graph, let S C V(G), let (T, (P, | x € V(T))) be a tree partition of
(G, S). Forevery x € V(T), let G,, be the subgraph of G induced by the union of U, = |J{P; |
z € V(Ty)} and all the vertex sets of the connected components of G — S having a neighbor
in U,. For every positive integer q, we have

weoly (G, S) < (g +1)- max weoly(Gy, Pr).

zeV(T)
Proof. Let q be a positive integer and let k& = max,cy (1) weoly(Gy, Pr). Let (z1,..., 2y (7))
be an elimination ordering of T'. For every x € V(T), let o, witness wcoly(G,, P;) < k. Let o
be an ordering of S = |,y () Pr obtained by concatenating 05, . . ., 0a;y () -

It suffices to show that wecoly(G,S,0) < (¢ + 1)k. Let w € V(G) and consider W =
WReachy[G, S, 0,u]. Assume that W # (. If u € S, let x(u) € V(T') such that u € Py,).
Otherwise, let C' be the connected component of w in G — S and let z(u) be the vertex of T’
furthest from root(7’) such that N (V(C)) intersects P,(,). Observe that for every xz € V(T),
W N P, € WReach,[Gy, Py, 05, u]. Moreover, if z is not among the closest g + 1 ancestors of
x(u) (including z(u) itself), then W N P, = (). Altogether, this implies that [W| < (¢ + 1)k as
desired. O
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Lemma 6.9. The family (wcol, | ¢ € Ng) is nice.

Proof. Observation 6.5 implies (z1), (z2) is clear from the definition, Observation 6.6 implies (z3),
and (z4) with ¥ = b = 1 follows from Lemma 6.8. ]

In Theorem 1.35, we give variants of each upper bound by trading off a ¢ factor for tw(G) + 1.
In order to obtain the bound depending on treewidth, we apply our techniques to the following
family of focused parameters.

Lemma 6.10. For every graph G, for every S C V(G), and for every positive integer q, let

par, (G, S) = weoly(G, S)

1
tw(G) + 2
The family of focused parameters (par, | ¢ € Nx) is nice.

Proof. Since tw(G) > —1 for every graph G, the parameters are well-defined. The family is nice
by monotonicity of treewidth under taking subgraphs and because the family (wcol, | ¢ € Nxg)
is nice by Lemma 6.9. O

6.3.2 Centered colorings

Let .S be a set. A coloring of S is a function ¢: .S — C for some set C. For each u € S, we say
that p(u) is the color of u and subsequently we say that ¢(S) is the set of colors used by . For
two colorings 1 and o of S, we define the coloring 1 X 9 of S, called the product coloring of
1 and @9, by (p1 X @2)(u) = (¢1(u), p2(u)) forevery u € S. Given S’ C S, an element u € S’
is a p-center of S” if the color of w is unique in S’ under ¢, in other words, p(u) ¢ ¢(S"\ {u}).
Let G be a graph. A coloring of G is a coloring of V(G). When H is a subgraph of G and ¢ is a
coloring of G, we denote by ¢y (), the restriction of ¢ to V/(H ). Recall that a coloring ¢ of G is
a g-centered coloring of G for a positive integer q if for every connected subgraph H of G, either
lp(V(H))| > qor V(H) has a p-center.

In the case of centered colorings, we consider a focused family of parameters defined on
precolored graphs.

Let g be a positive integer, let G be a graph, and let ¢ be a coloring of G. Forevery S C V(G),
we define ceny(G, ¢, S) to be the least nonnegative integer k& such that there exists a coloring
1 § — C for some cardinality % set C, such that for every connected subgraph H of G such that
V(H) intersects S, one of the following is true:

() |p(V(H))| > q,or
(i) [(¢ x )(V(H)NS)| > g, or
(iii) thereisa (¢ x v)-center of V(H) N S.

A crucial observation is that, if S = V(G), and if ¢ is such a coloring, then ¢ x v is a g-centered
coloring of G. We begin with a few straightforward observations on ceng(-, -, -).

Observation 6.11. Let G be a graph, let ¢ be a coloring of G, let S C V(G), and let C be the
Sfamily of all the connected components of G. For every positive integer q, we have

ceny(G, ¢, S) = Iélgé(cenq(C', elvic), SNV(0)).
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Observation 6.12. Let G be a graph, let p be a coloring of G, and let S1, S5 be disjoint subsets
of V(QG). For every positive integer q, we have

ceng(G, ¢, 51U S2) < ceng(G, ¢, S1) + ceng(G — S1, ply s, S2)-
Observation 6.13. Let G be a graph, let ¢ be a coloring of G, and let S C V(QG).
ceny(G, ¢, S) < |S].

Observation 6.11 follows just from the definition of cen,(G, ¢, S), i.e., each connected sub-
graph H of (G is a subgraph of a connected component of G. On the other hand, to see Observa-
tion 6.12, we use two disjoint sets of ceny (G, ¢, S1) and ceng (G — S1, 0|y @)\ s, 52) colors to
color respectively S and So. Finally, to see Observation 6.13 it suffices to take for ¢ an injective
coloring of S.

We will use very particular precolorings, namely (g, ¢)-good colorings (see Section 6.9.2.1).
However, in order to obtain a nice family of focused parameters we only require the following
property.

For every graph G, let ®¢ be a set of colorings of G. We say that the family ® = {®¢ |
G is a graph} is hereditary if for all graphs G and H such that H is a subgraph of G, for all
¢ € @, we have ¢|y (i) € Pp.

Lemma 6.14. Let & = (®p | H is a graph) be a hereditary family of sets of graph colorings. For
every graph G, for every S C V (G), and for every positive integer q, let

par, (G, S) = max{cen, (G, ¢, S5) | p € g}
The family (par, | ¢ € Nxo) is nice.

Proof. Let q be a positive integer, let G be a graph, let S C V(G), and let p € .

Since ® is hereditary, (z1) follows from Observation 6.11 and (z3) follows from Observa-
tion 6.12. Additionally, (z2) follows from Observation 6.13.

Let (T, (P, | x € V(T))) be a tree partition of (G, S) with T rooted in » € V(T'). For every
x € V(T), let G, be the subgraph of G induced by the union of U, = U{P; | z € V(T,)} and
all the vertex sets of the connected components of G — S having a neighbor in U,. Let ¢ € ®g
and let & = max{cen, (G, ¢lv(a,), Px) | * € V(T')}. For every x € V(T), let 1: Py — [k]
witness ceny (G, ¢ly(a,), Pr) < k. Lety: S — [k] x {0,...,q} be defined by

P(u) = (Yz(u),distp(r, z) mod (¢ + 1))

for every x € V(T') and for every u € P,.

We claim that ¢ witnesses cen, (G, ¢, S) < (¢ + 1)k. Consider a connected subgraph H of
G intersecting S. Let 2 be the vertex of T' closest to the root such that V(H) N P, # (). Observe
that H C (. Since 9, witnesses cengy (G, ply(q,), Px) < k, one of the following is true:
lp(V(H))| > qor|(p x ) (V(H) N Py)| > qorthere is a (¢ X 1p;)-center u of V(H) N P,
If one of the first two cases holds, the claim holds. Thus, assume that the latter holds. If « is a
(¢ x1p)-center of V(H)N.S, then again the claim holds. Otherwise, there exists y € V' (7T') distinct
from x such that

distp(r, z) = disty(r, y) mod (¢ + 1),
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and V(H) N Py # (. Since H is connected, x is an ancestor of y by the choice of z. Altogether,
this implies that dist7(z,y) > g and V(H) intersects P, for every z in the (z,y)-path in T". This
implies that |(p x ) (V(H)NS)| = |(V(H)NS)| > q. Therefore, 1) witnesses ceny (G, ¢, S) <
(¢+1)k. Since ¢ was an arbitrary coloring in ® ¢, we obtain (z4) with ' = b = 1. This concludes
the proof of the lemma. O

6.3.3 Fractional treedepth-fragility rates

In Chapter 3, we defined the focused graph parameter td(-,-). An equivalent definition is the
following. For every graph G and S C V(G), if C is the family of the connected components of
G, then

0 if $ =10,
td(G, S) = ¢ min,estd(G, S — {u}) +1 if G is connected, and
maxcec td(C,SNV(C))  if V(G) # 0 and G is not connected.

Straight from the definition, we have the following observation.

Observation 6.15. Let G be a graph, let S C V(G), and let C be the family of all the connected
components of G. We have

td(G, S) = rélggtd((;’, SNV(Q)).

Lemma 6.16. Let G be graph and let S1, S be disjoint subsets of V(G). We have
td(G, S U SQ) < td(G, Sl) + td(G — 51, SQ)

Proof. We proceed by induction on |V (G)|. If S; = 0, then the result is clear. Thus, assume
|S1| > 1. If G is not connected, then for every connected component C' of G, by the induction
hypothesis, td(C, (S1US2) NV (C)) < td(C,S1NV(C)) +td(C — (V(C)N Sy), 52NV (C)) <
td(G, S1) + td(G — S, S2). This implies the result by Observation 6.15. If G is connected, then
by the definition of td(G, S1), there exists v € S} such that td(G, S1) = 1 +td(G —u, S1 \ {u}).
By the induction hypothesis, we have td(G —u, (51 \ {u})US2) < td(G —u, S1\ {u}) +td(G —
S1, SQ) =td(G, S1)—1+td(G— 54, SQ). Since td(G, S1 USQ) < 14+td(G —w, (51 \ {u}) USa),
this implies the result. O

Lemma 6.17. Let G be a graph, let S C V(G), and let (T, (P, | x € V(T')) be a tree partition
of (G, S). We have
td(G,S) < h- td(Gg, P,
( ) ocrenva(}I{“) (Ga, Py)
where h is the vertex-height of T and for every x € V(T'), G, is the subgraph of G induced by the
union of Uy = \{P, | z € V(T})} and all the vertex sets of the connected components of G — S
having a neighbor in U,.

Proof. The statement is clear when S = (), hence, assume otherwise. We proceed by induction
on h. The statement is clear again when h = 1, hence, assume h > 2. By possibly removing
the vertex sets of all the connected components of GG disjoint from S, we suppose that every
connected component of G intersects S, and so G = G. Let k = max,cy () td(Gy, Pr) and
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let 7 be the root of T. For every child = of r, (T}, (P, | z € V(T}))) is a tree partition of
(Gz, SN V(Gy)). Since T;, has vertex-height at most h — 1, by induction, td(G,, SNV (G5)) <
(h — 1)max,cy (1) td(G2, P.) < (h — 1)k. By Observation 6.15, td(G — P, S — P) <
max{td(Gz, SNV (Gy)) |z € V(T —r),p(T,z) = r} < (h—1)k. By Lemma 6.16, td(G, S) <
td(Gy, Pr) +td(G — P, S — P,) < k+ (h— 1)k = h - k since G, = G. This concludes the
proof. O

Let ¢ be a positive integer, G be a graph, and S C V(G). The g-th fractional treedepth-
fragility rate of (G, S), denoted by ftdfr,(G, S), is the minimum nonnegative integer k such that
there exists a family ) of subsets of S such that

(i) td(G-Y,S\Y) < kforevery Y € ), and

(ii) there exists a probability distribution A on ) such that for every u € S, we have
ZuEYE)/ )‘(Y) < %

We say that a probability distribution satisfying (ii) is g-thin. In other words, the probability
distribution of a random variable Y taking subsets of S as values is g-thin if and only if Pr[u €
Y] < é for every u € S. We will use the following abbreviation. For a positive integer k, writing
that “a random variable Y witnesses ftdfr(G,S) < k”, we mean that Y takes values in the set
{Y €S |td(G—-Y,5\Y) < k} and the probability distribution of Y is g-thin. Furthermore,
slightly abusing notation, we sometimes write that Y satisfies some statement” where Y is a
random variable, by which we mean that the statement is satisfied for every element that can be a
value of Y.

Lemma 6.18. For every graph G, for every S C V(G), and for every positive integer q, let

1
— ftdfrg (G, 9).

par (G, S) = (@) 12

The family of focused parameters (parq | ¢ € Nsyo) is nice.

Proof. First, observe that, for every graph G, 1/(tw(G) + 2) is well-defined since tw(G) > —1.
Let G be a graph, let S C V(G), and let ¢ be a positive integer.

Let C be the family of the connected components of G. Let k = maxcec ftdfry(C, S N
V(C)). For every C € C, let Yo witness ftdfr,(C,S N V(C)) < k. Let Y = Upgee Yo
Using Observation 6.15, it is easy to verify that td(G —Y,S —Y) < k. Letu € Sandlet C € C
such that u € V(C'). Since the probability distribution of Y¢ is ¢-thin, we have Prju € Y] =
Priu € Y¢| < %. Thus, Y witnesses ftdfr,(G,S) < k. By definition of k, there is C' € C
such that ftdfr,(C, S N V(C)) = k. Therefore, by monotonicity of treewidth, par, (G, S) <
par,(C,SNV(C)), and so, (z1) holds.

To show (z2), consider a random variable Y that is always equal to the empty set. Then, since
td(G,S) < |S], and because for every u € S we have Prju € Y] = 0 < %, we deduce that Y
witnesses ftdfr, (G, S) < |S|, which gives (z2).

Let S1, S5 be disjoints subsets of S whose union is .S. By monotonicity of treewidth, in order
to obtain (z3), it suffices to prove that ftdfr, (G, S1US2) < ftdfr; (G, S1)+ftdfr,(G—S1, S2). Let
Y1 and Yy witness ftdfr, (G, S1) = kp and ftdfr, (G — S, S2) = ko respectively. Let Y = Y;UYs.
By Lemma 6.16,

td(G -Y,S— Y) < td(G -Y1,51 — Yl) +td((G — Sl) —Yq,85 — Yg) < ky + ko.
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Let w € S and assume that u € S; for some ¢ € [2]. Since the probability distribution of Y; is
¢-thin, we have Pr[u € Y] = Prlu € Y;] < %. It follows that Y witnesses ftdfr, (G, S) < ki + kg,
which completes the proof of (z3).

To show (z4), consider a tree partition (T, (P, | z € V(T))) of (G, S) with T rooted in
r € V(T). Forevery z € V(T), let G, be the subgraph of G induced by the union of U, =
U{P. | = € V(T,)} and all the vertex sets of the connected components of G — S having a
neighbor in U,. Let k = max,cy () ftdfray(Gs, Pr). For every x € V(T'), let Y, witness
ftdfroy (Ga, Py) < k.

For each i € [2¢|, let L; = {x € V(T) | distp(r,z) = i mod 2¢}. Let Y’ be a random vari-
able with the uniform distribution on the set {Uwe L, Pe |1 € [2q] }, andletY = Y'UU,cv (1) Ya-
For every z € V(T), let P, = P, — Y. Let F be the forest obtained from 7" by removing every
vertex € V(T) such that P, = (). We root each connected component of F in its vertex which
is the closest to r in T". Let C be a connected component of G — Y, and let T¢ be the subtree of
F such that V(C) N U,ey (to) Pz # 0. Observe that (Tc, (P, | z € V(T¢))) is a tree partition
of (C,(S —Y)NV(C)). Since Y’ contains all parts of vertices in T of the same depth every 2¢
layers, all trees in F have vertex-height at most 2¢ — 1. Therefore, by Lemma 6.17,

td(C, (S —Y)NV(C)) < (2¢ — 1) max td(Gy, Py)
CCEV(Tc)

<(2¢—1) max td(Gy — Yz, Py —Yz) < (2 — 1)k,
zeV(T)
where for each x € V(T'), G, is the subgraph of C induced by the union of U, = J{P, | z €
V((Tc)z)} and all the vertex sets of the connected components of C — (.S'\ Y) having a neighbor
in Ug.
Finally, let w € S and let € V(T') such that u € P,. By the definition of Y and because the
probability distribution of Y, is g-thin, the union bound yields

1 1 1
P Y| =P Y1+ P Yol < — 4+ —=-.
r[u € Y] rlu € Y]+ Pru € Y,] 2q+2q .
Therefore, (z4) holds with &' = b = 2. This concludes the proof of the lemma. OJ

6.4 Coloring elimination property of R; and S;

In this section, we show that R; and S; have the coloring elimination property for every non-
negative integer ¢. First, we show that the operators A and T preserve the property under some
mild assumptions (see Lemma 6.20). Therefore, to conclude, it suffices to check the base cases.
In general, we work with classes of graphs that are closed under taking minors. However, this
assumption is not necessary, as shown in the next lemma.

Lemma 6.19. Let X be a class of graphs. Let X' = { X' | X' is a minor of X for some X € X}.
The class X has the coloring elimination property if and only if X' has the coloring elimination

property.

Proof. Suppose that X’ has the coloring elimination property. Let k be a positive integer and let
X € X. LetY’ € X' witness the coloring elimination property of X’ for X and k (since X C X”).
By the definition of A", there is Y € &’ such that Y contains a model (B, | y € V/(Y”)) of Y. Fix
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S1,..., 8, € V(Y) whose union is V' (Y'). Forevery i € [k],let S = {y € V(Y") | B,NS; # 0}.
Since Usepy i = V(Y), we have U,y S; = V(Y'). Fix j € [k] and an S}-rooted model
(Br | * € V(X)) of X inY’. Forevery x € V(X), let D, = Uycp, B, By construction,
(Dg | z € V(X)) is an S;-rooted model of X in Y. Therefore, X" has the coloring elimination
property.

Next, suppose that X’ has the coloring elimination property. Let k be a positive integer and let
X' € X'. By the definition of X’, there is X € X such that X contains a model (B, | z € V(X))
of X’. Let Y € X witness the coloring elimination property of X for X and k. Observe that
Y € X'. Fix S1,...,S; € V(Y) whose union is V(Y'). Fix j € [k] and an S;-rooted model
(By | € V(X)) of X in Y. Finally, (Uyep, By | z € V(X)) is an Sj-rooted model of X' in
Y, which shows that X’ has the coloring elimination property. 0

Lemma 6.20. Let X be a class of graphs closed under disjoint union. If X has the coloring
elimination property, then A(X) and T(X) have the coloring elimination property.

Proof. By Lemma 6.19, we can assume that X is closed under taking minors. The statement is
clear for when X consists only of the null graph, thus, assume that X contains a nonnull graph.
Let k be a positive integer.

For every X € T(X), we say that a vertex u € V(X)) is a root of X if there exists a rooted
forest decomposition (F, (W, | a € V(F))) of X of adhesion at most 1 such that for every
a € V(F') that is not a root, G[W, — Wy, (rq)] € X; for every a that is a root, [IW,| < 1; and there
exists a root r of F' such that W, = {u}. Forevery X € T(X'), X has aroot v unless X is the null
graph because X is closed under taking minors (in particular, for every X € X and u € V(X),
we have X —u € X). This definition also applies to the members of A (X') since A(X) C T(X).
For every X € A(X), for every root w of X, X —u € X.

B/
u X

L

q N

—= )

Sl 52 S;g S4 53

Figure 6.6: The vertex v’ corresponds to K7 in K7 @ Y’. The union of the sets
S1,...,S51s V(Y’). In the figure there is an S3-rooted model of K U (X — u)
in Y’ (light-blue). We add ' to the branch set B, where z corresponds to K in
K U (X — u), obtaining an S3-rooted model of X in Y.

Claim 6.20.1. Let X be a nonnull graph in A(X') and let u be a root of X. There exists Y € A(X)
with a root v’ such that for every family of sets S, . .., Sy whose union is V(Y'), Y contains an
Si-rooted model (B | x € V(X)) of X for some i € [k| such that v’ € B,,.

Proof of the claim. The proof is illustrated in Figure 6.6. Let X’ = K; U (X — u). Since X
contains a nonnull graph and is closed under taking minors, it contains K. Since u is a root of X
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and X € A(X), X —u € X. Inparticular, X' € X as X is closed under disjoint union. We denote
by z the vertex corresponding to K in X’. Let Y’ € X’ witness the coloring elimination property
in X for X’ and k. Furthermore, let Y = K; @ Y’, and let v/ be the vertex of Y corresponding to
K. In particular, Y € A(X) and v’ is aroot of Y.

Consider a family of sets S1, ..., S C V(Y') whose union is V(Y) = V(Y') U {«}. There
exists i € [k] such that Y’ contains an (S; — {u'})-rooted model (B, | x € V(X')) of X’. Let
B, = B, U{u'} and B, = B/, forevery x € V(X’) \ {z}. We obtain that (B, | z € V(X)) is
an S;-rooted model of X in Y. Since u’ € By, this completes the proof of the claim. O

Claim 6.20.1 implies that A (X)) has the coloring elimination property. A stronger assertion
concerning the roots is needed in the proof of the next claim.

Claim 6.20.2. Let X € T(X) be connected and let u be a root of X. There exists Y € T(X)
and a root u' of Y, such that for every family of sets S1, . .., Sy whose union is V(Y'), there is an
Si-rooted model (B, | x € V(X)) of X inY for some i € [k| such that v’ € B,,.

Proof of the claim. The objects defined in the proof of this claim are depicted in Figure 6.7. There
exists a rooted forest decomposition (7', (W, | a € V(T))) of X witnessing the fact that X €
T (X) and with {u} as a root bag. Without loss of generality, W, # () for every a € V(T'). Since
X is connected, this implies that 7" is a tree. Fix such a rooted forest decomposition. Let r be the
unique root of 7. We proceed by induction on the vertex-height of 7. When T' = K, X = K3
and the statement is clear. Now, suppose that 7' # K and that the result holds for trees with
smaller vertex-heights.

Let Tp be the subtree of 7" induced by {a € V(T) | u € W,}. Observe that for ev-
ery a € V(Ty), X[W, \ {u}] € X. Since X is closed under disjoint union, this implies that
X [UaGV(To) (Wa \ {u})] € X. Therefore, Xo = X {UaEV(To) Wa} isin A(X) and u is a root
of Xo. By Claim 6.20.1, there exists Yy € A(X) and a root v’ of Y}y such that for every family of
sets S1,...,Sk € V(Yy) whose union is V(Yp), Yy contains an S;-rooted model of X for some
i € [k], such that the branch set corresponding to u contains u’.

Let X be the graph obtained from X by identifying all the vertices in V' (Xj) into a single
vertex u1. Observe that X; € X since X is closed under taking minors. Let 77 be the tree obtained
from T by identifying the vertices in V' (7) into a single vertex r1. For every a € V (171), let

U ifa=nmr,
Wl,a = { 1} . !
W, otherwise.

The rooted tree decomposition (71, (W1, | a € V(T1))) of X; witnesses the fact that X; €
T(X). We claim that the vertex-height of 77 is smaller than the vertex-height of T'. Indeed, for
every neighbor s or 7 in T', since X is connected and W # (), we have u € W, and so s € V(Tp).
This proves that Np(r) C V(Tp), and so T} has smaller vertex-height than 7. Therefore, by the
induction hypothesis, fix a graph Y7 € T(X) and a root u) of Y7 such that for every family of sets
Si,..., Sk C V(Y1) whose union is V' (Y7), there is an S;-rooted model of X in Y] such that the
branch set corresponding to u; contains ). Since X7 is connected, we assume without loss of
generality that Y7 is also connected.

For every v € V(Y)), let Y7, be a copy of Y;. We label vertices in Y7 , in the following way.
The vertex corresponding to v} is labeled as v and a vertex corresponding to each y € V(Y1) \{u} }
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Yi,

Figure 6.7: The graph X is split into two graphs according to its rooted tree decom-
position witnessing X € T(X): Xy € A(X) induced by all vertices of the bags
containing the root u of X and X; € T(X) obtained by contracting Xy. Since
Xo € A(X), Claim 6.20.1 gives Yy € A(X) which witness the coloring elimina-
tion property in A (X) for X such that the root w’ of Yj is in the branch set B,,.
Since X has a rooted tree decomposition witnessing X; € T(X') with smaller
vertex-height, the induction hypothesis gives a graph Y7 € T(X') witnessing the
coloring elimination property in T(X') for X; and k, and such that the root u} of
Y1 is in the branch set corresponding to u;. We build a graph Y € T(X) that wit-
nesses the coloring elimination property in T'(X) for X and k by taking, for every
v € V(Yp), a copy Y7, of Y7, and identifying v and the vertex corresponding to
w} in Y7 ,. This indeed yields a graph in T(X"). Moreover, for any family of k sets
covering V(Y'), a rooted model of X can be found using a rooted model of X in
Y( and rooted models of X in the copies Y7 , for each v € V(Y)).
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is labeled as (y,v). Finally, let Y be obtained from the disjoint union of Y and Y}, for each
v € V(Yp) by identifying vertices with the same labels. We claim that Y witnesses the assertion
of the claim.

First, we argue that Y € T(X) and «’ is a root of Y. For each v € V(Yy), let (17 ,, (W7, , |
a € V(T1,))) be arooted tree decomposition of Y7 , witnessing Y; € T(X), and with T7 , rooted
in 1} ,, such that Wl’ﬂ o= {(u},v)}. Let T' be a tree obtained from a disjoint union of 77 , for

each v € V(Yp) by identifying the roots of all copies into a vertex r”/, and then adding the root
7" with a single neighbor . We define U,y = {v'}, Up» = V(Yp), and U, = W7, , for every
a € V(T')\ {r',7"} where a € V(T7 ). Since Yy € A(X), Yy — v’ € X. Therefore, (T, (U, |
a € V(T"))) is a rooted tree decomposition of ¥ witnessing that Y € T(X). Additionally,
U, = {u'}, hence, v’ is aroot of Y.

Let S1,..., Sk be a family of sets whose union is V(Y'). Let v € V(Yp). Since Y7, is a
copy of Y7 and v is a root of Y7 ,, there exists i(v) € [k] and an (S;(,,) N V(Y7 ,))-rooted model
My = (Byg |z € V(X7)) of X1 inYy, withv € B, ,,.

For each j € [k, let S7 = {v € V(Y) | i(v) = j}. Clearly, the union of S}, ..., Sy, is equal
to V(Yp). Therefore, fix ¢ € [k] and an S)-rooted model My = (B, | z € V(Xp)) of Xy in ¥}
with v’ € B,, since u is a root of X and v’ is a root of Yj. For every x € V(Xj), let

D, =B, U |J By,
’l)EB:c

In other words, we add to each branch set B in My, the branch set of M,, containing v for every
veB.LetD = (D, | z € V(Xp)). Consider

M=DuU U (Mo \ {Buul})‘

veS)

Observe that M is an Sy-rooted model in Y. Moreover, M is a model of a supergraph of X in Y.
Finally, recall that v’ € V(Yp) is aroot of Y and v’ € B, C D,,. This completes the proof of the
claim. O

Since for every X € T(X), there exists X’ € T(X') connected such that X is a subgraph of
X', Claim 6.20.2 implies that T(X") has the coloring elimination property, which concludes the
proof of the lemma. 0

Lemma 6.21. For every nonnegative integer t, the classes of graphs R; and S; have the coloring
elimination property.

Proof. By Lemma 6.20, it is enough to show that Rg, Sp, S1 and Sy have the coloring elimination
property.

Since Ry and Sy consist only of the null graph, the classes Ry and Sp have the coloring
elimination property. Let &k be a positive integer.

Consider X € S;. Then X consists of |V (X)| isolated vertices. Let Y consists of k(|V (X)|—
1) + 1 isolated vertices. For every Si,. .., Sk whose union is V(Y"), there exists ¢ € [k] such that
|Si| = |V (X)] by the pigeonhole principle, and it follows that Y contains an S;-rooted model of
X. This proves that 57 has the coloring elimination property.

Consider X € Sy. Without loss of generality, X is connected, and so, X is a path, say on ¢
vertices. We set Y to be a path on k(¢ — 1) + 1 vertices. Let Sy, ..., Sk be sets whose union is
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V(Y). By the pigeonhole principle, there exists ¢ € [k] such that |.S;| > ¢, and it follows that there
is an S;-rooted model of X in Y. This shows that Sy has the coloring elimination property and
ends the proof. 0

6.5 Proof of the induction step

Let par be a nice family of focused parameters, let g: N~g — N, and let X" be a class of graphs.
In several cases, to show that g is (par, X')-bounding, we first show a weaker property that in fact
implies the desired one, as shown in the lemma below.

The function g is weakly (par, X')-bounding if for every positive integer k, for every graph
X € X, there exist nonnegative integers «(X) and 5(X) such that for every positive integer ¢,
for every Kj-minor-free graph G, for every family F of connected subgraphs of G, if G has no
JF-rich model of X, then there exists S C V(G) such that

(gwl) SNV(F) # 0 forevery F € F;

(gw2) for every connected component C' of G — S, Ng(V (C)) intersects at most «(X') connected
components of G — V (C);

(gw3) par (G, S) < B(X) - g(q)-

In this case, when k is fixed, we say that a(-) and 3(-) witness g being weakly (par, X')-bounding.
Recall that £ denotes the class of all the edgeless graphs.

Lemma 6.22. Let par be a nice family of focused parameters, let X be a class of graphs, and

let g: Nsog — Nsg. If g is (par, £)-bounding and weakly (par, X')-bounding, then g is (par, X)-

bounding.

1 [

Sc

Figure 6.8: An illustration of the proof of Lemma 6.22.

Proof. Let k be a positive integer. Fix ag(-) and [y(-) witnessing that g is weakly (par, X)-
bounding and fix o/ and 3'(-) witnessing that g is (par, £)-bounding. Since the only property
distinguishing graphs in £ is the number of vertices, we treat 3(+) as a function taking nonnegative
integers by setting 3'(d) = '(K4)* for every positive integer d. Let

a=ad +(k—1) and B(X)=Bo(X)+ 3 (((XO;CX))(]{J —1)+ 1) forevery X € X.

“4For a positive integer n, we denote by K, the edgeless graph on n vertices.
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We show that o and f((-) witness g being (par, X')-bounding. Let X € X, let ¢ be a positive
integer, let G be a K-minor-free graph, let  be a family of connected subgraphs of G such that
there is no F-rich model of X in G. There exists Sy C V' (G) such that

(gwl’) V(F)nN Sy # 0 forevery F' € F,

(gw?2’) for every connected component C' of G—Sy, Ng(V (C')) intersects at most g (X ) connected
components of G — V(C'), and

(gw3") par,(G, So) < Bo(X) - g(g).

Let C be the family of all the connected components of G — Sy, and let C' € C. Let U be the
family of the vertex sets of all the connected components of G — V' (C) intersecting N (V (C)).
By (gw2’), we have [U| < ap(X). Let F¢ be the family of all the connected subgraphs H of
C'such that [{U € U | N¢(V(H)) NU # 0} > k. We claim that there no N = (O‘OI(CX))(k: -
1) + 1 pairwise disjoint members of F. Otherwise, by the pigeonhole principle, there exists
Up,...,Uy €U and Hy, ..., H, € F' pairwise disjoint such that there is an edge between U; and
V(H;) in G for all ¢, j € [k]. However, then (U; UV (H;) | i € [k]) is a model of K, in G, which
is a contradiction proving that indeed there are no IV pairwise disjoint members of F¢. Therefore,
there exists S¢ C V(G — Sp) such that

(gl’) V(F)N Sc # 0 forevery F € F¢,

(g2) for every connected component C' of C' — S, Ng(V(C)) intersects at most o’ connected
components of G — V(C'), and

(3") par,(C, Sc) < B'(d) - 9(q).
We set

S=Syu U Se.

ceC

See Figure 6.8. It suffices to verify that (gl), (g2), and (g3) hold. Since Sy C S, by (gwl’),
V(F)NS # ( forevery F € F, and so, (g1) holds. For every connected component C’ of G — S,
there is a connected component C' € C such that C’ C C'. Since C" & F¢ (by (g17)), Na(V(C"))
intersects at most & — 1 connected components of G — V' (C'). Moreover, N (V (C”)) intersects at
most o’ connected components of C' — S (by (g2°)). Therefore, N (V (C")) intersects at most
o' + (k — 1) = a connected components of G — V(C”). Finally,

par, (G, S) < par,(G, So) + par, (G — So,Ucec Sc) by (z3)
< pary (G, Sp) + maxcec par, (C, Sc) by (z1)
< Bo(X) - 9(a) + B'(N) - g(q) by (ew3") and (£3°)
= B(X) - g(q)-
We obtain that g is (par, X')-bounding, which concludes the proof of the lemma. ]

Proof of Theorem 6.3. Without loss of generality, assume that X’ contains a nonnull graph. As-
sume that g is (par, X')-bounding. Let b and b’ be as in (z4) for par. Let k be a positive integer.
Fix o/ and §'(-) witnessing that ¢ is (par, X')-bounding. Let X € A(X) and z € V(X)) such that
X — z € X. Recall that X is closed under disjoint union and contains a nonnull graph, hence,
X' = KU (X — z)isin X. Let X” witness the coloring elimination property of X for X’ and
o
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Figure 6.9: An illustration of the statement of Claim 6.3.1.

Claim 6.3.1. Let G be a connected Kj,-minor-free graph, let R be a nonempty set of at most o
vertices in G, let F be a family of connected subgraphs of G, and let q be a positive integer. If G
has no F-rich model of X, then there exist S C V(QG), a tree T rooted in s € V(T'), and a tree
partition (T, (P, | z € V(T))) of (G, S) with Py = R such that

(@) V(F)NS # 0 for every F € F;

(b) for every connected component C of G — S, Ng(V (C)) intersects at most 2/ connected
components of G — V (C);

(c) foreveryx € V(T),
par, (Gy, P;) < max{f'(X"),a'} - g(q)

where for every x € V(T), G is the union of U, = UzGV(TI) P, and all the vertex sets of
the connected components C' of G — S having a neighbor in U,,.

Proof of the claim. The statement is illustrated in Figure 6.9, and some ideas of the proof are
illustrated in Figure 6.10. We proceed by induction on |V (G)|. If F|g_r = 0, then the statement
holds for S = R and T' = K. Thus, we suppose that F|g_g # (), and in particular |V (G) \ R| >
0.

Let F' be the family of all the connected subgraphs H of G — R such that RN Ng(V (H)) # 0
and F' C H for some F' € F. We argue that there is no F'-rich model of X" in G — R. Suppose to
the contrary that there is an F’-rich model (B, | z € V(X")) of X" in G—U. Foreach u € U, let
Su={z € V(X") | u € Ng(B,)}. Since the model is F'-rich, |J,cp Su = V(X”). Therefore,
there exists u € R such that X" contains an S, -rooted model of X’. As a consequence, there is
an F-rich model (D, | x € V(X)) of X’ in G — R such that every branch set D, contains a
neighbor of u in G. Recall that X’ = K7 U (X — 2). Say that y is the vertex of K7 in X'. Let
D!, = D, U {u} and D), = D, for every z € V(X' \ {y}). It follows that (D’, | z € V(X)) is
an F-rich model of X in G, which is a contradiction. In turn, there is no F’-rich model of X" in
G — R.

By the definition of ' and 3’(-) applied to X", G— R and F’, there exists aset Sp C V(G—R)
such that
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(gl’) V(F)N Sy # 0 for every F € F;

(g2) for every connected component C' of (G — R) — Sy, Ng—r(V(C)) intersects at most o’
connected components of (G — R) — V(C);

(g3") par, (G - R,S) < B'(X") - g(q).

Note that since G is connected and F|s_ g is nonempty, there is a connected component of G — R
containing a member of F, and so F’ is nonempty. It follows by (g1°) that Sy # 0.

Let C; be the family of all the connected components of (G — R) — Sy with no neighbors
in U. Consider C' € C;. Let A¢ be the connected component of G — R containing C, and let
G¢ be the graph obtained from Ac by contracting each connected component of Ac — V(C)
into a single vertex. Let R¢ be the set of all the vertices resulting from these contractions, that is
Rc =V(Ge) \ V(C). Note that R¢ is nonempty since G is connected, and |Uc| < o/ by (22°).
Moreover, since R # 0, |V (G¢)| < |[V(G)|. Note also that G¢ is a minor of G, and so G¢ has
no F|c-rich model of X. By the induction hypothesis applied to G¢, R¢, and F|¢, there exist
Sc CV(Ge), atree T rooted in s € V(T), and a tree partition (T, (Po g | 2 € V(T¢))) of
(Gc, Sc') with PC,SC = R¢ such that

@) V(F)NSc # 0 forevery F € Flc;

(b’) for every connected component C’ of Go — S¢, Ng(V(C')) intersects at most 2’ con-
nected components of Go — V(C');

(c’) forevery x € V(I¢) let T, be the subtree of T¢ rooted in z, then
par, (G, Pox) < max{f'(X"),a'} - g(q)

where for every z € V(T¢), Ge,g is the union of Uc z = Ucy ((11,),) - and all the vertex
sets of the connected components C’ of C' — S¢ having a neighbor in U ;..

G

Ps" D SC17 UCI
LI &=
— Sc. Uc,
—_
— |= y

Figure 6.10: An illustration of the proof of Claim 6.3.1. In the sketched case,
01,02 S Cl and 03 ¢ Cl.

We set
S=RUSyU U (Sc \ Re).
CceCy
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See Figure 6.10 again. Let 7" be obtained from the disjoint union of {7~ | C' € C;} by identifying
the vertices {sc | C' € C;} into a new vertex s’ and by adding the root s adjacent only to " in 7.
Let P = R, Py = Sp, and foreach C € C1, x € V(TI¢ \ {sc}), let P, = Pc .

In order to conclude the proof of the claim, we argue that (T, (P, | x € V(T))) is a tree
partition of (G, .S) and that (a)-(c) hold.

Since for every C' € Ci, RN Ng(V(C)) = 0, every edge in G[S] containing a vertex in R
has another endpoint in R U Sy = Ps U Py. Consider an edge vw in G[S] such that v € Sy and
w € S¢ for some C € Cy. Since (Tc, (Pog | @ € V(T¢))) is a tree partition of (G, S¢) with
Pc s = Roand Sp C V((G—R)—V(C)), we conclude that w € P, for some x € V(T) such
that s’z is an edge in 7. Finally, for every edge vw of G[S] with v, w &€ R U Sy, vw is an edge of
G[Sc \ Rc] for some connected component C' € Cy, and so v € Pc, and w € Pc,y for adjacent
or identical vertices x,y of Tc. Then v € P, and w € P,. For every connected component C” of
G — S, either Ng(V(C")) CUUSy = PsUPy,or C' C C forsome C' € C;. In the latter case, C’
is a connected component of G — S¢, and N (U)NV (C) = 0. Since (Tc, (Po | 2 € V(I¢)))
is a tree partition of (G¢, Sc), there is x,y € V(T¢) such that N, (V(C")) € Pc, U Poy. If
z = sc, then Ng(V(C")) € PsUPyand sy € E(T). If y = sc, then Ng(V(C")) C Ps U P,
and sz € E(T). Finally, if x,y # s, then Ng(V(C')) C P; U P, and 2y € E(T). This proves
that (7', (P, | = € V(T))) is a tree partition of (G, S).

Let F € F. fV(F)N (RUSy) # 0, then V(F) NS # (. Otherwise, ' C G — R and
V(F) NSy = 0, and therefore, by (g1’), we have F' ¢ F’. In this case, there is a connected
component C' € C; such that F' € F|c. By (2°), V(F) N (Sc \ Re) # 0 andso V(F)N S # 0.
This proves (a).

Consider a connected component C’ of G — S. If ¢/ C C for some C' € Cy, then by (b"),
it follows that N (V(C")) intersects at most 2¢/ connected components of G — V(C”), and
so Ng(V(C")) intersects at most 2o/ connected components of G — V(C”). Otherwise, C” is a
connected component of (G — R) — Sy such that Ng(R) NV (C’) # 0. By (g2°), Na—r(V(C"))
intersects at most o/ connected components of (G — R) — V(C’), and therefore, Ng(V (C"))
intersects at most o/ + |R| < 2¢/ connected components of G — V(C"). This proves (b).

Finally, we argue (c). Let x € V(7). If x = s, P, = Ps = R, which has size at most ’, and
thus the assertion holds by (z2). If z = s, then Gy is a union of connected components of G — R,
and P, = Py = Sy, and so, by (z1) and (g3’),

par,(Gy, So) < par, (G — R, So) < B'(X")g(q).

If v € V(T — {sc}) for some C € Cy, we have T, = (I¢), and G, = G 4. Thus, the asserted
inequality follows from (c”). This ends the proof of the claim. O

Recall that X is a fixed graph in A(X). Let
a=2d and B(X) =2V max{s(X"),d'}.

In order to conclude the proof, we argue that « and 3(-) witness ¢ — ¢ - g(bq) being (par, X)-
bounding. Let ¢ be a positive integer, let G be a Kj-minor-free graph, and let F be a family of
connected subgraphs of GG such that there are no F-rich model of X in G.

First, assume that (G is connected. By Claim 6.3.1, applied for R an arbitrary single-
ton in V(G), there exist S C V/(G), a tree T rooted in s € V(T), and a tree partition
(T,(Py | = € V(T))) of (G,S) with Py = R such that (a), (b), and (c) are satisfied. Items
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(a) and (b) immediately imply (g1) and (g2), respectively. Additionally, (z4) and (c) imply (g3),
since

xe

par,(G,S) <V (qg+1)- max pary, Gz, Pr) < B(X) - q9(q).

Finally, assume that G is not connected and let C be the family of all the connected components of
G. Since we have already proved the assertion for connected graphs, for every C' € C, there exists
Sc € V(C) such that

(gl”) V(F) NS¢ # 0 for every F € Flc,

(g2) for every connected component C’ of C' — S, No(V(C")) intersects at most  connected
components of C' — V(C”), and

(g3") par,(C, Sc) < B(X) - qg9(bg).

Let § = Ugec Sc. To conclude the proof, we show that (g1), (g2), and (g3) hold for G, F, and
S. Items (gl) and (g2) follow from (gl1’) and (g2’), respectively. Additionally, (z1) and (g3’)
imply (g3), since

par, (G, §) = max par, (C, Sc) < B(X) - ¢9(bq)-

Therefore, g — qg(bq) is (par, A(X'))-bounding, which concludes the proof. O
We now prove Theorem 6.4.

Proof of Theorem 6.4. Let k be a positive integer. Suppose that g is (par, A(X'))-bounding.
Hence, there exists a positive integer o’ such that for every graph X € A(X), there is an integer
B'(X) such that for every positive integer g, for every K-minor-free graph G, for every family F
of connected subgraphs of G, if G has no F-rich model of X, then there exists S C V(G) such
that

(gl’) SNV(F) # ( for every F € F;

(g2°) for every connected component C' of G — S, Ng(V(C)) intersects at most o’ connected
components of G — V(C);

(23") par,(G,S) < B'(X) - 9(q)-
Let o’ and '(-) be as above.

Claim 6.3.2. Let X € T(X) connected. There exist positive integers (X ) and o(X) such that
for every positive integer q, for every Ky-minor-free graph G, for every family F of connected
subgraphs of G, if there is no F-rich model of X in G, then there exists S C V(QG) such that

(@) V(F)N S # 0 forevery F € F,

(b) for every connected component C of G— S, Ng(V (C)) intersects at most cvy(X ) connected
components of G — V (C), and

() pary(G,S) < Bo(X) - g(a)-
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Proof of the claim. Let X € T(X), and let (T, (W, | a € V(T'))) be a rooted forest decomposi-
tion of X of adhesion at most 1 witnessing the fact that X € T'(X"). Without loss of generality, we
assume that W, # () for every a € V(T'). Since X is connected, this implies that 7" is a tree. We
proceed by induction on the vertex-height of 7'. If T" = K, then the result is clear. Now suppose
T # K.

We denote by 7 the root of T, and let z € V(X)) such that W, = {z}. Let T be the subtree
of T induced by {a € V(T') | z € W,}. Observe that for every a € V(Tp), X[W, \ {z}] € X.
Since X' is closed under disjoint union, this implies that X [Uycy (1) Wa \ {#}] € & Let

XO =X [UaEV(To) Wa} P

and let X; be obtained from X by adding for every x € V(X)) a leaf /,, with neighbor . Then,
since X is stable under leaf addition, X \ {z} € X, and so X; € A(X).

For every z € V(Xj), let R, be family of all the connected components R of 7' — V' (Tj) such
that z € Ugev(r) Wa. and let

= X [URGR:c,aGV(R) Wa] if R, 7é 0,
T X[{l'}] if R, = 0.

Now, let X, be obtained from X by identifying all the vertices in V' (Xj) into a single vertex
z9. Note that for every x € V(Xj), X2 contains a copy of X, with z relabeled into z2. Then, let
X3 be obtained from the union of two copies X 21 and X 22 of X5 that intersect only in z5.

We now build a rooted tree decomposition (1", (W, | a € V(1"))) of X3 witnessing the fact
that X3 € T(X), and with 7" of smaller vertex-height than 7. Let T}, be obtained from 7" by
contracting 7Ty into a single vertex 7/, and then let 7” be the union of two copies T and Tj? of T
intersecting only in r’. Then, for every a € V(T}) for i € {1,2}, let W/ be the union of {zo}
with the image of W, \ V(Xo) in the copy X} of Xo. Then (T", (W, | a € V(T"))) is a rooted
tree decomposition of X3 witnessing the fact that X3 € T(X’). We claim that the vertex-height
of T" is smaller than the vertex-height of 7'. Indeed, for every neighbor s of 7 in T, since X is
connected and W # (), we have z € Wy, and so s € V(Tp). This proves that Np(r) C V(Tp),
and so 7" has smaller vertex-height than T'. Therefore, we can call the induction hypothesis on
X3. Let

ap(X) =o' +aog(X3) and  fo(X) = B'(X1) + fo(X3).

Let ¢ be a positive integer. Let G be a K-minor-free graph, and let F be a family of connected
subgraphs of G such that there is no F-rich model of X in G. Let F’ be the family of all the
connected subgraphs H of G such that there is an F|g-rich model of X3 in H.

We claim that there is no F’-rich model of X7 in G. Suppose for contradiction that there
is an F'-rich model (A, | € V(Xp)) of X; in G. Then, for every x € V(Xj), the graph
G[Ay,] contains a member of F' and so an F-rich model (B, , | y € V(X3)) of X3. Since
G[Ay,] is connected, there is an (N (A,), B,y )-path P in G[A, ] for some y € V(X3). Recall
that X3 consists of two copies X21 and X% of Xy that intersect only in 29, and X5 is connected.
Therefore, without loss of generality, say that y € V(X2). By replacing B; ., by the union
V(P)UUyev(xz) Bz.y. we obtain a model (Cyy | y € V(X2)) of Xy in G[Ay,] such that Cy ,
contains a neighbor of a vertex in A,. By restricting this model to (V(X;) \ {z}) U {22}, and



152 CHAPTER 6 — Centered colorings and weak coloring numbers

relabeling 2o by x, we obtain a model (D, | y € V(X)) of X, in G[A,] such that D, ,
contains a neighbor of A,. Finally, for every y € V (X)), let

b [AUD,, ifye V(X))
D,y ify ¢ V(Xo), forz € V(Xp) such thaty € V(Xy).

Then, (E, | y € V(X)) is an F-rich model of X in G, a contradiction. This proves that G has no
F’-rich model of X7 in G.
By the definition of 3’ applied to X1, G, F, there exists Sy C V(&) such that

(gl”) V(F)N Sy # O forevery F € F;

(g2”) for every connected component C' of G — Sy, Ng(V(C')) intersects at most o connected
components of G — V(C);

(g3”) pary(G, So) < B'(X1) - 9(q)

Since V(F) NSy # () for every F' € F', G — Sy has no F|g_g,-rich model of X3. Therefore, by
the induction hypothesis, there exists S; C V(G — Sp) such that

@) V(F)NSy # 0 forevery F € Flg—_s,;

(b*) for every connected component C of G — Sy —S1, Ng_s,(V(C)) intersects at most ag(X'3)
connected components of G — Sy — V(C);

() pary(G — Sp,51) < Bo(X3) - g(q).

Finally, let
S =5yUS;.

We now argue (a), (b), and (c). First, observe that for every F' € F, either V/(F) NSy # 0, or
F € Flg-s, and so V(F) NSy # 0 by (a’). This proves (a).

Then, for every connected component C' of G — S, Ng(V(C)) intersects at most a(X3)
connected components of G — Sy — V(C) by (b’), and at most o’ connected components of
G — Sp. Therefore, N (V (C)) intersects at most o/ + ap(X3) = ao(X) connected components
of G — V(C), which proves (b).

Finally,
par,(G, S) < par, (G, So) + par, (G — So, S1) by (z3)
< B'(X1) - 9(q) + Bo(X3) - 9(q) by (¢37) and (¢’)
< Bo(X) - g(a).
This proves (c). O

Claim 6.3.2 implies that g is weakly (par, T(X'))-bounding. Since X" is nonempty and closed
under leaf addition, every edgeless graph is a subgraph of a graph in X C A (X). Therefore, since
g is (par, A(X))-bounding, we deduce that g is (par, £)-bounding. It follows by Lemma 6.22
that g is (par, T(X))-bounding. This proves the theorem. O
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6.6 Common arguments for the base cases

In this section, we discuss and prove some statements that are common for some of the final proofs.
In Section 6.6.1, we prove a very general tool to prove that a function is (par, Sz)-bounding for
any nice family of focused parameters (par, | ¢ € N>o). In Section 6.6.2, we prove structural
properties that will be used in Sections 6.7 to 6.9 to find (par, R2)-bounding functions, for some
specific families of focused parameters (par, | ¢ € Nxo).

6.6.1 Excluding a linear forest

The following theorem will be one of the base cases in the proofs of Theorems 1.34 to 1.36. Recall
that £ is the class of all edgeless graphs, and Ss is the class of all linear forests.

Theorem 6.23. Let par be a nice family of focused parameters, and let g: N~g — Nsq. If g is
(par, £)-bounding, then g is (par, S2)-bounding.

This proof is a modification of an argument present in [PPT23b, Theorem 3.22].

Proof of Theorem 6.23. Let k be a positive integer. For every positive integer d, applying the
hypothesis that g is (par, £)-bounding for X = K, we obtain that there exists o’ and 3’(d) such
that the following holds.

For every positive integer g, for every K-minor-free graph G, for every family F of connected
subgraphs of G, if there are no d pairwise disjoint members of F, then there exists S C V(G)
such that

(gl”) V(F)NS # 0 forevery F € F,

(g2’) for every connected component C' of G — S, N¢(V(C)) intersects at most &’ connected
components of G — V(C'), and

(g3°) par (G, S) < B'(d) - 9(q).

Let X € Ss. Note that X is a subgraph of Py (x) € Sz, and so, without loss of generality,
X = P, for some positive integer £. We suppose that the vertices of P, are 1, ..., /, in this order
along F;.

We now show by induction on ¢ that for every positive integer g, for every Kj-minor-free
graph G, for every family F of connected subgraphs of G, if there is no F-rich model of P, in G,
then there exists S C V(&) such that

(@) V(F)N S # 0 forevery F € F,

(b) for every connected components C' of G — S, Ng(V(C)) intersects at most (¢ — 1)a/
connected components of G — V(C'), and

(c) pary(G,S) < (£—1)-g(q)

Let GG be a Ki-minor-free graph and let F be a family of connected subgraphs of G such that
there is no F-rich model of P, in G. If £ = 1, then F is empty and this clearly holds for S = () by
(z2). Now suppose £ > 1 and that the result holds for £ — 1.



154 CHAPTER 6 — Centered colorings and weak coloring numbers

Let C be the family of all the connected components of GG, and let C € C. Let F’' be the
family of all the connected subgraphs H of C' such that H contains an F-rich model of P;_;.
We claim that there are no two disjoint members of F’ in C. Indeed, if (Ay,...,Ay_1) and
(B1,...,By_1) are two disjoint F-rich models of P,_ in C, then, because C'is connected, there is
a path @ between A; and B; for some 4, j € [¢ — 1] which is internally disjoint from [ J ke[t—1] AU
Ukeje—1] Bk- By possibly reversing the orderings (A1, ..., A¢—1) and (B, ..., Be—1), we assume
thati > 5! and j < 552, Then, (A1,...,A;, (V(Q) \ A;) UBj,...,By_1) is an F-rich model
of Py in C, where ¢/ =i + (£ — j) > 5% + ¢ — 552 = (. This contradicts the fact that G' has no
JF-rich model of P;. Therefore, there are no two disjoint members of F.

Hence, there exists Sp.c € V(C) such that

(g1™) V(F)N So,c # 0 forevery F € F/,

(g2”) for every connected component C’ of C'— Sy ¢, No(V (C”)) intersects at most o’ connected
components of G — V(C'), and

(g3”) pary(C, Soc) < 8'(2) - 9(q).

Now, by (g17), there is no F-rich model of P;_; in C' — Sy . Therefore, by the induction hypoth-
esis applied to C' — Sp ¢ and F|c—s, ., there exists S; ¢ € V(C) such that

@) V(F)NSic # b forevery F € Flc_s, ¢

(b*) for every connected component C’ of C' — (So,c U S1,¢), No—s,(V(C")) intersects at
most (¢ — 2)a’ connected components of C' — Sy ¢.

(C’) parq(C - SO,C? SI,C) < (Z - 2)B,(2) ' g(q)

Now, let
S = Ucec(So0,c U S1,0)-

We now argue (a), (b), and (c). First, for every F' € F, since F' is connected, there exists
C € Csuch that F C V(C). Therefore, either V(F) N Sy c # 0 and so V(F) NS # 0, or
C € Flo-s, > butthen V(F) NSy ¢ # Dby (a’), and so V/(F) N .S # (). This proves (a).

Second, for every connected component C’ of G — S, there exists C' € C such that C' is a
connected component of C' — Sy ¢ — S1,¢. Then, by (g2”) and (b’), Ng(V(C)) intersects at most
o + (¢ —2)a’ = (¢ — 1)a/ connected components of G — V(C”). This proves (b).

Finally,

par, (G, S) < max par,(C, So,c U S1,0) by (z1)
< max (parq(C, So,c) + pary(C — So,c, 51,0)) by (z3)
< (£-1)B(2) - g(q) by (g3”) and ().

This proves (c).
Altogether, this proves that g is weakly (par,Sz)-bounding. Finally, since g is (par, &)-
bounding, we conclude by Lemma 6.22 that g is (par, S2)-bounding. U
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Theorem 6.24. Let par be a nice family of focused parameters, and let g: N~g — Nsq. If g is
(par, A(S2))-bounding, then there exists a positive integer b such that ¢ — qg(bq) is (par,S3)-
bounding.

Proof. Let k be a positive integer. Since g is (par, A(Sz2))-bounding, there exists o’ and 3'(-)
such that the following holds. For every X € A(S>), for every Kj-minor-free graph G, for every
family F of connected subgraphs of G, for every positive integer ¢, if there is no F-rich model of
X in G, then there exists S C V(&) such that

(gl’) V(F)NS # () forevery F € F,

(g2) for every connected component C' of G — S, Ng(V(C)) intersects at most o/ connected
components of G — V(C), and

(g3’) par (G, S) < B'(X) - g(q).

Claim 6.24.1. Let X be a connected graph in Ss, there exists positive integers c(X), Bo(X)
such that the following holds. Let q be a positive integer, let G be a Ky,-minor-free graph, let F be
a family of connected subgraphs of G such that there is no F-rich model of X in G. There exists
S C V(G) such that

(@) V(F)N S # 0 for every F € F,

(b) for every connected component C of G— S, Ng(V (C)) intersects at most cvy(X ) connected
components of G — V (C),

(c) pary(G,S) < Bo(X) - 9(q).

Proof of the claim. Let (T, (W, | a € V(T'))) be a rooted forest decomposition of X witnessing
the fact that X € Ss. By taking such a rooted forest decomposition with |V (7")| minimum, and
because X is connected, 7" is a rooted tree. We will proceed by induction on the vertex-height of
T.IfT = K, then X € A(S2) and so the result holds for ap(X) = o' and 5y(X) = 3/(X).
Now suppose T # K.

Let T} be the subtree of 1" induced by the internal vertices of 7', that is the vertices of 7" which
are either the root of not leaves, and let Xo = X [Uycy (1) Wal. Forevery z € V(Xp), let

Xe=X {UaEV(T)\V(TO)’xGW“ Wa} .

Note that X, € A(S2) for every z € V(Xj). Let £ be the maximum of |V (X;)| — 1 over all
x € V(To).
Let
ag(X) = ap(Xo) +a’ and  Fo(X) = Bo(Xo) + B'(K1 © Pa).

Let ¢ be a positive integer, let G be a Ki-minor-free graph, let F be a family of connected
subgraphs of G such that G has no F-rich model of X.

Let F’ be the family of all the connected subgraphs H of G such that H contains an JF-rich
model of Ky & Pyy. We claim that there is no F'-rich model of X in G. To see that, suppose for
sake of a contradiction that (B, | z € V(X)) is an F'-rich model of Xy in G. Let x € V(X).
The subgraph G[B;] contains an F-rich model (Cy,, | y € V(K1 @ Py)) of K1 & Py. We label
the vertices of Py by 1,...,4/, in this order. Observe that « has degree 3 in Xg. Let x1,..., 24
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be the neighbors of x in Xj. For every i € [d|, B, contains a neighbor of B, and since G[B,] is
connected, there is a path ); from a neighbor of B, to C;,,,, in G[Bg] for some y; € V(K1 Py),
with @; internally disjoint from U,cv (k,ap,,) Coy- Since d < 3, by the pigeonhole principle,
there is an interval I C [4/] of size ¢ such that I N {y1,...,ys} = 0. Now, relabeling the
branch sets (Cry | y € I),Uiciq V(Qi) U Uyev (i, @pu)\1 Cry» We obtain an F-rich model
(Dey | vy € V(K1 @ Py)) of K1 @ Py in G[B,], such that D, . contains a neighbor of B,, for
each i € [d], where z is the vertex of K in K7 & FPy. Now, since £ > |V (X;)| — 1, the graph
K1 & Py contains X, as a subgraph. Therefore, we obtain an F-rich model (E, , |y € V(X,))
of X, in G[B;] such that E,, , contains a neighbor of B, for every y € Nx(z).
Now, for every z € V(X), let

o Ey o ifz ¢ V(Xp) and 2’ € V(X)) is such that x € V(X,),
* | ByUE,. ifzeV(Xo).

Then, (F, | x € V(X)) is an F-rich model of X in G, a contradiction. This proves that there is
no F’-rich model of X in G.

Since (Tp, (W, | a € V(Tp))) is a tree decomposition of X witnessing the fact that X €
T (S2), and because Tp has smaller vertex-height than 7", we can apply induction. Therefore, there
exists Sy C V(G) such that

@) V(F)NSy # O forevery F € F/,

(b*) forevery connected component C' of G—S, N (V (C)) intersects at most ap(Xo) connected
components of G — V(C'), and

(¢) par (G, S) < Bo(Xo) - 9(q)-

Now, by (a’), there is no F-rich model of K1 & Py in G — Sy. Therefore, there exists
S1 C V(G — Sp) such that

(g1”) V(F)N Sy # 0 forevery F € Flg_s,

(g2”) for every connected component C' of G — Sy — S1, Ng_g,(V(C)) intersects at most o’
connected components of G — Sp — V(C'), and

(g3”) pary(G — So, S1) < B'(K1 @ Pu) - g(q).

Now, let
S =5yUS.

First, for every F' € F, either V(F) NSy # 0, or F € F|g_s, and so V(F) N Sy # 0 by (g17).
In both cases, V/(F) NS # (). This proves (a).

Second, for every connected component G' of G' — S, there is a connected component C” of
G — Sp containing C. Since Ng(V(C)) intersects at most ap(Xo) connected components of
G —V(C") by (b), and Ng_g,(V(C)) intersects at most o/ connected components of G — Sy —
V(C) by (g2”), we conclude that N(V (C')) intersects at most a(Xo) + o = ap(X) connected
components of G — V' (C'). This proves (b).
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Finally,
par, (G, S) < par, (G, So) + par, (G, S1) by (z3),
< (Bo(Xo) + B'(X1 ® Pur)) - g(q) by (¢’) and (g3"),
= Po(X) - 9(q).
This shows (c), and concludes the proof of the claim. O

Claim 6.24.1 implies that g is weakly (par,S3)-bounding par. Since & C A(S2), g is
(par, £)-bounding. By Lemma 6.22, this implies that g is (par, S3)-bounding, which concludes
the proof of the theorem. O

6.6.2 Excluding a forest

In this section, we show structural properties for graphs with no F-rich model of a given forest.
This will be typically used in Sections 6.7 and 6.8 to show that ¢ — log ¢ is (par, R2)-bounding,
and in Section 6.9 to show that ¢ — ¢logq is (par, R3)-bounding, for some families of focused
parameters (par, | ¢ € Nsg). The main inspiration for this section is the paper [DHJ 23] by
Dujmovi¢, Hickingbotham, Joret, Micek, Morin, and Wood.

Let h, d be positive integers. We denote by F}, 4 the (rooted) complete d-ary tree of vertex-
height h. In particular, I 4 is the star with d leaves. Note that for every forest X, there exist
positive integers h, d such that X is a subgraph of Fj, 4.

Lemma 6.25. Let h, d be positive integers. Let G be a graph, let D = (T, (W, | x € V(T))) be
a tree decomposition of G, and let F be a family of connected subgraphs of G such that G has no
F-rich model of Fy, 11 4. There exist pairwise disjoint S1, ..., Sy, C V(G), and for every a € [h]
a path partition (Pyp, . .., Pog,) of (G — 51 — -+ — Sa—1,8a) such that for S = Uyep) Sar

(@) V(F)NS # 0 forevery F € F;

(b) for every a € [h], for every i € [{,], P, is contained in a union of at most d + h — 1 bags
of D.

Proof. We proceed by induction on h. For h = 1, the result follows from Lemma 3.14. Now
suppose h > 1 and that the result holds for & — 1.

Let F’ be the family of all the connected subgraphs H of G containing an F-rich model of
Fp—1,4+1. We claim that there is no F”'-rich model of F5 4 in G.

Suppose for a contradiction that there is an F'-rich model (B, | x € V(Fy4)) of F5 4 in G.
We will deduce an F-rich model of F}, ; in G. We denote by c the center of the star F3 4 and by
Z1,...,2q the leaves of F5 4. We denote by 7 the root of Fj,_1 441.

Let i € [d]. Since (B, | # € V(Fyq)) is F'-rich, B, contains a neighbor u; of B., and
G[By,] has an F|g-rich model (B. | © € V(Fj,—1 441)) of Fj,—1 44+1. By Lemma 3.16 there is an
F-rich model M; of F},_; 4 in G[B,,] whose branch set of the root contains a neighbor of B..

It follows that the union of the models M, ..., My, together with B, for the branch set of
the root, yields an F-rich model of F}, 4 in G, a contradiction. This proves that there is no F’-rich
model of F 4 in G.

Therefore, by Lemma 3.14 applied for an arbitrary u, there is a set 51 C V(G) and a path
partition (P, ..., Py) of G[S1] such that
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3.14.(a) V(F)N Sy # 0 forevery F € F;

3.14.(b) for every connected component C' of G — Si, Ng(V(C)) C P; U P; for some i,j €
{0,...,¢} witheitheri = jorj =i+ 1;

3.14.(c) forevery i € [{], P; is contained in the union of at most d bags of D.

By 3.14.(a), G — S1 has no F-rich model of F},_1 441. Therefore, by the induction hypothesis,

there exist pairwise disjoint S7,...,S; C V(G), and for every a € [h] there is a path partition
(Poos---  Ppg)of (G—=S1— 81—+ = 8,4, 5;) such that for S" = Uy Ses

@) V(F)NS" # (forevery F € Flg_s,;

(b’) forevery a € [h], forevery j € [{,], P, ; is contained in the union of at most d 4+ h — 1 bags

of D.
Now, for every a € [h], let Sy1 = Sp, and let (Pat1,05 -+ Pat1,6,41) = (Pags-- s Piy,)-
Finally, let (P, ..., P1¢) = (Po,..., ). Then, Si,..., Spy1 is as claimed, which concludes
the proof of the lemma. 0

Lemma 6.26. Let h,d be positive integers. Let G be a graph, let D = (T, (W, | x € V(T)))
be a tree decomposition of G, and let F be a family of connected subgraphs of G such that G

has no F-rich model of Fyy14. There exist pairwise disjoint Sy,...,Sp41 C V(G), and for
every a € [h + 1] a path partition (P, ..., Pye,) of (G —S1 — -+ — Sa—1,5,) such that for
S = Uae[h+1] Sa

(@) V(F)NS # 0 forevery F € F;

(b) for every connected component C of G — S, Nq(V (C)) intersects at most two connected
components of G — S,

(c) foreverya € [h+1], foreveryi € [{,], Py ; is contained in the union of at most 2h(d+h—1)
bags of D.

Proof. We proceed by induction on |V (G)|.

First suppose that G is not connected. Let C be the family of all the connected components of
G, and let C' € C. By the induction hypothesis, there exist pairwise disjoint S¢ 1, ..., n+1 C
V(C), and for every a € [h + 1] a path partition (Pc a0, - -, Pcasc,) of (C—Sc1— - —
S¢,a—1,5¢,q) such that for Sc = Uyefp41] SC,as

(@) V(F)NSc # 0 forevery F € Flc;

(b*) for every connected component C’ of C' — S¢, No(V(C")) intersects at most two connected
components of C' — S¢;

(c’) for every a € [h + 1], for every i € [{cq], Pc,, is contained in the union of at most
2h(d + h — 1) bags of D|c¢.
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Then, for every a € [h], let

Sa = U SC,av
ceC
and let (P, .., Pye,) be a concatenation of (Pc a0, -, Pcac,) over all C € C. These

objects satisfy the outcome of the lemma.

Now suppose G connected. By Lemma 5.3, we can assume that D is a natural tree decomposi-
tion. By Lemma 6.25, there exist pairwise disjoint S, ..., S, C V(G), and for every a € [h — 1]
a path partition (P, - - ., Pay,) of (G — S1 — -+ = S4—1, S4) such that for S" = U,e 1] Sas

6.25.(a) V(F)NS # () for every F € F;

6.25.(b) forevery a € [h], for every i € [{,], P, ; is contained in the union of at most d + h — 1 bags
of D.

Let C’ be a connected component of G — S’. By 6.25.(b), Ng(V(C")) is included in the
union of at most h(d + h — 1) bags of D. By Lemma 5.4, there is a set Zc» C V(G) containing
N¢(V(C")) which is included in the union of at most 2h(d + h — 1) bags of D such that for every
connected component C' of G — Z¢r, Ng(V(C')) intersects at most two connected components of
G —V(C). Let Scr b1 = Zer N V(C).

Then let

She1= |J Scrps
crec
where C is the family of all the connected component of G — S’, and let S = Uqep11] Sa-

First, since S" C S, V(F) N S # () for every F € F, which proves (a). Second, for every
connected component C' of G — S, there exists C’ € C such that C' C C’, and so C is a con-
nected component of G — Z¢r, which implies that Ng(V (C)) intersects at most two connected
components of G — V(C'), and so (b) holds. Finally, for an arbitrary ordering C1,...,Cy, ,, of

the members of C, (Sc, h+1,-- -, S(;Zh+1 h+1) is a path partition of (G — S’, Sp41), and for every
i € [lh11], Sc, p+1 is included in the union of at most 2h(d + h — 1) bags of D. This proves (c)
and concludes the proof of the lemma. 0

6.7 Fractional treedepth-fragility rates

In this section, we prove Theorem 1.36. We start with Theorem 1.33, which is the special corre-
sponding to excluding K as a minor. Its proof is an instructive example.
6.7.1 K,;-minor-free graphs

The first ingredient to prove Theorem 1.33 is a bound in the bounded treewidth case due to Dvordk
and Sereni.

Theorem 6.27 ([DS20]). For every positive integer w, there exists a constant cg o7(w) such that
for every graph G with tw(G) < w and for every positive integer q

ftdfry(G) < co27(w) - ¢".
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Theorem 6.27 can be used to obtain a good upper-bound on the g-th fractional treedepth-
fragility rate of K;-minor-free graphs of bounded treewidth. To this end, we need the following
result of Illingworth, Scott, and Wood.

Theorem 6.28 ([ISW24]). For every integer t with t > 2 and for every Ky-minor-free graph G
with tw(G) < w admits a vertex-partition P such that G /P has treewidth at most t — 2 and each
part of P has at most w + 1 elements”.

Theorems 6.27 and 6.28 imply that for every K;-minor-free graph G of bounded treewidth,
we have ftdfr,(G) = O(q'~?) as we show below. Let ¢t and w be positive integers, let G be a
K;-minor-free with tw(G) < w and let P be a partition of V(G) as in Theorem 6.28. Since
tw(G/P) < t — 2, we have ftdfr,(G) = O(¢"~?) by Theorem 6.27. In particular, there exists
a random variable Z' over subsets of PP such that td(G/P — Z') = O(q'~2), and Z' is equipped
with a g-thin probability distribution. Let Z = (JZ'. Since every element of P has at most
w + 1 vertices of G, td(G — Z) < (w + 1) - td(G/P — Z'). It follows that Z witnesses that
ftdfry(G) = O((w + 1) - ¢ 72).

Lifting this reasoning to the general K;-minor-free case requires the following technical
lemma, which we prove at the end of this section.

Lemma 6.29. For all positive integers t,a, there exists a positive integer cs.29(t) such that for
every Ky-minor-free graph G and every positive integer q, there exists a random variable Y over
subsets of V(G) such that tw(G — Y) < ¢p.29(t) - ¢, and Y is equipped with a q-thin probability
distribution.

Proof of Theorem 1.33. Let t be an integer with t > 2, let cg29(t) be the constant as
in Lemma 6.29, let cg.27(t — 2) be the constant as in Theorem 6.27. We set ¢ = 2! - ¢5.09(t) -
cs.o7(t — 2). Let G be a K;-minor-free graph and let ¢ be a positive integer. By Lemma 6.29,
there exists a random variable Y over subsets Y of V(G) such that tw(G — Y) < ¢g.29(t) - 2g,
and Y is equipped with a 2¢-thin probability distribution. By Theorem 6.28, G — Y admits a
vertex-partition Py such that (G — Y)/Py has treewidth at most ¢ — 2 and each part of Py has
at most ¢g.29(t) - 2¢ + 1 elements. Furthermore, by Theorem 6.27, ftdfr,((G — Y)/Py) <
ce.07(t —2) - (2¢)'~2, and so, there exists a random variable Z’ over subsets Z’ of Py such that
td((G = Y)/Py — Z') < cgo1(t —2) - (2¢)'2, and Z’ is equipped with a 2¢-thin probability
distribution. Let
Z=YuUz.

For every u € V(G), if P,, € Py is such that u € P,, then

Pr[u € Z] < Pr[u € Y] + Pr[P, € Z/]
< 1 n 1 1
T2 2 ¢
Therefore, the probability distribution of Z is ¢-thin. Finally,
td(G - Z) < (Cg_gg(t) : 2(] + 1) . (66.27(t - 2) . (2q)t_2) < C- qt_2.

This proves that ftdfr,(G) < ¢ ¢~ 1. O

®In other words, there exists a graph A of treewidth at most ¢ — 2 such that G C A X K, 11, where X denotes the
strong product.
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To conclude the proof of Theorem 1.33, it suffices to show Lemma 6.29.

Proof of Lemma 6.29. Let t be a positive integer. We set ¢ = 2cprs(t). Let G be a K;-minor-free
graph. By Theorem 6.1, G admits a layered RS-decomposition (T, W, A, D, £) of width at most
CLRS( ). Let ¢ be a positive integer. We root T at an arbitrary vertex s. Let W = (T, (W, | z €

), A= (A; |2 € V(T)),D= (D | € V(T)),and L = (L, | z € V(T)), where

= (Lgi|i€N)yand D, = (Ty, (Dy» | z € V(Ty))) for every x € V(T'). For every vertex
u 6 V(G), let s, be the root of the subtree of 7" induced by {z € V(T') | u € W,}. For every
x € V(T), leti(x) be a random variable over {0, ...,q — 1} with uniform distribution. Then let
Y be a the random variable defined by

Y = {’U, € V(G) | u € UkEN Lsu,i(su)+kq}-

First, observe that for every u € V(G),

0 ifueAs,
Pr[uEY]:{l RUE S
7

otherwise,

and so the distribution of Y is g-thin.

We now bound tw(G —Y). Letx € V(T'). Let U, be W, "W, (7, if © # s, and () otherwise.
Note that |U,| < cprs(t). For every connected component C' of torsog yw(Wy) — Ay — Uz — Y
for every z € V(17), V(C) intersects at most ¢ — 1 layers of £, and so

Dy NV (C)] < cLrs(t) - (¢ — 1).

It follows that tw(C) < errs(t) - (¢ — 1) — 1 as witnessed by (T3, (Dz . NV (C) | z € V(Ty))).
Therefore, tw(torsog w(Wz) — Ay — Uz —Y) < crrs(t) - (¢ —1) — 1, and so

tw(torsog (W) —=Y) < |Ag| + |Uz| + crrs(T) - (¢ —1) —1
<crs(t) - (g+1) — 1 < 2e1rs(t) - q.

This implies that tw(G —Y) < ¢ - q. O

6.7.2 The bounded treewidth case

We now prove the bounds in Theorem 1.36 for graphs of bounded treewidth. See Figures 6.2
and 6.3 for the general plan of the proof.

Lemma 6.30. Let G be a graph and let S C V(G). For every path partition (Py, ..., Py) of
(G, 5),
td(6,5) < [log(¢ + 1)] - max .
1€

Proof. Let (P, ..., ;) be a path partition of (G, S), and let N = max;¢|q | P;|. It is enough to
show that td(G, S) < k- N if £ = 2% — 1. We proceed by induction on k. When k = 1 this is
clear. Now suppose & > 1. Let Sy = P,r—1. Note that Sy intersects every path in G between
Uieper-1-1) P and U;eor-141,_ory B in G. Thus, there exists a partition V1, V2 of V(G — Sp)
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such that Ujcjor-1_1) Pi € Vi, Ujeqor-141,....26—13 i € V2, and there is no edge between V; and
V5 in G. Then, by the induction hypothesis, Lemma 6.16, and Observation 6.15,

td(G, S) < td(G, Sp) + max{td(G[V1], SN V), td(G[Va],S N V32)}
|So| + (k—1)-N
k- N. O

/

NN

Lemma 6.31. Let T be a tree. There exists an integer c such that the following holds. Let q be an
integer with q = 2, let G be a graph, and let F be a family of connected subgraphs such that G
has no F-rich model of T. There exists S C V(G) such that

(@) V(F)NS # 0 forevery F € F,

(b) for every connected component C of G — S, Ng(V(C)) intersects at most two connected
components of G — V (C'), and

(c) ftdfry(G,S) < c- (tw(G) + 1) - log q.
Proof. Let h, d be positive integers such that 7' C Fj, 4. Let
c=4(h+1h(d+h—1).

Let D be a tree decomposition of G of width tw(G). By Lemma 6.26, there exist pairwise disjoint
S1,...,8h+1 € V(G), and for every a € [h + 1] a path partition (P, ..., P,y,) of (G — 51 —
++ = Sa—1,5,) such that for S = Uyepp41) Sas

6.26.(a) V(F)NS # () forevery F € F;

6.26.(b) for every connected component C' of G — S, Ng(V(C)) intersects at most two connected
components of G — S;

6.26.(c) forevery a € [h+1], foreveryi € [{,], P, ; is contained in the union of at most 2h(d+h—1)
bags of D.

Let g be an integer with ¢ > 2. For every a € [h + 1], let i(a) be a random variable over
{0,...,q — 1} with uniform distribution. Now, let

Y =|HPuila€h+1],i€{0,...,4},i=i(a) mod g}.

First, observe that for every u € S, Prju € Y] = %, and so the distribution of Y is g-thin.
Moreover, for every a € [h + 1], by Lemma 6.30,

td(G =Sy — - — Sa1 — Y, S0 —Y) < 2h(d+h—1) - (tw(G) +1) - (log g + 1)
<A4Ah(d+h—1)- (tw(G) +1) -logq

By Lemma 6.16, it follows that
td(G—=VY,S\Y)<4(h+1Dh(d+h—1)- (tw(G)+1)-logg=c- (tw(G) +1) - logq.

This shows that
ftdfr,(G,S) < ¢ (tw(G) + 1) - logg,

which concludes the proof the lemma. O
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We will now prove the following main bound on fractional treedepth-fragility rates.

Theorem 6.32. Let t be an integer witht > 2, and let X € S;. There exists an integer c such that
for every positive integer q, for every X -minor-free graph G,

ftdfr, (G) < c- (tw(G) + 1) - ¢' 2
To prove this theorem, we will apply Theorem 6.2.

Proof of Theorem 6.32. By Lemma 6.18, the family of focused graph parameters (par, | ¢ €
N<¢) defined by

1
par,(G,S) = ) ftdfr, (G, S)

tw(G)
for every positive integer ¢, for every graph G, and for every S C V(G), is nice. Then, we show
by induction on ¢ that ¢ — ¢*~2 is (par, S;)-bounding. Note that, by Lemma 6.21, S; 1 has the
coloring elimination property. When ¢ = 2, Lemma 1.17 and Lemma 5.2 implies that ¢ — 1
is (par, R1)-bounding, and so, by Theorem 6.23, ¢ — 1 is (par, S)-bounding. When t = 3,
Theorem 6.3 and the induction hypothesis implies that ¢ — ¢ is (par, A(S2))-bounding. Then,
Theorem 6.24 implies that ¢ — ¢ is (par, S3)-bounding. Now suppose ¢ > 4. In particular, S;_;
is closed under leaf addition. Therefore, by the induction hypothesis and Theorem 6.3, ¢ +— ¢’ 2
is (par, A(S;_1))-bounding. Finally, by Theorem 6.4, ¢ — ¢'~2 is (par, S;)-bounding.

Let X € S; and let k = |V(X)|. Since ¢ — ¢'~2 is (par, A(S;_1))-bounding, there exists
a constant /3 such that the following holds. Let ¢ be a positive integer, let G' be an X -minor-free
graph, and let F be the family of all the one-vertex subgraphs of G. Since G is X -minor-free,
there is no F-rich model of X in G. Therefore, there exists S C V(G) such that, in particular,

(i) V(F)NS # () forevery F € F,andso S = V(G),
(i) par,(G,S) < B-¢"2

We deduce that ftdfr,(G) = ftdfr,(G,S) < 8- (tw(G) +2) - ¢"2 < 28 - (tw(G) + 1) - ¢ 72,
which proves the theorem for ¢ = 2. O

Theorem 6.33. Let t be an integer witht > 2, and let X € Ry. There exists an integer c such that
for every integer q with q > 2, for every X -minor-free graph G,

ftdfr, (G) < c- (tw(G) + 1) - ¢'*logq.
Proof. By Lemma 6.18, the family of focused graph parameters (par, | ¢ € Nxo) defined by

1

(G 12 ftdfr, (G, S)

for every positive integer ¢, for every graph G, and for every S C V(G), is nice. Then, we
show by induction on ¢ that ¢ — ¢*~2log q is (par, R;)-bounding. When ¢ = 2, this is given by
Lemma 6.31. Now suppose ¢ > 3. By Lemma 6.21, 'R;_; has the coloring elimination property.
Therefore, by the induction hypothesis and Theorem 6.3, ¢ +— ¢'~2logq is (par, A(R;_1))-
bounding. Finally, by Theorem 6.4, ¢ — ¢*~2log q is (par, R;)-bounding.

Let X € Ry, and let k = |V(X)|. Since ¢ — ¢*~?log q is (par, A(R;_1))-bounding, there
exists a constant 3 such that the following holds. Let ¢ be an integer with ¢ > 2, let G be an
X-minor-free graph, and let F be the family of all the one-vertex subgraphs of G. Since G is
X -minor-free, there is no F-rich model of X in G. Therefore, there exists S C V(G) such that,
in particular,

par, (G, S) =
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(i) V(F)NS # () forevery F € F,andso S = V(G),

(i) par,(G,S) < B¢ *loggq.

We deduce that ftdfr,(G) = ftdfr,(G,S) < 8- (tw(G) +2) - ¢ 2logq < 28 - (tw(G) + 1) -
q'~? log g, which proves the theorem for ¢ = 23. ]

6.7.3 The general case

We can now deduce using Lemma 6.29 the bounds in Theorem 1.36 which are independent of the
treewidth.

Theorem 6.34. Let t be an integer witht > 2, and let X € S,. There exists an integer ¢ such that
for every positive integer q, for every X -minor-free graph G,

ftdfry(G) < c- ¢t

Proof. Let G be an X-minor-free graph and let g be a positive integer. By Lemma 6.29 applied
for 2¢, there exists a random variable Y; over the subsets of V(G) such that tw(G — Y1) <
c6.20(|V(X)]) - ¢, and Y7 is equipped with a 2¢-thin probability distribution. Now, by Theo-
rem 6.32, there exists a positive integer ¢y depending only on X such that

fedfry (G — Y1) < co - (tw(G —Y) + 1) - g2

Let Y3 be a random variable over subsets of V(G — Y1) witnessing this fact. Then, the random
variable Y = Y1 U Ys is such that

td(G —Y) <co- (tw(G =Y) +1)-¢"2
<co (can(VX)]) - g+1) g2 <c ¢!

|[V(X)]) + 1), and for every u € V(G), Pru € Y] < Pr[u € Y] + Pr[u €
. Therefore, ftdfr,(G) < c- ¢ 1. O

for c = co (c() 29
Y2] ~ 2(] + 2q

.Q\;_A/\

Theorem 6.35. Let t be a positive integer, and let X € R;. There exists an integer c such that for
every integer q with q > 2, for every X -minor-free graph G,

ftdfr,(G) < c- ¢ loggq.
Proof. Let G be an X-minor-free graph and let ¢ be an integer with ¢ > 2. By Lemma 6.29
applied for 2¢, there exists a random variable Y; over the subsets of V(G) such that tw(G —

Y1) < c620(|V(X)]) - ¢, and Y is equipped with a 2¢-thin probability distribution. Now, by
Theorem 6.33, there exists a positive integer cg depending only on X such that

ftdfry (G — Y1) < co - (tw(G = Y) + 1) - ¢" 2 logq.

Let Y3 be a random variable over subsets of V(G — Y;) witnessing this fact. Then, the random
variable Y = Y1 U Ys is such that

td(G —Y) <co- (tw(G =Y) +1)-¢"2logyq
<o (coa0(V(X)])-q+1)-¢"logg < c- g 'logq

|[V(X)]) + 1), and for every u € V(G), Pru € Y] < Pr[u € Y] + Pr[u €

for ¢ = ¢q - (c6.29(
= % Therefore, ftdfr,(G) < c¢- ¢~ 1loggq. O

Yo < 2L+2L
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6.8 Weak coloring numbers

In this section, we prove Theorem 1.35. We start with a few observations.

Observation 6.36. Let G be a graph, S C V(G), and U C V(G). For every nonnegative
integer q, we have
weoly (G — U, S\ U) < weoly (G, S).
Let G be a graph, and let u,v € V(G). A (u,v
and v such that P has minimum length among every
see e.g. [DHH ™24, Lemma 23] for a proof.

~—

-geodesic in G is a path P with endpoints u
u, v)-path. The following lemma is folklore,

—

Lemma 6.37. Let G be a graph and let q be a nonnegative integer. For every geodesic Q) in G
and for every vertex v € V (G),
N N V(Q)] < 2q + 1.

Geodesics are a useful tool when bounding weak coloring numbers. For instance, Lemma 6.37
implies the following.
Observation 6.38. Let G be a graph, let S C V(QG), let { be a positive integer, and let Q1, . . ., Qy
be geodesics in G. For every nonnegative integer q, we have

weoly (G, SUV(Q1)U---UV(Qy)) < weoly(G,S) +£(2¢ + 1).
We will also use the following bound on weak coloring numbers of paths as a black box.

Lemma 6.39 ([IM22]). For every positive integer q and for every path P, wcoly(P) < 2+ [log q].

6.8.1 The bounded treewidth case

In this section, we prove the bounds in Theorem 1.35 that depend on treewidth. See Figures 6.2
and 6.3 for the general plan of the proof. Recall that for all positive integers h and d, we denote
by F}, 4 the (rooted) complete d-ary tree of vertex-height h.

Lemma 6.40. Let X be a forest. There exists a positive integer 3(X) such that, for every integer
q with q > 2, for every positive integer k, for every graph G with tw(G) < k, for every family F
of connected subgraphs of G, if G has no F-rich model of X, then there is a set S C V(G) such
that

(@) V(F)NS # 0 forevery F € F;

(b) for every connected component C of G — S, Ng(V (C)) intersects at most two connected
components of G — V (C);

(c) weoly(G,S) < B(X) -k -logg.
Proof. Since X is a forest, there exist positive integers h, d such that X C F}, 4. Let
B(X)=6(h+1)h(d+h—1).

Let k, ¢ be positive integers with ¢ > 2. Let G be a graph of treewidth less than k. By Lemma 5.3,
there is a tree decomposition D of G of width at most £ — 1 which is natural. Fix such a tree
decomposition D. Let F be a family of connected subgraphs of G. Suppose that G has no F-
rich model of X. By Lemma 6.26, there exist pairwise disjoint Sy,...,Sp+1 € V(G), and for
every a € [h + 1] a path partition (P, ..., P,4,) of (G — (S1U---US,_1),S,) such that for
S = Uae[h+1] Sa
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6.26.(a) V(F)NS # () for every F € F;,

6.26.(b) for every connected component C' of G — S, Ng(V(C)) intersects at most two connected
components of G — S,

6.26.(c) forevery a € [h+1], foreveryi € [(,], P, ; is contained in the union of at most 2h(d+h—1)
bags of D.

Note that (a) holds by 6.26.(a), and (b) holds by 6.26.(c). In order to conclude the proof, it
suffices to show (c).

Let a € [h + 1]. For convenience, let P, 4,1 = 0. Consider the path @ with V(Q) =
{0,...,¢, + 1} where two numbers are connected by an edge whenever they are consecutive.
Let o/ = ig...ig, be an ordering of {0,...,¢, + 1} given by Lemma 6.39, that is such that
weoly(Q,0') < 1+ [logq| < 3logg. Foreachi € {0,...,¢,+1}, let o; be an arbitrary ordering
of P;. Let o be the concatenation of oy, . .. 0; P in this order.

Letu € V(G)\ (S1U---USq_1),and let W = WReach,[G — (S1U---US4_1), Sa, 0, ul.
We argue that

|W| <6h(d+h—1) k-logg.

Suppose W £ (. Let i, € V(T) be such that if u € S,, then v € P, , and otherwise, i, €
{0, ..., ¢} is the least value such that P;, intersects N¢(C'), where C'is the connected component
of uin G — S. Let A = WReach,y[Q, 0’,4,] U WReachy[Q, ¢’, i, + 1]. In particular, |[A| <
2 - weoly(Q,0') < 2-3logg. Since (Pyo,. .., Pys,+1) is a path partition of (G — (S U --- U
Sa-1),Sa), we have W C ;4 Pj. By 6.26.(c), for every j € {0,...,¢ + 1}, P; is contained
in the union of at most d bags of D, and since the width of D is at most £ — 1, we have | P;| <
2h(d 4+ h — 1)k. Tt follows that

[W| < |A|-2h(d+ h — 1)k < 6h(d+ h — 1)klogq.
This proves that
weoly(G — (S1U---USq-1),54) < 6h(d+ h —1)klogg.
Now, applying Observation 6.6 inductively, we obtain

weoly(G, S) < Z weoly(G — (S1U---US,-1),5)
a€lh+1]

<6(h+1)h(d+h—1)klogg=B(X)-k-logg.
This shows (c) and concludes the proof of the lemma. L]
We are now ready to prove the main results of this section.

Theorem 6.41. Let t be a positive integer, and let X € S;. There exists an integer ¢ such that for
every integer q with q > 2, for every X -minor-free graph G,

weoly(G) < ¢+ (tw(G) + 1) - ¢ 2.
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Proof. For every positive integer g, for every graph G, for every S C V(G), let

par, (G, S) = weoly (G, S).

1
tw(G) + 2
By Lemma 6.10, (par, | ¢ € Nxo) is a nice family of focused parameters.

We will show by induction on ¢ that for every integer ¢ with t > 2, ¢ — ¢'~? is (par, S;)-
bounding. First consider the case ¢ = 2. By Lemma 1.17 and Lemma 5.4, the function ¢ > 1 is
(par, R1)-bounding. By Theorem 6.23, ¢ — 1 is (par, Sy)-bounding. Now suppose ¢t > 3 and
that ¢ — ¢'~3 is (par, S;_1)-bounding. If t = 3, then by Theorem 6.3, ¢ — ¢ is (par, A(S2))-
bounding, and by Theorem 6.24, ¢ +— ¢ is (par, A(S3))-bounding. Now suppose ¢ > 4. Recall
that S;_1 has the coloring elimination property by Lemma 6.21, and S;_ is closed under disjoint
union. Therefore, by Theorem 6.3, ¢ — ¢*~2 is (par, A(S;_1))-bounding. By Theorem 6.4, we
deduce that ¢ — ¢'~2 is (par, S;)-bounding.

Let t be an integer with t > 2, and let X € ;. Since ¢ — ¢'~2 is (par, S¢)-bounding, there
exists a positive integer 5 such that the following holds. Let ¢ be a positive integer, let G be an
X -minor-free graph, and let F be the family of all the single vertex subgraphs of G. If G is the
null graph, then wcol,(G) = —oo. Now suppose G nonnull. Note that there is no F-rich model
of X in G. There exists S C V(&) such that

(i) V(F)NS # 0 forevery F' € F,and so S = V(G), and
(i) par,(G,S) < B¢
Since weoly (G, V(G)) = weol,(G), we deduce that

2

2

weoly(G) < (tw(G) +2) - par, (G, V(G)) < 28 - (tw(G) + 1) - ¢ 2,
which proves the theorem. O

Theorem 6.42. Let t be a positive integer, and let X € R,. There exists an integer c such that for
every integer q with q > 2, for every X -minor-free graph G,

weoly(G) < ¢+ (tw(G) + 1) - ¢" % logq.

Proof. For every positive integer g, for every graph G, for every S C V(G), let

par, (G, S) = weoly (G, S).

1
tw(G) + 2
By Lemma 6.10, (par, | ¢ € Nxo) is a nice family of focused parameters.

We will show by induction on ¢ that for every integer ¢ with ¢ > 2, ¢ — ¢'~?log(q + 1) is
(par, R;)-bounding. First consider the case ¢ = 2. By Lemma 6.40, the function ¢ — log(g+1) is
(par, R2)-bounding. Now suppose ¢ > 3 and that g — ¢'~3log(q + 1) is (par, R;_1)-bounding.
Recall that R;_; has the coloring elimination property by Lemma 6.21, and R;_; is closed under
disjoint union. Therefore, by Theorem 6.3, ¢ — ¢'~2log(q + 1) is (par, A(R¢_1))-bounding. By
Theorem 6.4, we deduce that ¢ — ¢*~2log(q + 1) is (par, S;)-bounding.

Let ¢ be an integer with ¢ > 2, and let X € S;. Since ¢ — ¢'~2log(q + 1) is (par, S;)-
bounding, there exists a positive integer 3 such that the following holds. Let ¢ be an integer with
q = 2, let G be an X -minor-free graph, and let F be the family of all the single vertex subgraphs
of G. Note that there is no F-rich model of X in G. There exists S C V(G) such that
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(i) V(F)NS # () forevery F' € F,andso S = V(G), and

(i) par,(G,S) < B¢ ?log(g+1) <26 ¢ *logyq.
Since weoly (G, V(G)) = weol,(G), we deduce that

weoly(G) < (tw(G) +2) - par, (G, V(G)) <48 - (tw(G) + 1) - ¢'?logq,

which proves the theorem. 0

6.8.2 The general case

In this section, we prove the bounds in Theorem 1.35 that do not depend on treewidth. The key idea
is that we can repeat the same argument as in the bounded treewidth case by replacing Lemma 1.17
by the following lemma.

Lemma 6.43. For all positive integers k, d, there exists a positive integer cg 43(k, d) such that, for
every connected Ky-minor-free graph G, for every family F of connected subgraphs of G, either
there are d pairwise vertex-disjoint subgraphs in F, or there exists S C V(G) such that

(@) V(F)NS # 0 forevery F € F;
(b) GIS] is connected;
(c) weoly(G, S) < cp.43(k, d) - q for every positive integer q.

Lemma 6.43 is a consequence of the following statement from [DHH " 24], which relies on the
Graph Minor Structure Theorem by Robertson and Seymour.

Lemma 6.44 ((DHH " 24, Lemma 21]). For all positive integers k, d, there exists a positive integer
¢ce.44(k, d) such that, for every Ky-minor-free graph G, for every family F of connected subgraphs
of G either

(1) there are d pairwise vertex-disjoint subgraphs in F, or

(2) there exists A C V(G) with |A| < (d — 1)cs.a4(k), and there exists a subgraph X of G
which is the union of at most (d—1)?cg 44(k) geodesics in G — A, such that for every F € F
we have V(F) N (V(X)U A) # (.

Proof of Lemma 6.43. Let cg.43(k,d) = 12(d — 1)?cg.44(k). Let G be a Kj-minor-free graph and
let F be a family of connected subgraphs of G. Suppose that there are no d pairwise disjoint
members of F, and hence, Lemma 6.44.(2) holds, yielding A C V(G) and a subgraph X of G
such that |A| < (d—1)cs.44(k) and X is the union of at most (d — 1)?cs 44(k) geodesics in G — A.
Note that G[AUV (X)] has at most | A| + (d — 1)%cg.44(k) connected components. Let Q1, . . ., Q¢
be a family of at most (d—1)cg 44(k)+(d—1)%cg.44(k)—1 geodesics in G such that the set S = AU
V(X)UUiepq V(Q:) induces a connected subgraph in G. In particular, £ < 2(d— 1)%cg.44(k). For
every positive integer g, by Observations 6.38 and because wcol,(G, AU V(X)) < |[AUV(X)],

weoly (G, S) < weoly (G, AUV (X)) + - (2g+ 1)

A+ (d = 1)%csaa(k) - (2¢+1) + £+ (20 + 1)

(d—1)csaa(k) + (d = 1)%c.04(k)(2¢ + 1) +2(d — 1)%co.44(k) - (2¢ + 1)
A(d —1)%coaa(k) - (2 + 1) < cous(k,d) - g O

INCININ
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Lemma 6.45. Let k,d be positive integers. Let G be a connected Ky-minor-free graph, and let
F be a family of connected subgraphs of G such that G has no F-rich model of F5 4. For every
nonempty U C V(Q) such that G[U] is connected, there is a path decomposition (Wy, ..., Wy)
of Gwith € > 1 and sets Ry, . .., Ry C V(G) such that for S = U UU,cqa,.. s (Wit N W5),

(a) Wo =U;

(b) V(F)NS # 0 forevery F € F;

(c) G|S] is connected;

(d) G[Ry] is connected for everyi € {2,...,0};

() Wisa NW; C R; C Ujeqo,...i—1y Wi foreveryi € {2,...,0};
(f) Wi and Wi are disjoint for every i € {0,...,¢ — 2}, and

(g) weoly(G, R;) < (cou3(k,d+ 1)+ 3)-qforeveryi € {2,...,0} and for every positive
integer q.

Proof. We proceed by induction on |V (G)| — |U|. Let U C V(G) be nonempty such that G[U]
is connected. If F|g_y = 0, then it suffices to take Wy = Wy = U, ¢ = 1. In particular,
this is the case for U = V(G). Therefore, assume |U| < |V(G)| and Flg_y # 0. Let Fy be
the family of all the connected subgraphs A of G — U such that A contains a member of F and
V(A)NNg(U) # 0. We argue that Fy # (). Since F|g_y # (), there is a connected component C
of G — U containing a member of F. Since G is connected, V(C) N Ng(U) # 0 and so C € Fy.

Observe that any collection of d 4 1 pairwise disjoint Ay, ..., Ag11 € Fo yields an F-rich
model of F} 4. Indeed, it suffices to take U U Ag4 as the branch set corresponding to the root of
F, 5 and Aq,..., A as the branch sets of the remaining d vertices of I, 4. Therefore, there are
no d + 1 pairwise disjoint members of Fj, and thus, by Lemma 6.43 applied to G and Fy, there
exists a set Sy C V(G) such that

6.43.(a) V(F) NSy # 0 for every F € Fy;
6.43.(b) G[So] is connected,;
6.43.(c) weoly(G, Sp) < cp.a3(k,d+ 1) - g for every positive integer q.

Since Fy # 0, we have Sp \ U # 0. Let Q be a (U, Sp)-geodesic in G (possibly just a one-vertex
path), and let S; = Sy U V(Q). Note that by 6.43.(b), G[.S1] is connected.

Let Cy be the family of all the connected components C' of G — U — S such that Ng(U) N
V(C)=0. Let U = V(G) \ Ugee, V(C). Observe that [U’| > |U| since Sy \ U # () and U’
contains U U Sy. Let F/ = {F € F | V(F)NU’ = (}. By the induction hypothesis applied to G,
F'and U’, there is a path decomposition (W, ..., W) of G and sets R5, ..., R, C V(G) such
that for S" = U’ UU;eqa,.. oy (Wi N W),

(@) Wy=U";
(b)) V(F)NnS' # () forevery F € F/;

(c’) G[S'] is connected;
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(d’) G[R]] is connected forevery i € {2,...,{'};
(e’) Wi/—l m Wi, g R; g UjE{O,...,i—l} I/I/vj/ fOI’ every Z G {2, oo ,El};
(f") W and W, are disjoint for every i € {0,...,¢ — 2}; and

(g") weoly(G, R;) < (coa3(k,d + 1)+ 3) - ¢ forevery i € {2,...,¢} and for every positive
integer q.

Letl{ =0 +1, Wy =U, Wy, =U', Wy = (W{\U)U(S1\U), W; = W/_; for every
i€ {3,...,0}, R = S1,and R; = R}_, for every i € {3,...,¢}. Note that (a) holds by
construction. We claim that (W, ..., W;) is a path decomposition of G and (b)-(g) hold, which
completes the proof of the lemma.

Let u € V(G). We claim that ] = {i € {0,...,¢} | v € W;} is an interval. Since
(W§, ..., W) is a path decomposition of G, I' = {i € {0,...,¢'} | w € W]} is an interval. If
ugU =Wy, thenl ={ie{2,...,0} |ue W/ ;} ={i+1]ie I'}, which is an interval
too. Now suppose that u € U’, and so 0 € I'. If u ¢ S; \ U, then u ¢ W5 and u ¢ W/ for every
i€{2,...,0'} by (a’)and (f"). Hence I = {0,1} if u € U, and I = {1} otherwise, which is an
interval in both cases. If u € S\ U, thenu ¢ U = Wy,andso I = {1} U{i+1|i e I'\ {0}},
which is an interval. This proves that [ is an interval.

Let uv be an edge of G. We claim that there exists i € {0,...,¢} such that u,v € W;. If
there exists ¢’ € {2,...,¢'} such that u,v € W/, then u,v € W/, = Wjy_; and we are done.
Now suppose that u and v are not both in W/ for every i € {2,...,¢}. Since (Wy,...,W})
is a path decomposition of G, there exists i’ € {0,1} such that u,v € W}. If i/ = 0, then
u,v € W) =U’" = Wj. Now suppose that u and v are not both in W; = U’, and so, in particular,
i’ = 1. Without loss of generality assume that v ¢ U’. It follows that v € Wi \ U’ C Wh.
Let C be the connected component of v in G — U — Sy. Since v & U’, C belongs to Cp, and so
Ng(V(C))NU = (. Tt follows that N(V(C))NU = 0, and so, u € S\ U. Therefore, u € W,
which concludes the claim. Furthermore, we obtained that (WY, ..., W) is a path decomposition
of G.

We now prove (b). Consider F' € F. If F intersects U, then V(F)NS # @ since U C S. If F
intersects S7 \ U, then F' intersects W3 N Wy C S. Now suppose that F' is disjoint from U U Sj.
Let C be the connected component containing F in G—U — 5. Since C is disjoint from Sy C Sy,
by 6.43.(a), C' is not a member of Fy. This implies that No(U) N V(C) = 0, and thus, C' € Cy.
In particular, F is disjoint from U’, and so, F' € F'. By (b)), V(F) N S’ # 0, hence, there exists
i€ {2,...,0'} such that V(F') intersects W,_; N W,. It follows that W/ ; N W/ = W; N W; 1
and so V(F) N S # (. This proves (b).

Let us pause to underline a simple observation that follows directly from the construction, (a’),
and (f):

(x) foreveryi € {3,...,¢},wehave W;_; N W; = W/_, N W/_;.

By (¢"), 8" = U"UUjeqa,....0y (W;_y N W) induces a connected subgraph of G. In particular,
every connected component of G[.S’]—U’ has a neighbor in Ng(V (G)\U’) C S;. Since G[UUS] ]
is connected, it follows that (S’ \ U’) U U U S} induces a connected subgraph of G. However,
S =(S"\U")UU U S; by (x), which yields (c).

Foreveryi € {3,...,¢}, R; = R,_, induces a connected subgraph of G by (d’), and Ry = S}
induces a connected subgraph of G by definition, hence (d) follows.
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For the proof of (e), first, observe that by construction, U;cqo, . ;—13 Wj = Ujeqo,..i—o1 W)
for every i € {2,...,£}. In particular, it follows that R; = R;_; C Ujeqo,.i—y W) =
Ujeqo,....im1y Wj for every i € {3,...,£} by (¢’). Moreover, Ry = S; C Wj. It remains to
show that W;,_1 N W; C R, foreveryi € {2,...,¢'}. Fori =2, Wy N W5 =51 \ U C Rs. For
ie{3,.. Wi NW; =W/ oNW/_; CR._; =R, by (%) and (¢’). This gives (e).

Foreveryi € {3,...,0—2}, WiNWjyo = W/_ NnW/_; = 0 by (f"). Moreover, W3 = Wy is
disjoint from S; \ U C W{ by (f"). Hence Wo "Wy = W] NW3 = ( by (f*). Similarly, W = W3
is disjoint from U’ = W} by (f*). Hence W1 N W3 = W N W4 = (. Finally, Wy, N W2 = () by
construction, and so, (f) holds.

It remains to show (g). First, for every i € {3,...,¢}, R; = R,_; and so wcoly(G, R;) <
(c6.43(k,d + 1) + 3) - q for every positive integer g by (g’). Moreover, Ry = S1 = V(Q) U Sp.
Hence

WCOlq(G, Rz) < C(,'_43(]€, d+ 1) - q + (26] + 1) < (66_43(]6, d+ 1) + 3) - q

for every positive integer ¢, using 6.43.(c) and Observation 6.38. This shows that (g) holds, which
concludes the proof of the lemma. O

Now we are ready to consider graphs with no F-rich model of a fixed star. This part of the
argument follows ideas from the proof by [JM22] that wcol,(P) < 2 + [log g] for every path P
and every positive integer q.

Lemma 6.46. Let k,d be positive integers. For every integer q such that q > 2, for every con-
nected Ky-minor-free graph G, for every family F of connected subgraphs of G, if G has no
F-rich model of F» 4, then there is a set S C V(G such that

(@) V(F)NS # 0 for every F € F;
(b) G[S] is connected;
(c) weoly(G,S) < 5(csa3(k,d+1)+3) - qlogg.

Proof. Let ¢ be an integer with ¢ > 2, let G be a connected Kj-minor-free graph, let F be a
family of connected subgraphs of G, and suppose that G has no F-rich model of F, 4. Let g be an
integer with ¢ > 2. Let U be an arbitrary singleton of a vertex in G. Lemma 6.45 applied to G,
F, and U gives a path decomposition (W, ..., W;) and sets Ry, ..., Ry C V(G) such that for
8" =UUUieqa,... (Wica N W),

6.45.(2) Wy = U:

6.45.(b) V(F)N S’ # O for every I' € F;

6.45.(c) G[S'] is connected;

6.45.(d) G[R;]is connected for every i € {1,...,(};

6.45.(e) Wii NW; C R; € Ujeqo,...i—1y Wy forevery i € {2,... 0}
6.45.(f) W; and W, are disjoint for every i € {0,...,¢ — 2}; and

6.45.(g) weoly(G, R;) < (csu3(k,d+1)+3)-qgforeveryi € {2,...,(}.
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For convenience, we set 1 = U.
Let s = [log(q+1)]. Foreveryi € {0,...,s},letI; = {i € {1,...,£} | 7 = 0 mod 2¢}. We

-----

{0}jequ,....¢y such that o is an ordering of R, for every j € {1,...,/}. Forevery j € I, let

R} = Rj \ Useqo,... j—2:—13 Wa
and let S5 = ¢y, R). Letj € Is. If j < 2-2% then j = 2° and R = Rj, and so by 6.45.(g),
weoly (G, R}) < (c6.43(k,d+1)+3)-q. Now assume that j > 2-2°. Since (Wy, ..., W) is a path
decomposition of G, Wj_gs—1 N Wj_9s separates Uyeqo,... j—2s—13 Wa and Ugej—2s .4 Wa In
G. Since W;_9s_1 N Wj_as C R;,Qs (by 6.45.(e)), by Observation 6.5, we obtain
weoly (G = Uaeqr,...j—2ynr, Bl B}) = weoly (G — (Wj_oe 1 N W 2), R})
= weol, (G - Uae{o,...,j—Qs—l} Wa, R;) .

Finally,

wcoly (G = Uaeqo,...,j—2s—13 Wa, R;) < weoly(G, Rj) by Observation 6.36
< (coas(k,d+1)+3)-q¢ by 6.45.(2).

Let o; be an ordering of R;- such that

weoly (G = Uaeqr,...jo2jnr, B B} 05) < (coas(k,d+1) +3) - q.

Next, leti € {0,...,s — 1} and assume that S;;1 is defined. Now, for every j € I; \ I;41, let

R; = (Rj \ Uaego,....j—2i-1} Wa) \ Sit1,

and let S; = Ujeli R;-. Note that S; 11 C S;. Alsp note that for every j € I;, W;,_1 NW; C R;-
by 6.45.(f). Let j € I; \ I;+1. We have j — 2° € I;;1, and therefore, Wi_gi_i NW;_9i C
R;_z,. C Sit1. Since (Wo, ..., W;) is a path decomposition of G, W;_qi_y N W,_y: separates
Uaeqo,....j—2i—1) Wa and U,eqj—2i .y Wa in G. It follows by Observation 6.5 that

.....

WCOlq(G — Si+17 R;) = WCOlq (G — (Wj—Qi—l N Wj_Qi), R;)

= wcol, (G - Uae{()’,,,’jfgi,l} Wa, R;) .
Furthermore,
wcoly (G — Uaeqo,....j—2i-13 Was R;) < weoly (G, Rj) by Observation 6.36
< (cga3(k,d+1)+3)-q by 6.45.(9).

Let o; be an ordering of R;- such that
WCOlq(G - Si+1a R;, O'j) < (C(j_43(k, d+ 1) + 3) - q.

We define S = Sj. Now, it suffices to show that (a)-(c) hold. Since S’ C S, (a) holds
by 6.45.(b).
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Recall that G[S'] is connected by 6.45.(c). Next, let C be a connected component of G[R] for
some fixed j € I,. If V(C) N (W;_1 NW;) # 0, then V(C) N S’ # 0, and so, G[S" UV (C)] is
connected. Thus, assume that V(C) N (W;—1 N W) = (. However, W;_1 N W; C R}, hence, C
has a neighbor in W;_gs_1, in particular, in W;_s_1 N W;_9s C S’. Hence, again G[S" UV (C')]
is connected. In particular, we have just proved that G[S” U Ss] is connected. Next, suppose that
G[S"US; 1] is connected for some i € {0,...,s—1}. Let C' be a connected component of G[R’]
for some fixed j € I;. If V(C) N (W;—1NW;) # 0, then V/(C) NS’ # (), and so, G[S' UV (C)] is
connected. Thus, assume that V' (C) N (W;—1 N W;) = 0. However, W;_1 N W; C R’, hence, C
has a neighbor in W;_5i_; US4 1, in particular, in (W;_gi_1 NW;_5:)US;11 € S'US;; 1. Hence,
G[S" U S;1+1 U V(C)] is connected. Finally, G[S” U Sy] = G[S] is connected, which yields (b).

The sets {R; }jeqa,...,¢y are pairwise disjoint, and they partition S. Let o be an ordering of S
such that

(i) o extends oj, forevery j € {1,...,¢};
(i) forevery j,j' € Iy with j < j', forallu € R} and v € R}/, u <, v; and
(iii) foreveryi € {0,...,s — 1}, forallu € S;;1 andv € S; \ Sit1, u <5 v.

For convenience, let R, = () and W; = R;- = () for every integer j with j > /.
We now show (c). Let u € V(G). We will show that | WReach,[G, S, o, u]| < 5(cs.43(k, d +
1) +3) - qlogg. Let j, € {0, ..., ¢} be minimum such that u € W;,. We claim that

| WReachy[G, S, 0,u] N S| < 2(csa3(k,d+ 1) +3) - q.

Let o = max{0} U{a € I | a < j,},and let 3 = o + 2°. Thus, if § < ¢, then 3 € I,. Next, we
argue that
WReach,[G, S,0,u] N Ss C R, URj.

Suppose to the contrary that there is a vertex v € WReach,[G, S,0,u] N Ss withv ¢ R, U R’ﬂ.
Lety € Is \ {a, 3} be such that v € R/ . Then either v < «, ory > f3. First assume that v < c.
Since R; € Uaego,....y—1) Wa and because (Wo, ..., Wy) is a path decomposition of G, every
(u,v)-path in G intersects W,—1 N W, for each a € {v,...,ju}. Since (Wa—1 N Wa)aeq1,....0y
are pairwise disjoint, we deduce that distg(u,v) > j, — v = a — v > 2° > ¢, which contradicts
the fact that v € WReach,[G, S, o, u]. Finally, assume v > (3. Note that v < £ since R, # () as
v € Rl. Since R}, C Ugeqy—2s,...H—1} Wa, and because (Wo, ..., W) is a path decomposition
of G, every (u,v)-path in G intersects W3_1 N Wz. However, for every w € Wg_1 N Wp,
we have w <, v, thus, v ¢ WReach,[G, S, 0, u], which is a contradiction. We obtain that
WReachy[G, S,0,u] N Ss C R, U R,
For every € € {«a, #}, by definition of o, we have

WReachy[G, $,,u] N R. € WReachy |G~ Uernqu,...a1} R B, 02,1
g WReaChq |:G - U(IE{L...,ju—QS}ﬂIs R/a, R;, O¢, 'LL:|

and therefore,
| WReach,|G, S,0,u] N RL| < (c6.43(k,d+1) +3) - q.
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In particular,
| WReach,[G, S, 0,u] N Ss| < | WReach,[G, S, 0,u] N (R, U Rj)|
< 2(cpa3(k,d+1) +3) - q.
Next, leti € {0,...,s — 1}. We claim that
| WReachy[G, S, 0, u] N (S; \ Sit1)| < (c6a3(k,d+1)+3) - q.
Since each vertex of ;11 precedes each vertex of S; in o, we have
WReachy[G, S, 0,u] N (S; \ Sit1) € WReachy[G — Sit1,5 — Sit1,0|5\5,,1,u] N (Si \ Siy1)-

Let = max{a € [;y1 | a < j,} and B = a + 2/T1. Let C be the connected component of
win G — Siy1. Since Wo—1 N Wy, W1 N W3 C Sj41, and because (W, ..., Wy) is a path
decomposition of G, V(C) NS € Ugeqa,... 3-13 Wa- We deduce that

.....

Since the only members of I; \ I;;1in {a +1,...,3 — 1}isy = o + 2¢, we in fact have
WReaChq[G — Sit1, 9\ Sit1, 0’5\5i+1,u] N(S; \ Si+1) C Rfy,
and we deduce that

| WReachq [G - Si+1, S \ Sit1, J|S\Si+1 , u] N (Sl \ Si+1)| WCOlq(G — Sit1, Rfy, O-'Y)

<
< (66,43(/'6‘, d—+ 1) + 3) -q.

For convenience let Ss1 = (). Since S = Sy, it follows that

| WReachy[G, S, o, u]| < Z | WReachy[G, S, o,u] N (S; \ Sit1)]
1€{0,...,s}

(S + 2) . (66_43(1{7, d+ 1) + 3) - q
5(cg.a3(k,d+ 1)+ 3) - qloggq. O

NN

Lemma 6.47. Let k, h,d be positive integers with h > 2. There is an integer cs 47(h, d, k) such
that for every integer q with q > 2, for every connected Ky-minor-free graph G, for every family
F of connected subgraphs of G, if G has no F-rich model of Fy, 4, then there is a set S C V(G)
such that

(@) V(F)N S # 0 for every F € F;
(b) G[S] is connected;
(c) weoly(G,S) < coar(h,d, k) - qlogg.

Proof. We proceed by induction on h. For h = 2, the result is given by Lemma 6.46 setting
coa7(1,d, k) = 5(cs.a3(k,d + 1) + 3). Next, assume h > 2 and that ¢ 47(h — 1,d, k) witnesses
the assertion for h — 1. Let ¢ 47(h, d, k) = 5(cs.43(k,d+ 1) +3) + 3 + csa7(h — 1,d + 1, k).
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Let ¢ be an integer with ¢ > 2, let G be a connected Kj-minor-free graph, and let F be a
family of connected subgraphs of G. Suppose that G' has no F-rich model of F}, 4. Let 7' be
the family of all the connected subgraphs H of G such that H contains an JF|g-rich model of
F},—1,d+1. We claim that there is no F ’_rich model of F, 4 in G. Suppose to the contrary that
(By | x € V(Fyq)) is such a model. Let s be the root of F; 4 and let s” be the root of F},_1 4.
For every x € V(Fy4) \ {s}, by Lemma 3.16, there is an F-rich model (Cy | y € V(Fp—1.4))
of Fj,_1 4 in G[B,] such that Cy contains a vertex of Ng(Bs) N B,. The union of these models
together with By yields an F-rich model of F}, 4 in G, which is a contradiction. See Figure 6.11.

O

Figure 6.11: We provide an example of the construction of an F-rich model of F}, 4
in G assuming that there is an F’-rich model of F 4 in G in the case where h = 3
and d = 2. In green, we depict an F'-rich model of F5 4 = I in the graph.
Each branch set contains an F-rich model of Fj,_1 441 = F>3. We depict these
models in yellow and the red stars are the elements of F. The obtained model of
F}, q = F3 2 we depict in blue. Note that this model is F-rich.

Since G has no F'-rich model of F; 4, by Lemma 6.46, there is a set Sy C V (G) such that
6.46.(a) forevery F' € F,V(F)NSy # 0;
6.46.(b) G[So] is connected,;
6.46.(c) weoly(G, Sy) < 5(cs.a3(k,d+ 1)+ 3) - qlogg.

Let C be a connected component of G — Sp. By 6.46.(a), C ¢ F', and so, C has no F|¢c-rich
model of F},_; 44;. Therefore, by the induction hypothesis, there is a set S C V' (C) such that

@) V(F)NSc # O for every F € Flc;
(b)) C[S¢] is connected;

(c’) weoly(C,Sc) < cgar(h—1,d+1,k) - qlogq.
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Let Q¢ be an (S¢, Ng(Sy))-geodesic in G. In particular, Q¢ is a geodesic in C. Let C be the
family of the connected components of G — Sy and let

S =5 U U (Sc U V(Qc))
ceC

See Figure 6.12 for an illustration. We claim that (a)-(c) hold.

- Qc,

- Qc,

- Qc,

- Qc,

Figure 6.12: An illustration of the construction of the set S in the proof of
Lemma 6.47.

Let F € F. fV(F)N Sy = 0, then V(F) C V(C) for some connected component C' of
G — Sp. In particular, F' € F|¢, and thus, by (a’), V(F) N S¢ # 0, which proves (a). The graph
G|[S] is connected by construction, (b’) and 6.46.(b), which yields (b). The following sequence of
inequalities concludes the proof of (c¢) and the lemma:

weoly (G, S) < weoly (G, Sp) + weoly (G — So, Ucee (Sc UV (Qc))) by Observation 6.6
< weoly (G, So) + max weoly (C, Sc UV (Q¢)) by Observation 6.5
< weoly (G, Sp) + max weoly(C, Sc) + (2¢ + 1) by Observation 6.38

< 5(cpa3(k,d+1)+3)-qlogqg
+ cea7(h—1,d+ 1,k) - qlogq + 3¢ by 6.46.(c) and (c”)
< (5(cga3(k,d+ 1)+ 3)
+csar(h—1,d+1,k)+3) - qloggq
= cg.47(h,d, k) - qlogq. O

N

We are now ready to prove the main results of this section.

Theorem 6.48. Let t be a positive integer, and let X € S;. There exists an integer c such that for
every integer q with q¢ > 2, for every X -minor-free graph G,

weol,(G) < c- ¢t

Proof. By Lemma 6.9, (wcol, | ¢ € Ng) is a nice family of focused parameters.
We will show by induction on ¢ that for every integer ¢ with ¢ > 2, ¢ — ¢'~! is (wcol, S;)-
bounding. First consider the case ¢ = 2. By Lemma 6.43, the function ¢ — ¢ is (wcol, R;)-

bounding. By Theorem 6.23, ¢ — ¢ is (wcol, S2)-bounding. Now suppose ¢ > 3 and that
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g — q'~%is (wcol, S;_1)-bounding. Recall that S;_; has the coloring elimination property by

Lemma 6.21, and S;_ is closed under disjoint union. Therefore, by Theorem 6.3, ¢ — qlt—1 is
(wcol, A(S;_1))-bounding. By Theorem 6.4, we deduce that g — ¢*~! is (wcol, S;)-bounding.

Let ¢ be an integer with ¢ > 2, and let X € S;. Since ¢ — ¢'~2 is (wcol, S;)-bounding, there
exists a positive integer 5 such that the following holds. Let ¢ be a positive integer, let G be an
X -minor-free graph, and let F be the family of all the single vertex subgraphs of G. Note that
there is no F-rich model of X in G. There exists S C V(G) such that

(i) V(F)NS # Qforevery F € F,andso S = V(G), and
(i) weoly(G,S) < B ¢
Since weoly (G, V(G)) = weoly(G), we deduce that
weolg(G) < B - qtfl,
which proves the theorem. O

Theorem 6.49. Let t be a positive integer, and let X € R;. There exists an integer c such that for
every integer q with q > 2, for every X -minor-free graph G,

weol, (G) < c- ¢ logg.

Proof. By Lemma 6.9, (wcol, | ¢ € N5) is a nice family of focused parameters.

We will show by induction on ¢ that for every integer ¢ with ¢ > 2, ¢ — ¢'~'log(q + 1) is
(wcol, R¢)-bounding. First consider the case t = 2. By Lemma 6.47, the function g — ¢ log(g+1)
is (wcol, R2)-bounding. Now suppose ¢ > 3 and that g — ¢'~2log(q + 1) is (wcol, R¢—1)-
bounding. Recall that R;_; has the coloring elimination property by Lemma 6.21, and R;_; is
closed under disjoint union. Therefore, by Theorem 6.3, ¢ — ¢'~!log(q+1) is (wcol, A(R¢—1))-
bounding. By Theorem 6.4, we deduce that ¢ — ¢! log(g + 1) is (wcol, S;)-bounding.

Let ¢ be an integer with ¢ > 2, and let X € S;. Since ¢ — ¢~ 'log(q + 1) is (weol, S;)-
bounding, there exists a positive integer (3 such that the following holds. Let ¢ be an integer with
q = 2, let G be an X -minor-free graph, and let F be the family of all the single vertex subgraphs
of G. Note that there is no F-rich model of X in G. There exists S C V(G) such that

(i) V(F)NS # O forevery F € F,andso S = V(G), and
(i) weoly(G,S) < B ¢ tlog(g+1) <28-¢"2loggq.
Since wcoly (G, V(G)) = weol,(G), we deduce that
weoly(G) < 48 - ¢ logq,

which proves the theorem. O
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6.9 Centered colorings

In this section, we prove our upper bounds for centered chromatic numbers, that is Theorem 1.34.
The case of K;-minor-free graphs is covered in Sections 6.9.1 to 6.9.3.

6.9.1 Preliminaries

We will need the following simple combinatorial fact. Let T be a tree and let Q be a collection of
connected subgraphs of 7" whose vertex sets partition V (T"). For every X C V(T'), let Q(X) =

Qe Q| V(Q)NX #0}.

Lemma 6.50. Let T be a tree and let O a collection of connected subgraphs of T’ whose vertex
sets partition V(T). Let X, Y C V(T)with X CY and LCA(T, X) = X. If Q(X) = Q(Y),
then Q(Y) = Q(LCA(T,Y)).

Proof. Suppose that Q(X) = Q(Y'). Since Y C LCA(T,Y"), we have Q(Y) C Q(LCA(T.Y)).
Thus, it suffices to prove that Q(LCA(T,Y)) C Q(Y). Consider ) € Q(LCA(T,Y)). There
exist y1,y2 € Y such that lca(T,y1,y2) € Q. Let Q1,Q2 € Q be such that y; € V(Q1),
y2 € V(Q2). In particular, Q1,Q2 € Q(Y) = Q(X). Hence, there exist 1 € V(Q1) N X and
To € V(QQ) NX.

If the roots of ()1 and ()2 are not in an ancestor-descendant relation in 1", then for all ¢; €
V(Q1) and g2 € V(Q2), we have lca(T, q1, q2) = lca(T, root(Q1), root(Q2)). In particular,

lca(T, x1,x2) = lca(T,root(Q1),root(Q2)) = lca(T,y1,y2) € V(Q).

Observe that lca(T, x1,22) € LCA(T, X) = X, thus, V(Q) N X # (), and so, Q € Q(X) =
Q(Y).

Therefore, we can assume that one of the roots say root(Q1), is an ancestor of the other
root((2) in S. It follows that for all ¢; € V(Q1) and g2 € V(Q2), Ica(T, ¢1, g2) is either equal
to root((Q)1) or is a descendant of root(Q1). In both cases, lca(T, ¢q1, g2) lies in the path from ¢;
to root(Q1) in S. Since @) is connected, we obtain that Ica(T’, q1,q2) € V(Q1). In particular,
lea(T, x1,22) € V(Q1), and so, Q1 = Q implying @ € Q(Y"), which ends the proof. O

Finally, we need the following simple fact about torsos. We give a proof for completeness.

Lemma 6.51. Let G be a graph, let W = (T, (W, | x € V(T'))) be a tree decomposition of G,
and let x € V(T). If H is a connected subgraph of G intersecting W, then V(H) N W, induces
a connected subgraph of torsog w(Wy).

Proof. Let H be a connected subgraph of G intersecting W, and suppose to the contrary that the
subgraph H' of torsog v (W;) induced by V(H) N W, is not connected. Let u,v € V(H') be
vertices in distinct components of H such that the distance between v and v is minimal in H. Note
that the internal vertices of a shortest path between w and v in i do not lie in W, as otherwise we
obtain a pair of vertices of H' in distinct components that are closer in H. By the properties of tree
decompositions, such a shortest path has all its vertices in UzeV(Tw) W, for some y € Np(x),
and so u,v € W, N W,. It follows that u and v are adjacent in torsog (W), and so, in H !
which contradicts the assumption and completes the proof. O
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Figure 6.13: In this example, G is an 8-vertex path. P = {P;, P>} and Q =
{Q1,Q2,Q3,Q4}. One can check that (V, Q) refines (U, P) which is witnessed by
f and g. Note that f is a function on V'(.S) but for the readability reasons we depict
it as it acted on bags of V.

We will also need a more explicit version of Lemma 5.3. Indeed, at one point in the proof, we
would like to assume that a tree decomposition that we consider is natural but still preserves certain
properties. For this reason, we introduce the following definitions and we prove Lemma 6.52.

Let G be a graph. A pair (U, P) is a normal pair of G if U = (T, (U, | t € V(T))) is a tree
decomposition of G, and P is a collection of connected subgraphs of 7" whose vertex sets partition
V(T'). Consider two normal pairs (U, P) and (V, Q) of G withid = (T, (U; | t € V(T))) and
V= (S,(Vs|seV(S))). Wesay that (V, Q) refines, or is a refinement of (U, P) if there exist
f:V(S)— V(T)and g: Q — P such that

(r1) forevery s € V(S),
Vs C Uy s);

(r2) forevery Q € Q,
fV(Q)) S V(g(Q)).

See an example in Figure 6.13.

Lemma 6.52. Let G be a connected graph and let (U, P) be a normal pair of G. There exists
(V, Q) a refinement of (U, P) such that V is natural.

Proof. For every positive integer i, for every tree decomposition W of G, we denote by n; (W)
the number of bags of W of size i. Then let n(W) = (njy(q)(W), ..., no(W)).

Since the refinement relation is reflexive, every normal pair of G has a refinement. Consider
the refinement (V, Q) of (U, P) with n(V) minimal in the lexicographic order. We claim that V is
natural.
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Let V = (S, (Vs | s € V(S))). Suppose to the contrary that there exist z,y € V(S) such

that zy € E(S) and G {U SEV(Saly) VS} is not connected, and let C be the family of its connected
components.

Figure 6.14: Proof of Lemma 6.52: construction of S’ from S and of Q' from Q.
The blue partition of S is Q and the blue partition of S” is Q'.

The plan for obtaining a contradiction is finding a refinement (', Q') of (V, Q) such that
n(V') < n(V) in the lexicographic order. For every C' € C, let S¢ be a copy of S, with vertex
set {(C,s) | s € V(Sg,)} and edge set {(C,51)(C,s2) | s152 € E(S,),)}. Let S’ be the tree
obtained from the disjoint union of S|, with all the S¢ over C' € C by adding the edges (C, )y
for each C € C. See fig. 6.14. Let f: V(S’) — V(.S) be such that for every z € V(5’),

2) s if z = s for some s € V(Sy|x),
Z) =
s if 2= (C,s) for some s € V(Sg,) and C € C.

Also, for every z € V(5’), let

z

;s if z = s for some s € V(Sy,),
VenV(C) ifz=(C,s) forsome s € V(S,,) and C € C.

Note that by construction, for every z € V(5'), V] C Vj.y. Moreover, V' = (5", (V] | z €
V(S"))) is a tree decomposition of G.

To complete the construction, we specify a collection Q' of subtrees of S’ whose vertex sets
partition V'(S). Simultaneously, we define g: Q@' — Q. First, for every Q € Q with Q N
V(Sy|x) # 0, let

Q=5 l(V(Q) NV(Sya)) U UA(C,2) [ 2 € V(Q) NV (Syy)}| and g(Q) = Q.

cec
Next, for every Q € Q with @ C V(S,,), for every C' € C, let

Qe =5[{(C,2) | z€ Q}] and g(Qc) = Q.
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Finally, let

Q' ={Q'1QeQwith V(Q) NV (Sy,) #0} U | {Qc | V(Q) S V(Sy)} -

ceC

It follows that Q' is a collection of subtrees of S’ whose sets of vertices partition V' (S") and and
f(V(@")) = Q = g(Q) for every Q' € Q'. In other words, (r2) holds. Note that (r1) also holds,
and thus, (', Q') refines (V, Q). Moreover, by transitivity of the refinement relation, (', Q')
refines (U, P).

To conclude the proof, we show that n()’) is less than n()) in the lexicographic order, which
leads to a contradiction. For every s € V(S,),), we have > o ]V(’CS)\ = |Vs|. Thus, either
\V(’C’S)| < |V5| forevery C' € C or there is exactly one C' € C with W(’Cs)| = |V,| and H/(’D78)| =0
for all D € C\ {C'}. Moreover, for every s € V(Sy,), we have V; = V. Since G is connected,
V, intersects every connected component in C. Also, note that we supposed |C| > 2. Consider
the maximum integer io such that there exists s € V(S,,) with [Vi| = i and V; intersects at
least two connected components in C. From the construction, we obtain that n;(V’) = n;(V) for
every integer i with i > iy and n;, (V') < n;, (V). We conclude that n()’) is less than n()) in the
lexicographic order. O

6.9.2 Centered colorings in /;-minor-free graphs

In this section, we introduce the main ideas behind the proofs of our bounds on centered chromatic
numbers, and in particular the notion of (g, ¢)-good coloring, and we apply them to show that K-
minor-free graphs have g-centered chromatic numbers in O(g'~!) (Theorem 1.32).

6.9.2.1 The general idea

First, let us discuss the centered colorings of graphs of bounded treewidth. Let w and ¢ be positive
integers with ¢ > 2, and let G be a graph with tw(G) < w. Pilipczuk and Siebertz [PS21],
showed that cen,(G) < (1) = O(q"). They used elimination orderings of tree decompositions
to localize potential centers in a structured way. To state this stronger version of the result, let
us define a variant of centered colorings in ordered graphs. Let o be an ordering of V(G). A
coloring ¢ of G is a g-centered coloring of (G, o) if for every connected subgraph H of G, either
|p(H)| > g ormin, V(H) is a p-center of V(H ). We denote by cen, (G, o) the least nonnegative
integer k such that (G, o) admits a g-centered coloring using & colors.

Theorem 6.53 ([PS21]). Let w be a positive integer, let G be a graph, and let VW be a tree
decomposition of G of width at most w. For every elimination ordering o of W and for every

positive integer q,
+w
ceny(G, o) < (q ) .
w

The bound ceny(G) < (?1") for graphs with tw(G) < w can be used to obtain a good
upper-bound of O(q*~?2) on the g-centered chromatic number of K;-minor-free graphs of bounded
treewidth. To this end, we again use Theorem 6.28. Let G be a K;-minor-free with tw(G) < w
and let P be a partition of V(G given by Theorem 6.28, that is, G /P has treewidth at most ¢t — 2
and each part of P has at most w + 1 elements. Let £ be a coloring of G /P given by theorem 6.53,
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and let p be a coloring of G using at most w + 1 colors that is injective on each P € P. For every
P e Pandu € P,let ((u) = (£(P), p(u)). To show that  is indeed a g-centered coloring of
G, let H be a connected subgraph of G such that |[((V(H))| < g. The parts of P that intersect
V' (H) induce a connected subgraph of G/P, thus, there is a £-center P € P of the set of parts of
P intersecting V' (H ). Now, since p is injective on P, any vertex in P is a -center of V (H).

The previous paragraph sketches the proof of the statement like in Theorem 1.32 but for K-
minor-free graphs of bounded treewidth. The essential property of the parts in P we used is
that their sizes are bounded. There is no hope of obtaining such a partition P, with each part
of size bounded by a constant, in the general case of K;-minor-free graphs. This forces us to
relax the condition on parts. Instead of bounding the maximal size of a part, we want to maintain
enough structural information. We accomplish this goal with an extra pre-coloring p of vertices
of G' to mimic the proof as in the paragraph above. Since p uses O(q) colors, this ultimately
gives the bound O(g'~!) instead of O(q'~2). Below is a precise technical statement that we
prove later in the chapter and a simple argument that the statement together with Theorem 6.53
implies Theorem 1.32.

Lemma 6.54. For every positive integer t, there exists a positive integer cg 54(t) such that for
every Ky-minor-free graph G and every positive integer q, there exists a partition P of V(G), a
tree decomposition W of G /P of width at most t — 2, an elimination ordering o = (Py, ..., Py)
of W, and a coloring p of G using at most cg 54(t) - (q¢ + 1) colors such that for every connected
subgraph H of G | J{Q € P | Q >, P} withV(H)NP # 0, either |p(V(H))| > q, or V(H)NP

has a p-center.

Proof of Theorem 1.32. Let cs 54(t) be the constant from Lemma 6.54 and let ¢ = 2871 - ¢4 54(2).
Let G be a K;-minor-free graph and let ¢ be a positive integer. Let P, W, o, and p be obtained
by Lemma 6.54. Let £ be a g-centered coloring of G/P using at most (” tf) colors obtained
from Theorem 6.53 applied to G/P, W, o, and q. We define a coloring ¢ of G in the following
way. Forevery P € Pandu € P,

Note that

CV(G))] < (q”‘?

i ) cc5a(t) - (g4 1) < cpsalt) - (g+ 1)t_1 <c gL

It remains to show that ( is a g-centered coloring of G. Let H be a connected subgraph of G with
IC(V(H))| < q. Let Py ={P € P| PNV (H) # (0} and let Py = min, Py. See fig. 6.15.
Since |£(Pu)| < |C(V(H))| < g and £ is a g-centered coloring of (G/P, o), Py is a {-center of
Pr.So((u) # ((v) forallu € V(H)NPy andv € V(H)\ Py. Now, H is a connected subgraph
of GIU{Q € P | Q >, Py} with V(H) N Py # 0 by definition of Py. Since |p(V(H))| <
|C(V(H))| < g, there exists a p-center u in V (H) N Pg. It follows that u is a (-center in V' (H).
We conclude that ( is indeed a g-centered coloring of G. O

The key property of a graph G required for the idea in [[SW24] to work is that for every family
F of connected subgraphs of G, there is a hitting set of F of size bounded by a function of the
packing number® of F. The parts in the final asserted partition are obtained as hitting sets of
certain families. Graphs of bounded treewidth satisfy this property as witnessed by Lemma 1.17.

SThe packing number of a family F of connected subgraphs of a graph G is the maximum number of pairwise
vertex-disjoint members of F.
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g
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>

Figure 6.15: Finding a {-center of V(H ) in Py.

However, K;-minor-free graphs do not admit such a Helly-type property’. The observation
that will eventually lead to the proof of Theorem 1.32 is that we do not need these hitting sets to
have bounded size, as long as we can find a suitable coloring for them.

Let ¢ be a positive integer. A coloring ¢ of G is (g, ¢)-good if for every subgraph G of G, for
every family F of connected subgraphs of Gy, for every positive integer d, if there are no d + 1
pairwise disjoint members of F, then there exists Z C V' (Gy) such that

(qcl) V(F)N Z # O forevery F € F;

(qe2) for every connected component C of Gg — Z, Ng, (V' (C)) intersects at most two connected
components of Gy — V(C);

(qc3) forevery P C Z, there exists R C Z with

(a) PCR,
(b) ceny(Go, ¢, R) < c¢-d, and
(©) |[R\P|<c-d.

Note that (qc3) applied for P = Z yields the following
(qc4) ceng(Go, ¢, Z) < c-d.

Moreover, for every graph G, for every graph H, if ¢ is a (g, ¢)-good of G, then p|y () is a (¢, ¢)-
good coloring of H. A crucial example of (g, ¢)-good coloring is given by the following lemma,
which will cover the bounded treewidth case.

Lemma 6.55. Let q be a positive integer and let G be a graph. There is a (q,2)-good coloring of
G using tw(G) + 1 colors.

Proof. Let (T,(W, | € V(T))) be a natural tree decomposition of G of width tw(G). Such
a tree decomposition exists by Lemma 5.3. Let ¢: V(G) — [tw(G) + 1] be such that for every
x € V(T), ¢|lw, is injective.

We now show that ¢ is a (g, c)-good of G. Let G’ be a subgraph of G, let d be a positive
integer, and let F be a family of connected subgraphs of G’ with no d + 1 pairwise disjoint
members. By Lemma 1.17 and Lemma 5.4, there is a set X C V(T') of size at most 2d — 1 such
that for Z = J,cx V(T),

"Consider the n x n planar grid G and the family F consisting of all the unions of one row and one column in the
grid. The packing number of F is 1 but there is no hitting set of F with less than n elements. Additionally, each planar
grid is Ks-minor-free.
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(i) V(F)NZ # 0 for every F' € F, and so (qc1) holds; and

(i) for every connected component C of G' — Z, N (V (C)) intersects at most two connected
components of G’ — V(C), and so (qc2) holds.

Now, let¢): Z — X such that z € Wy, for every z € Z. Note that ©|z X 1) is injective. Hence,
for every connected subgraph H of G intersecting Z, any vertex in V (H)NZ is a (|7 X 1)-center
of V(H)N Z.

Finally, for every P C Z, ceny(Go, ¢, P) < |P| < 2 - d. This shows (qc3), and proves that ¢
is a (¢, 2)-good coloring of G. O

One of the crucial steps to bound centered chromatic numbers in minor-closed classes of
graphs is the following lemma proved in Section 6.9.3.

Lemma 6.56. For every positive integer 1, there exists a positive integer cg 56(t) such that for
every K-minor-free graph G and every positive integer q, G admits a (q, ¢ 56(t))-good coloring
using q + 1 colors.

6.9.2.2 From good colorings to centered colorings

In this section, we prove Lemma 6.54 assuming Lemma 6.56 (proved in section 6.9.3). The lemma
below is an inductive setup of the proof and is inspired by the framework given in [[SW24].

Lemma 6.57. Let t be an integer witht > 2 and let q, c be positive integers. Let G be a Ky-minor-
free graph, let r be an integer with 0 < r <t — 2, and let Ry, ..., R, be pairwise disjoint subsets
of V(G) with |R;| € {1,2} for every i € [r]. Let p be a (q,c)-good coloring of G — U;cpy) Ri-
There are a partition P of V(G), a tree decomposition W = (T,(W, | x € V(T))) of G/P of
width at most t — 2, and an elimination ordering o = (P, ..., Py) of W such that

(a) Py = R, foreveryi € [r];
(b) there exists s € V(T') such that Ry, ..., R, € Wy,

(c) forevery P € P\ {Ry,...,R.}, thereis a coloring p: P — [c-2!=2(t — 1)] such that
for every connected subgraph H of G |J{Q € P | Q =, P} with V(H) N P # (), either
lp(V(H))| > q or V(H)N P has a (¢ x ¢p)-center.

Proof. Let R = {Ry,..., R, }, and let R = {J;¢|,) Ri. We proceed by induction on (|V(G —
R)|,r) in the lexicographic order. For the base case, assume that V(G — R) = (). Then we
set P = Rand o = (Ry,...,R,). Let T = Kj, and let W, = P for s the unique vertex of
T. Then (a) and (b) hold by construction, and (c) is vacuously true. From now on, we assume
V(G — R) # 0.

If r < t—2, then we set R, to be an arbitrary singleton in V(G — R) and we apply induction
on G, (R,..., Rry1), ¢lv(G—R—R,.,)- This gives a partition P of V(G), a tree decomposition
W of G/P, and an elimination ordering o of W satisfying all three items. Items (a) and (b) are
now clear by induction. Item (c) is clear for all P € P\ {Ry,..., R;, Ry4+1}, thus, it suffices to
argue it for P = R,,. Recall that R, = {v} for some v € V(G). We set g, ,(v) = 1.
Observe that in this case for every subgraph H of G intersecting R,11, V(H) N Ry41 has a
(¢ x ¥R, )-center. This completes the proof in the case < ¢ — 2. Therefore, from now on, we
assume r =1t — 2.
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Next, suppose that G — R is not connected, and let C be the family of all the connected com-
ponents of G — R. Fix some C' € C and let G¢ = G[V(C) U R]. By the induction hypothesis
applied to G, (R1,. .., Ri2), and |y (), there are a partition Pc of V(G¢), a tree decompo-
sition We = (Te, Wew | © € V(T¢))) of Go/Pe of width at most ¢ — 2 and an elimination
ordering o = (Pc 1, - .., Pcy,) of We such that

(@) Pc,; = R; forevery i € [r];
(b’) there exists s¢ € V(T¢) such that Ry, ..., Ri_2 € W ss

(c’) forevery P € Po \ {Ry1,...,Ri_2}, thereisacoloring o p: P — [c-2!72(t — 1)] such
that for every connected subgraph H of G¢ | {Q € Pc | Q >, P} with V(H)NP # 0,
either [o(V(H))| > ¢, or V(H) N P has a (¢ x ¢c p)-center.

Then, let

P=J Pe,
ceC

and let o be the concatenation of

(R17 .. 'aRt*2)> (Pcl,t—la .. ->P01,€c), ey (Pca,t—la .. '7PCG,EC)7

for an arbitrary ordering (C1, ..., C,) of C. Let T be obtained from the disjoint union of 7 over
all C' € C by adding a new vertex s with the neighborhood {s¢ | C € C}. For every C' € C and
every z € V(I¢), let W, = We . Additionally, let Wy = {Ry,..., R;—2}. By construction,
W = (T,(W, | € V(T))) is a tree decomposition of G /P of width at most ¢ — 2 and o is an
elimination ordering of VW. Moreover, (a) and (b) are clearly satisfied. It remains to show that (c)
holds. Let P € P\ {Ri,...,Ri—2}. There exists C' € C such that P € Pc. Let ¢p = )¢ p.
Let H be a connected subgraph of G | {Q € P | Q >, P}| with V(H) N P # (). Note that H is
a connected subgraph of G¢ [U{Q € Pc | Q >+, P}|. Hence, by (¢’) either |p(V (H))| > q or
V(H)N P has a (¢ X ¢¢ p)-center u. In the former case, we are immediately satisfied, and in the
latter case, u is also a (¢ x 1p)-center of V(H) N P. Therefore, (c) holds, which concludes the
case where GG — R is not connected. From now on, we assume that G — R is connected.

Suppose that there exists ¢ € [t — 2] such that Ng(R;) N V(G — R) = (). In this case, we call
inductionon G —R;, (Ry,...,Ri—1,Rit+1,..., Ri—2), . We deduce that there is a partition P’ of
V(G — R;), a tree decomposition W' = (T", (W, | x € V(T'))) of (G — R;)/P’ of width at most
t—2, and an elimination ordering o’ = (P}, ..., P;) of W satisfying all three items. In particular
there exists ' € V(T”) such that Ry, ..., R;—1, Riy1,...,Ri—2 € Wy. Let P = P’ U{R;} and
leto = (P,...,P_,Ri,P/_,...,P)). Let T be obtained from 7" by adding a new neighbor
s of &'. Finally, let Wy = {R1,..., Ri—2} and let W, = W] for every = € V(T"). We obtain
that W = (T, (W, | z € V(T))) is a tree decomposition of G/P of width at most ¢ — 2 and o
is an elimination ordering of W. It is immediate from the induction hypothesis that P, W, and
o satisfy (a)-(c). From now on, we assume that for every ¢ € [t — 2], there is an edge between
V(G — R) and R;.

This completes the series of simple reductions. As a result we can assume the following:
V(G—R) #0,r =t—2,G— Ris connected, and for every i € [t — 2], there is an edge between
V(G — R) and R;. We proceed with the main argument.

Let F be the family of all connected subgraphs H of G — R such that Ng(R;) NV (H) # ()
for every i € [t — 2]. We claim that there are no 2/=2(¢ — 1) + 1 pairwise disjoint members of



186 CHAPTER 6 — Centered colorings and weak coloring numbers

Figure 6.16: After pigeonholing pairwise disjoint members of F, we obtain a situ-
ation as in the figure. Here, ¢ = 5. The model of K} is constructed in blue.

F. Suppose to the contrary that there are 2!~2(¢ — 1) + 1 pairwise disjoint members of . Since
for each i € [t — 2], |R;| < 2, and every member of F has a neighbor in R;, by the pigeonhole
principle, there exist pairwise disjoint Hy, ..., H; € F and there exists 7; € R; foreachi € [t —2]
such that for all j € [t] and i € [t — 2], we have that H; contains a neighbor of r; in G. Since
G — R is connected, there exist distinct 71,42 € [t] such that there is a (V(H;,), V (H,,))-path
in G — R internally disjoint from ;¢ V(H;). Let A be the set of internal vertices of this path.
Without loss of generality, suppose that 7y = ¢ — 1 and i3 = ¢. Then

(V(Hl) U {7“1}, ceey V(Htfg) U {thg}, V(Htfl), V(Ht) U A)

is a model of K; in G (see fig. 6.16), which contradicts the assumption as G is K;-minor-free.
This contradiction concludes the proof that F has no 2!=2(¢ — 1) + 1 pairwise disjoint members.

Since ¢ is a (g, ¢)-good coloring of G — R, it follows that there exists a set Z C V(G — R)
and Yz : Z — [c-2!72(t — 1)] such that

(qcl”) V(F)N Z # ( for every F € F;

(qc2’) for every connected subgraph H of G — R with V(H) N Z # 0, either |p(V (H))| > ¢, or
V(H) N Z has a (p x 1z)-center;

(qc3’) for every connected component C' of G — R — Z, Ng_r(V(C)) intersects at most two
connected components of G — R — V(C).

Note that G — R € F, and so F is nonempty. In particular, Z is nonempty. Let C be the family of
all the connected components of G — R — Z.

Fix some C' € C. Since V(C) N Z = 0, by (qc1’), we have, C' ¢ F. In particular, there exists
i € [t — 2] such that Ng(R;) N V(C) = . Let G¢ be obtained from G — R; by contracting
each connected component of G — R — V(C) into a single vertex. See fig. 6.17. Let Z¢ be the
set of the resulting contracted vertices. Since Z # (), we have 1 < |Z¢|, and since G — R is
connected, by (qc3’), | Z¢| < 2. Moreover, G¢ is a minor of G, thus, G¢ is K;-minor-free. Let
Rc = (R\{Ri}) U{Zc} and let (Rc 1, ..., Rct—2) be an arbitrary ordering of R¢. Since
Z #+ (), we have

V(Ge —URo)| < V(G - R)|.
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Fa Stz R R, Z Rj

Figure 6.17: The pink vertices depict the set Z. The yellow pieces are connected
components of G — R — Z. In the figure, 7 = 2, that is, C' does not have a neighbor
in Ry. The set Z¢ consists of two vertices z1 and zo obtained by contracting the
orange parts. In order to apply induction, we replace Ro with {z1, z2}.

Hence, by the induction hypothesis applied to G¢, (Rc1,-- -, Rei—2), and @[y (¢, there is a
partition P of V(G¢), a tree decomposition We = (T, (We | © € V(T¢))) of Go/Pe of
width at most ¢ — 2, and an elimination ordering oc = (Pc 1, . .., Pcy.) of Wc such that

(@”) Pc; = Rc, foreveryi € [t —2;
(b”) there exists s¢ € V(T¢) such that Rc 1, ..., R,y € We g3 and

(c”) forevery P € Pc\{Rc,...,Rci—2}, thereis a coloring 1o p: P — [c-272(t—1)] such
that for every connected subgraph H of G¢ [U{Q € Pc | Q 2o P} with V(H)NP # 0,
either |p(V (H))| > ¢, or V(H) N P has a (¢ X 9¢c,p)-center.

Then let
P=J(Pc\Rc)URU{Z},
ceC

and let o be the concatenation of

(Rla cee 7Rt72a Z)7 (Pcl,t—lv cee 7PC1,ZCI)7 ceey (Pca,t—la ceey PCa,fca)7

for an arbitrary ordering (C1, ..., C,) of C. Let T be obtained from the disjoint union of 7 over
all C' € C by adding a new vertex s with the neighborhood {s¢ | C' € C}. For every C' € C and
every x € V(T¢), let W, = W ,. Additionally, let Wy = {R1,..., Ri_2, Z}. By construction,
W = (T,(W, | € V(T))) is a tree decomposition of G /P of width at most ¢ — 2 and o is an
elimination ordering of YW. Moreover, (a) and (b) are clearly satisfied.

It remains to show that (c) holds. Let P € P\ {R1,...,R;_o}. First, suppose that P #
Z. Then there exists C' € C such that P € Pc. We set yp = ¢ p. Let H be a connected
subgraph of G [U{Q € P,Q >, P}] with V(H) N P # (. Then H is a connected subgraph
of Go |UH{Q € Pc | Q >, P}]. Hence, by (c”) either |o(V(H))| > g or V(H) N P has a
(¢ x ¥ p)-center u. In the former case, we are immediately satisfied, and in the latter case, u is
also a (o x ©p)-center of V(H) N P. This yields (c) when P # Z. Finally, suppose that P = Z.



188 CHAPTER 6 — Centered colorings and weak coloring numbers

Let H be a connected subgraph of G [U{Q € P | Q >, Z}] = G — R. Now (c) follows directly
from (qc2’). Summarizing, we constructed P, ‘R, and o satisfying (a)-(c), as desired. ]

Proof of Lemma 6.54. Let t be a positive integer and set cg.54(t) = c6.56(t) - 2872(t —1). Let G be
a K;-minor-free graph and let ¢ be a positive integer. By Lemma 6.56, there exists a (q, ¢g.56(¢))-
good coloring ¢ of G using at most ¢ + 1 colors. Next, we apply Lemma 6.57 with ¢ = ¢4 56(t)
and r = 0. We obtain a partition P of V(G), a tree decomposition WV of G/P of width at
most ¢ — 2, and an elimination ordering o = (Py,..., P;) of W such that for every P € P,
there is a coloring ©p: P — [cs56(t) - 2872(¢t — 1)] such that for every connected subgraph H
of GIH{Q eP|Q =, P} with V(H)N P # (), either |o(V(H))| > ¢, or V(H) N P has a
(¢ x ¥p)-center. For every P € P and u € P, let p(u) = (p(u),p(u)). Thus, pis a coloring
of G using at most ¢ 54(t) - (¢ + 1) colors and satisfying the assertion of Lemma 6.54. O

6.9.3 Constructing good colorings

In this subsection, we prove Lemma 6.56, namely, we show that for every positive integer ¢, there
exists a positive integer cg.56(t) such that for every K;-minor-free graph G and every positive
integer ¢, G admits a (g, s 56(t))-good coloring using ¢ + 1 colors.

For purposes of a short discussion, consider a simpler variant of good colorings, where we
drop (qc2), which is required in the real definition for very technical reasons. Observe that in the
definition of good colorings, a subgraph G occurs only in (qc2), hence, if we ignore this item, we
can also assume that Gy = . We say that a coloring is a simple (g, ¢)-good coloring if it admits
the relaxed definition above.

For graphs of bounded treewidth, there is a straightforward way of constructing simple good
colorings. Let GG be a graph. We can set ¢ to use only one color, and for a family F of connected
subgraphs of G having no d + 1 pairwise disjoint members we take Z as given by Lemma 1.17,
so (qcl) is satisfied. For an injective ¢0: Z — [(tw(G) + 1) - d], (qc4) is clearly satisfied. This
gives a (q,tw(G) + 1)-good coloring of G using one color for every positive integer q. A true
inspiration for the definition of good colorings comes from the case of graphs of bounded layered
treewidth.

Let G be a graph, let ¢ be a positive integer, and let ltw(G) be witnessed by (W, L), where
W= (T,(W, | 2 € V(T)))and L = (L; | i € N). Foralli € Nand v € L;, we define
¢(v) = i mod (¢ + 1). We claim that ¢ is a simple (p, ltw(G))-good coloring of G. Let F be
a family of connected subgraphs of G with no d + 1 pairwise disjoint members. Let Z be the
union of at most d bags of W that is a hitting set of F in G (given by Lemma 1.17). In particular,
|Z N L] < Itw(G) - d forevery i € N. Let¢: Z — [ltw(G) - d] be any injective coloring
on Z N L; for every i € N. It remains to verify (qc4). Let H be a connected subgraph of G
with V(H) N Z # 0. Since H is connected and L is a layering of G, V(H) intersects a set of
consecutive layers in L. If this set has at least ¢ + 1 elements, then |o(V (H))| > ¢, and otherwise
any element of V(H) N Zisa (¢ x ¢)-center of V(H) N Z.

To lift this idea to the class of general K;-minor-free graphs, we again use a layered RS-
decomposition (see Section 6.1).

Given a layered RS-decomposition of a graph G of bounded width, the strategy to find a simple
good coloring of G is the following. Let g be a positive integer. The intention is to mimic the proof
for the bounded layered treewidth case. That is, ignoring the overlapping between the bags of WV,
we set ¢(v) = i mod (¢ + 1) for every ¢ € N and every v € L, ;. We claim that ¢ is a simple
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(g, ¢)-good coloring, where ¢ depends only on the width of the given decomposition. Let F be a
family of connected subgraphs of G’ with no d + 1 pairwise disjoint members. We glue all tree
decompositions in D in a natural way to obtain a tree decomposition U/ of G. The vertices of A, do
not occur in bags of tree decompositions of D, but we can add them to all bags of I/ corresponding
to W,.. The important property of I/ is that (Irs5) is preserved. Next, we apply Lemma 1.17 to F
and U/ obtaining a hitting set Z of F in (7, which is the union of at most d bags of /. Note that
there are also at most d bags of VW, whose union contains Z. Say that these bags correspond to
the vertices in X C V(7). The next step is to “disconnect” elements of Z in different bags of
W. To this end, we root 7" arbitrarily and we define B as the union of | J,.x A, and the union
of adhesions between W, and the bag corresponding to the parent of x in WV for all z € X. In
particular, the size of B is bounded. Finally, we define a coloring 1 of Z so that ¢ is injective
on B and 1 is injective on L, ; N Z but the colors used are disjoint from ¢)(B). Checking that
1) witnesses ¢ being a simple (g, ¢)-good coloring of G is very similar to the bounded layered
treewidth case.

Proof of Lemma 6.56. Let t be a positive integer. Let cprs(t) be the constant from Theorem 6.1.
We set
C6.56 (t) = CLRS(t) (12CLRS(t) + 10) .

Let G be a K;-minor-free graph, and ¢ be a positive integer. By Theorem 6.1, G admits a
layered RS-decomposition (7, W, A, D, L) of width at most cyrs(t). Let W = (W, | = €
V(T), A= (A |2 € V(T)),D = ((Ty,(Dy | z€ V(Ty))) | 2 € V(T)),and £ = ((Ly; |
i €N) |z e V(T)). Weroot T in an arbitrary vertex r € V (T).

We define a coloring ¢: V(G) — {0,..., ¢} as follows. For every v € V(G) let

0 ifve A,
(v) imod (¢+1) ifveW,\A,andv € L, ,
V) =
4 0 if v € Ay \ Wyy(pp) forz € V(T) \ {r},

imod (¢ +1) ifve W\ (Ax UWyra)) andv € Ly ; forz € V(T) \ {r}.

It remains to show that ¢ is a (g, ¢s.56(t))-good coloring of G. Fix a subgraph Gy of G.

Now, we reduce to the case where G is connected. Indeed, if GG is not connected, consider
the family C of all the connected components of GGy. Let d be a nonnegative integer and let F
be a family of connected subgraphs of G such that there are no d 4 1 disjoint members of F.
For every C' € C, let d¢ be the smallest integer such that there are no do + 1 disjoint members
of Fo = {F € F | F C C}. Clearly do < d. Assuming we can prove the result when G is
connected, we apply it for C and F¢ and obtain a set Zo C V(C) and ¢¢: Z¢ — [c - d] such
that (qc1)-(qc2) holds. Now take Z = Jo e Z¢ and let ¢ be defined by 9 (u) = 1¢(u) for every
C € C and every u € Z¢. Recall that each F' € F is connected, so F' C C for some C € C,
and therefore Zo NV (F') # (). Thus, (qcl) holds. Since every connected subgraph H of Gy is
a subgraph of C' for some C' € C, (qc4) holds. Finally, (qc2) holds because for every connected
component C’ of G — Z, there exists C' € C such that C' C C.

Therefore, from now on we assume that G is connected. We start by building a normal pair
(U, P) where U is a tree decomposition of G obtained from “gluing” tree decompositions in D
along the edges of T'. This construction is depicted in Figure 6.18.

For all z,y € V(T) with zy € E(T), W, N W, induces a clique in both torsog yy (W
and torsog,w(Wy), hence, there exist 2, € V(1) and 2y, € V(Ty) such that W, N W, =



190 CHAPTER 6 — Centered colorings and weak coloring numbers

(=]
(=]
u: Ykl B
(=]
1
(=]
(=]
(=]
=U=

Wy =

Figure 6.18: Tree decompositions D, and D, are “glued” in a natural way. Addi-
tionally, we add all corresponding apices (members of A, and A,) to each bag of
the corresponding part in the tree decomposition /. The partition P indicates from
which of {T;, | € V(T')} a given vertex comes from.

Dy .., N Dy 2, Let T be the tree defined by

V(Ty) = {(z,2) | € V(T),2 € V(T)} and
E(To) = {(z, 21)(z, 22) | 2 € V(T), 2122 € E(T) } U{(%, 209) (¥s 2) | 2y € E(T) }

In other words, T is obtained from the disjoint union of 7, over x € V(T') by adding the edges
between 2z, and z,, for adjacent vertices z and y in 7. Next, let U, .y = (Dz,,UA;)NV(Gy) for
every (z,z) € V(Ip). We claim that U = (T, (U, | (z, 2) € V(Tp))) is a tree decomposition
of Gy. For every v € V(Go), To[{(,2) € V(Tp) | v € U, }] is isomorphic to the connected
subgraph of T formed by replacing every vertex = of T'(v) = T[{x € V(T) | v € W, }] with
T:[{z € V(I}) | v € D;.}] when v ¢ A, or with T,, when v € A, and every edge xy of
T'(v) with zgy2y,. For every edge uwv € E(Gy), there exists € V(T) such that u,v € W,.
If u,v € Wy \ A, then there exists z € V(1) such that u,v € D, . and thus u,v € Uy ).
Ifu € Ay and v € W, \ A, then for any z € V(T,) with v € D, , we have v € U(s,~) and
u€ Ay NV (Go) C Uy Ifu,v € Ay, then for every 2z € V(T), we have u,v € U, ). Thus,
indeed U is a tree decomposition of G.

Observe that P = {Tp[{z} x V(I;)] | = € V(T')} is a collection of subtrees of T whose
vertex sets partition V(7). Therefore, (U, P) is a normal pair of Gy.

By Lemma 6.52, there exists V = (5,(V, | y € V(S))) and Q such that V is natural and
(V, Q) is a normal pair of G refining (4, P). Among all such pairs (V, Q), we take one with | Q|
minimum. Let f: V(S) — V(Tp) and g: Q@ — P witness the refinement relation. For every
Q € Q,letx(Q) € V(T) be such that g(Q) = To[{z(Q)} x V(Tyq))]- See Figure 6.19.

In the next two claims, we show that the new tree decomposition V in some sense preserves
small adhesions (only ones coming from V) and small intersections with layers of the layerings
in L. In the first claim, we exploit the minimality of (V, Q).



6.9 - 6.9.3 Constructing good colorings 191

Claim 6.56.1. Lety,y’' € V(S) and Q,Q" € Q be suchthaty € V(Q), v € V(Q') and Q # Q'.
Then

|Vy N Vyl| < CLRS(t)-

Proof of the claim. By properties of tree decompositions, there is an edge zz" in S such that V,, N
Vy C V.NV,. Therefore, without loss of generality, we assume that yy’ is an edge in S. We argue
that g(Q) # g(Q’). Suppose to the contrary that g(Q) = ¢(Q’). Since yy’ is an edge in S, the
subgraphs @ and @’ are adjacent in S, and thus, Q" = S[V(Q) UV (Q')] is a connected subgraph
of S. Observe that (V, Q \ {Q, Q'} U {Q"}) is a normal pair which refines (U, P) as witnessed
by f and ¢’ defined by ¢'(P) = g(P) for every P € Q\ {Q,Q'} and ¢'(Q") = 9(Q) = 9(Q").
However, this contradicts the minimality of |Q|. We obtain that indeed ¢(Q) # ¢(Q'), and so,
2(Q) # x(Q’). In particular,

Vs NVl < U@, 1) 0 V(@) s < W) N Wagen| < crrs(®),

where the first inequality follows from (r1), the second from the properties of tree decompositions,
and the last from (Irs1). O

Figure 6.19: Intuitively, the part of the tree decomposition V corresponding to the
vertices in () comes from D).

Claim 6.56.2. Let x € V/(T'), y € V(S), and let i € N. Then
[Vy N Lol < curs(t)-

Proof of the claim. Since (V, Q) refines (U, P) we have that V, C Uy(,). Let f(y) = (', 2)
where ' € V(T) and z € V(T,). Thus, Ugyy = U2y = (Dar . U Apr) NV (Go). Recall that
Ay N Ly; = 0. Thus in the case of z = 2/,

’Vy N Laz,i’ < ’U(:r:,z) N La:,i’ < ’(Da:,z U Aw) N Lz,i’ < |Dx,z N Lx,i| < CLRS(t)a

where the last inequality follows by (Irs5). Finally, in the case of 2 # 2/, we have U, (x',2) © Wa
and L, ; € W, and so,

[Vy N Lyl < |Uer 2y 0 L] < [War NWy| < eLrs(?),



192 CHAPTER 6 — Centered colorings and weak coloring numbers

where the last inequality follows from (Irs1). O

We root S in an arbitrary vertex root(S). For every X C V(S), we define
QX)={Qe Q| V(@) NnX #0}.

Let d be a positive integer and let F be a family of connected subgraphs of GG such that there
are no d + 1 pairwise disjoint members of /. In the remainder of the proof, we construct Z
satisfying (qc1)-(qc3).
By Lemma 1.17, there exists Xo C V/(S) of size at most d such that {J,¢ x, V; intersects every
member of F. Let
X1 = LCA(S, Xo).

By Lemma 5.2,
1Q(X1)| < [Xi| <2d - 1. (6.1)

The set Uycx, Vy is a hitting set of F, thus, it is a good candidate to be Z. However, we
still need to define 1/ and the ultimate goal is to repeat the idea of coloring that we applied in
the bounded layered treewidth case. Since £, is a layering of torsog yw(W,) — Az, we need to
take into account the vertices in A, when building the final Z. Moreover, the coloring ¢ may
not be compatible with layerings on the adhesions of W, we also need to consider some of them.
To this end, we will add some more vertices to Z, which we ultimately color injectively with a
separate palette of colors. Because we work with V instead of I/ we need the following notions of
projections. See also Figure 6.20 for an illustration.

S :

nQ,v
m(Q,V) @.v)

V.
5/1,4 7 4

V2

V3

- -
bvg b’Ug

Figure 6.20: Here, V' = {v1, v2, v3, v4}. Note that U,cy () Vy is separated from V/
by II(Q, V') in G as we show later in Claim 6.56.3.

Let @ € Qandv € V(Gp). Let S, = S[{z € V(S) | v € V,}]. Thus, Q and S, are
two subtrees of S. We define projections 7(Q,v) and II(Q, v) as follows. If @ and S, share a
vertex, then choose such a vertex z arbitrarily and set 7(Q,v) = z and II(Q,v) = {v}. If V(Q)
and V' (S,) are disjoint, then consider the shortest (V' (Q), V (S,))-path path in S. Let z be the
endpoint of that path in @ and let y be the vertex adjacent to z in that path. Then set 7(Q,v) = 2
and I1(Q, v) = V;, N V.. The definition can be naturally extended to subsets of V' (G). For each
V C V(GD), let

m(Q,V) ={m(Q,v) |v eV} and I(Q,V) = | J I(Q,v).

veV
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Note that by Claim 6.56.1,
Q. V)| < cwrs(t) - V. (6.2)

The key property of these objects is the following. See Figure 6.20 again.

Claim 6.56.3. Let Q € Q and let V' C V(Gy). Every connected subgraph H of Gy — I1(Q, V)
that intersects Uer(Q) Vi is disjoint from V.

Proof. 1t suffices to observe that by the properties of tree decompositions and construction,
I1(Q, V) intersects every path between Uyev(q) Vy and V in Go. Thus, if a connected subgraph

H of Gy has a vertex is both ey () Vyy and V, then it has a vertex in II(Q, V). O
Let
Vo = {w(Q, Au@)) if 2(Q) =
W(Q) A:E(Q) U (W[L'(Q) N Wp(T,z(Q)))) lfx( ) 7é

Recall that |A:Jc(Q)| < CLRS (t) by (Irs2), and if x(Q) Z# r, then |Wz(Q nw p(T,2(Q ))’ < CLRS(t)
by (Irs1). Thus, we have

Yol < [Azg)l Soars(t)  ifz(Q)=r, 63
Yol < Aw@)l + [Wa@) N Wyre@)! < 2cirs(t) ifz(Q) #r.
Moreover, by definition Y C V(Q).
Let
Xz = X1 U{root(Q) | Q € Q(X1)} U J{Yo | @ € Q(X1)}
and
= LCA(S, X5).
Observe that
| X3 < 2| X2 — 1 by Lemma 5.2
< 21X ] + QX))+ [Q(X1)] - 2eLrs(t) — 1 by (6.3) 6.4)
<2((2d 1)+ (2d — 1) + (2d — 1) - 2c1rs(t)) — 1 by (6.1)
< (8crrs(t) +8)d.

Recall that by Lemma 6.50, for all X, Y C V(S) with X C Y and LCA(S, X) = X, if
Q(X) = 9(Y), then Q(Y) = Q(LCA(S,Y)). Since by construction Q(X;) = Q(X32), we can
apply the above with X = X; and Y = X, to obtain that

Q(X1) = Q(X2) = Q(X3).

Finally, the set Z that witnesses the assertion of the claim is given by

zZ= ]V,
yeX3
Next, consider @ € Q(X7) and let

Bo = {H(Q, As(@)) if 2(Q)
(Q, Ayg) U W) N Wyra@))) ifz(Q) #r.

r,
r
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Since for every v € V(Go), II(Q,v) € Vi) and Yo C Xo C X3, we have

Bac Uve ez
yeYgy yeXo

Recall that |A )| CLRS( ) by (Irs2), and if SL‘(Q) 75 r, then |Wa;(Q) N Wp(T,aj(Q))‘ < CLRS(t)
by (Irs1). Thus, by (6.2), we have

Bol < Azl - curs(t) <lms®)” ifx@=r,
) .

Bl < |[Aaig) U (Wag) N Wira@)))| - cirs(t) < 2(cirs(®))® i 2(Q) # 7.

Let

B = ( U V;oot(Q) N Vp(S,root(Q))) U ( BQ) :
QEQ(X1),root(S)¢V(Q) QEQ(X1)

Recall that for every @ € Q(X7) with root(S) ¢ V(Q), root(Q) € Xz and 50 Vior(q) N

S
Vi(Sro0t(@)) € Vioot(Q) € Z. Moreover, for every Q € Q(X1), Bg € Z. Therefore,

BCZ.

Observe also that

|B| < |Q(X1)| - eLrs(t) + |Q(X1)| - 2(cLrs(t))? by Claim 6.56.1 and (6.5)
< (2d—1) - crrs(t) + (2d — 1) - 2(cLrs(t))* by (6.1) (6.6)
< crrs(t)(4eLrs(t) + 2)d.

Claim 6.56.4. For all distinct Q1,Q2 € Q(X1), there is no path between U,cy () Vy \ B and
Uyevoa) Yy \ B in Gy — B. In particular, Uyevion Yy \ B and Uyevoa) Vo \ B are disjoint.

Proof of the claim. Let )1, Q2 be distinct members of Q(X7). Recall that 1, Q2 are disjoint
subtrees of S. Note that there exists ¢ € {1,2} such that root(Q;) # root(S) and every path in
S between ()1 and Q2 goes through the edge root(Q;) p(S, root(Q;)) of S. Hence by properties
of tree decompositions, Vigot(@;) N Vp(s,root(Q,)) 1ntersects every path between Uer(Q ) Vy and
Uyev (o) Vy in Go. Since Vigot(q,) N Vi(s,root(Q,)) & B, this proves the claim.

As a consequence of Claim 6.56.4, {(Uyev(g)Vy) N (Z\ B) | Q € Q(X1)} is a family of
pairwise disjoint sets covering Z \ B (because Q(X;) = Q(X3)). We want to refine this family
with the layerings of the torsos. To this end, we need the following fact where we substantially
use the fact that (V, Q) refines (U, P).

Claim 6.56.5. For every Q € Q(X1) and V C V(Gy) such that 11(Q, V') C Bg, we have

U Ve\BC Wy \V-
yeV(Q)
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Proof of the claim. Let Q € Q(X;) and let V' C V(Gjp) be such that II(Q, V) C Bg. Since
II(Q,V) € Bg C B, then

U w\BS U V\Bec UJ % \IQV).

yeV(Q) yeV(Q) yeV(Q)

By claim 6.56.3, Uycy (g) Vy \IL(Q, V) is disjoint from V. Thus, to conclude the claim, it suffices
to show that J,cy () Vy € Wa(q)- Recall that g(Q) = To[{z(Q)} x Ty (qg)]- We have

U vwe U Uyc U U= U U. € W)

yeV(Q) yeV(Q) z€V(9(Q)) z2e{z(Q)}xTy(@)

where the first inclusion follows from (rl), the second from (r2), and the last one from the con-
struction of 4. O

Since I1(Q, Az (q)) € Bq for every Q € Q(X1), by claim 6.56.5,
(Uer(Q) Vy \ B) N AI(Q) =0.

Recall that for every Q € Q(X1), (L) | i € N) is a layering of torsog w(Wy()) — Az(q)- It
follows that the family

B= {(UyEV(Q) Vy) NLy@)iN(Z\B) | Q€ Q(X1),i € N}

is a family of pairwise disjoint sets covering Z \ B. Moreover, the members of 53 are of reasonable
size, namely, for every Q € Q(X;) and i € N,

(Uyevi) Vo) N Loy N (Z\ B)| < 1La(@)s N 21 < Y |Luyi N Vil

yeXs
< Z ’Lf(Q)ﬁi N Uf(y)| by (rT) 6.7)
yEX3
< crs(t) - [ X3 by (Irs5)
< CLRS (t) . (8CLRS (t) + S)d by (6.4).

We define a coloring v of Z using at most cg 56(t) colors. See also Figure 6.21. First, we color
B injectively, and then we color each member of B also injectively avoiding colors in ¢(B). In
the first step we used at most cprs(t)(4cLrs(t) + 2)d colors by (6.6) and in the second step, we
used at most cr,rs(t) - (8crrs(t) + 8)d colors by (6.7), thus, ¢ is well-defined.

We now show that Z satisfy (qc1)-(qc3).

Recall that X, was chosen so that Xo C X3 and U,cy, Vy intersects every member of F.
Therefore, (qcl) holds. Item (qc2) holds by Lemma 5.4 since Z = UyeLC A(S,X2) Vy,and V =
(S, (Vy | y € V(S))) is a natural tree decomposition of Gj.

It remains to prove (qc3). Let P C Z and let R = P U B. First, |[R\ P| < |B| <
cLrs (t)(4eprs(t) + 2)d. Consider a connected subgraph H of Gg such that V(H) N P # (.
If V(H) N B # (), then since every vertex of B has a unique color, any vertex in V(H) N B
is a 1| g-center of V(H) N P, and so, a (¢ x 1)-center of V(H) N Z. Thus, we assume that
V(H)N B = .
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Figure 6.21: The set Z is the union of B and the members of 5. We color the
vertices in B injectively. The role of the set B is to separate members of B so
that if B is intersected by a connected subgraph H of G, we immediately get a
center. In the figure, B1 = Uycy (g,) Vy \ B and B2 = Uycy(g,) Vy \ B for some
Q1,Q2 € Q(X3). If a connected subgraph H of Gy, intersects both By and B, it
has to intersect B.

Since V(H) N B = 0, it follows from Claim 6.56.4, that V/(H) N Z C U, ey (q) V- for some

Q € 9(Xy).
Additionally, by Claim 6.56.5,

VHYNZ CW, \ Ay ife=r,
V(H)NZ C W\ (Ay UWiira) if o 7.

Recall that (L, ; | ¢ € N) is a layering of torsog,w(W,) — A,. Moreover, by definition of ¢, for
everyu € V(H)N Z, ¢(u) = imod (¢ + 1) where ¢ € Nis such that u € L, ;.

Consider u € V(H) N R. Leti € N be such that u € L, ;. If uis a (¢ x )-center in
V(H) N R, then we are done. Assume now that there exists ' € V(H) N R distinct from u
such that p(u) = ¢(u') and ¢(u) = ¥(v'). Let j € N be such that v’ € L, ;. Without loss
of generality, assume that ¢ < j. By the definition of 1, j # ¢, and by the definition of ¢,
|7 —i| > ¢. By Lemma 6.51, V/(H) N W, induces a connected subgraph of torsogw (Wy) — As.
Since (L, | k € N) is a layering of torsog,w (W,) — Ay, it follows that V' (H) intersects L, j,
forevery k € {i,...,j — 1}. We deduce that [¢(V (H))| > q. This proves that 1|y (g witnesses
the fact that

ceng(G, ¢, R) < (cLrs(t)(4cLrs(t) + 2) + cLrs(t) (8curs(t) + 8)) - d

Therefore, we obtain (qc3), which ends the proof. O

6.9.4 Excluding an apex-forest

In this section, we prove what will be the base case in the proof of Theorem 1.34, which corre-
sponds to excluding an apex-forest. The core of the proof is inspired by a result of Dgbski, Felsner,
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Micek, and Schroder [DMSF21] which asserts that outer-planar graphs have g-centered chromatic
number in O(qlogq). See Figure 6.22 for a sketch of their argument. Since outer-planar graphs
exclude an apex-forest, namely K> 3, this section can be seen as a generalization of their result.
As in Section 6.6, we also use ideas from Dujmovié¢, Hickingbotham, Joret, Micek, Morin, and
Wood’s paper [DHJ"23]. We start by proving structural properties for graphs with no F-rich
model of a given star. Then, we will apply it inductively to extend it to graphs with no F-rich
model of a given forest, and finally graphs with no F-rich model of a given apex-forest. Recall
that for all positive integer h, d, we denote by F}, 4 the complete d-ary tree of vertex-height h. In
particular, I} 4 is the star with d leaves.

Lemma 6.58. Let q, c,d be positive integers, let G be a connected graph, let © be a (q, c)-good
coloring of G, let F be a family of connected subgraphs of G such that G has no F-rich model of
F g, and let U C V(G) such that G[U] is connected. There exists S C V(G) and a path partition
(Po,...,Pp) of (G,S) and sets Ry, ..., Ry C V(G) such that

() Ph=U;
(b) V(F)NS # 0 forevery F € F;

(c) for every connected component C of G — S, Ng(V(C)) intersects at most three connected
components of G — V(C);

(d) P; C R; foreveryi € [{];
(e) ceng(G,p,R;) < c-dforeveryie€{2,...,l}; and
() |Ri\ Pi| < c-dforeveryiec{2,... ¢}

Proof. We proceed by induction on |V (G) \ U|. If every member of F intersects U, then the result
holds for £ = 0 and Py = U. Now suppose that F|g_y # () (and so V(G) \ U # (), and that the
result holds for smaller values of |V (G) \ U|. Let F’ be the family of all the connected subgraphs
H of G — U such that N¢(V(H)) N U # 0 and there exists F' € F such that F' C H.

We claim that there are no d + 1 pairwise disjoint members of F’. Indeed, if Hy,..., Hqi1
are d + 1 pairwise disjoint members of 7', then (V (H1),...,V(Hg),U UV (Hg41)) is an F-rich
model of F5 4 in G, a contradiction. Hence, since ¢ is a strongly (g, ¢)-good coloring of G, there
exists Z C V(G) such that

(qcl’) V(F)N Z # ( forevery F € F';

(qc2’) for every connected component C of G — Z, Ng(V(C)) intersects at most two connected
components of G — V(C'); and

(qc3’) forevery P C Z, there exists R C Z with

(@ PCR,
(b) ceny(G,p,R) < c-d,and
() |[R\ P|<c-d.

Let P be an inclusion wise minimal subset of Z \ U satisfying the following properties:
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Figure 6.22: Sketch of Debski, Felsner, Micek, and Schroder’s argument
in [DMSF21] to prove that outer-planar graphs have g-centered chromatic num-
ber in O(qlog q). Assume ¢ = 2* — 1 forsome k € N(k=3andq=7=23 -1
in the picture). For simplicity, we consider a graph G which is a “tree of fans”. Let
Y be a set of g(k + 2) + 1 = O(qlogq) colors. We will construct from top to
bottom a g-centered coloring of G using only colors in Y. For the root, we chose
an arbitrary color in Y. Now, to color a subtree with root path P, we will have
some forbidden colors because of the above layers. This is encoded as a sequence
(Y1,...,Y,) of subsets of Y, each of size at most k£ + 1. The set Y, for a € [q]
represents the colors forbidden because of the a-th previous layer. To color the
current path P, we use ¢ + 1 colors in Y\ Uaelq) Yo- Among these colors, we

chose one to be special, and we arrange the ¢ = 2¥ — 1 other ones in a complete
binary tree. Then, we color P periodically with a pattern starting with the special
color, followed by the g colors in the auxiliary tree in a post-order. This special
color and this tree are depicted next some paths (we ignore the other paths due to
lack of space). Once P is colored, it remains to color the subgraphs under P. For
a vertex u € V(P), we apply the induction hypothesis to the subgraph under u
for the new buffer (}7”, Yi,...,Y,—1), where ffu contains the special color and the
ancestors of the color of v in the auxiliary tree. It remains to show that the obtained
coloring v is g-centered. Let H be a connected subgraph of (G using at most g col-
ors, and let P be the highest path P in this tree structure intersecting V' (H ). Then
V(P) N V(H) induces a subpath of P. If V(H) N V(P) contains a vertex with
the special color, then this vertex is a ¢-center of V (H), since V (H ) uses at most
q colors, and because the color of u is forbidden in every subtree below P in the
next g layers. Otherwise, let u € V(H) N V(P) be such that the color ¢ (u) is the
highest in the auxiliary tree. This is well defined because the set of colors used by
V(H)NV(P) as a unique element closest to the root. By construction, the color of
w is forbidden in the next ¢ layers of each subtree below P intersecting V' (H ), and
so u is a Y-center of V (H).
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(i) V(F)N P # (forevery F € F'; and

(ii) for every connected component C' of G—U — P such that F|c = (}, Ng_y(V(C)) intersects
at most three connected components of G — U — V' (C).

Note that Z \ U satisfies these two items and so P is well-defined.

Let W be the union of the vertex sets of all the connected components C' of G — U — P such
that F|c # (). Note that Ng(W) N U = 0.

We claim that for every u € P N Ng(W), there is a path from « to U in G disjoint from
W. Indeed, by minimality of P, either there exists ' € F' disjoint from P \ {u}, or there is a
connected component C of G — U — (P \ {u}) with F|c = 0 such that Ng_g(V(C)) intersects
at least four connected components of G — U — V(C). In the first case, this member F' of F’
contains u and so there is a path from Ng(U) to w in F. However, since Ng(W) N U = {), this
path is disjoint from W and we are done. In the second case, there is a connected component C
of G — U — (P \ {u}) with F|c = 0 such that Ng_y(V(C)) intersects at least three connected
components of G — U — V(C). Since P satisfies (ii), C contains u. As u € Ng(W), it follows
that there is a connected component C’ of G — U — P with F|c # 0 and C' C C. But then
F|c # 0, a contradiction.

Because G and G[U] are connected, this implies that U’ = V(G) \ W induces a connected
subgraph of G. Moreover, since F|g_y # 0, the family 7’ is nonempty and so P is non-empty.
This implies that |V (G) \ U'| < |[V(G) \ U|. Hence, by the induction hypothesis, there exists
S’ C V(G) and a path partition (Fy, ..., P),) of (G,S’) and sets R}, ..., R, C V(G) such that

@) B, =U";
) V(F)N S’ # (forevery F € F;

(c’) for every connected component C of G — S’, Ng(V(C)) intersects at most three connected
components of G — V(C);

(d) P! C Rl foreveryi € [(];
(€’) ceny(G, ¢, Rl) < c-dforeveryi e {2,...,0'}; and
() |R.\ P!/|<c-dforeveryiec {2,...,0}.

By (qc3’), there exists R C Z with P C R, ceny(G, ¢, R) < ¢-d,and |[R\ P| < c-d. We set
¢=/+1,and
Py=U,
P =P, Ry = R,
P,=P_,, Ri=R] , foreveryie{2,...,(}.

Finally, let S = U;cq Bi-

By construction, (a) holds. Moreover, for every F' € F,either V(F)NP # Qor V(F)N(PjU
---UP},) # 0 by (b). In both cases, V (F) NS # () and so (b) holds.

Let C be a connected component of G — S. If V(C) N U’ = 0, then C is a connected
component of G — S’ and so by (¢’), Ng(V(C)) intersects at most three connected components
of G — V(C). Otherwise, C' is a connected component of G — U — P which does not contain
any member of F. Hence, by (ii), Ng_y(V(C)) intersects at most two connected components
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of G — U — V(C). Since G[U] is connected, we deduce that N (V (C')) intersects at most three
connected components of G — V(C'). This proves (c).

By construction and (d’), (d) holds. By (e”) and since ceny (G, ¢, R) < c-d, (e) holds. Finally,
by (f*) and because |R \ P| < ¢ d, (f) holds. This proves the lemma. d

Lemma 6.59. Let q, c, d be positive integers with q > 2 and let h be a nonnegative integer, let G
be a graph, let @ be a (q,c)-good coloring of G, let F be a family of connected subgraphs of G

such that G has no F-rich model of F, 11 4. There exists a setY of at most 48¢ (hd + (g)) -qlogq
colors, a set S C V(G), and a function \: S — Y such that

(@) V(F)N S # 0 forevery F € F;

(b) for every connected component C of G — S, Ng(V (C)) intersects at most 8¢ (hd + (g)) .
log q connected components of G — V (C);

(c) there exists a family of subsets Yo CY for C connected components of G — S, each of size
at most 48c (dh + (g)) -log q, such that for every connected subgraph H of G intersecting
S, if C1,...,Cy, are connected components of G — S intersecting V (H ), then

@ [p(V(H))| > g, or
(b) MV (H)NS)| > g, or
(c) thereis a (A x p)-center wof V(H) NS with A\(u) € Y, for every i € [m)].

Proof. We proceed by induction on h + |V(G)|. When h = 0, F},11 4 = K1 and so F is empty.
Hence S = () satisfies the outcome of the lemma. Now suppose > 0 and that the result holds for
h—1.

First assume that G is not connected. Let C be the family of all the connected components of
(G. By the induction hypothesis, and by possibly relabeling the obtained color sets, there exists

a set Y of at most 48¢ (hd + (g)) - qlog g colors, such that for every C' € C, there exists a set
Sc C V(C) and a function A¢: S¢ — Y such that

@) V(F)NSc # 0 forevery F € Flc;

(b’) forevery connected component C’ of C'—S¢, No(V (C")) intersects at most 8¢ (hd + (g)) :
log q connected components of C' — V (C");

(¢’) there exists a family of subsets Y» C Y for C’ connected component of C'— S, each of size
at most 48¢c (dh + (g)) - log q, such that for every connected subgraph H of C intersecting
Sc, if C1, ..., Cy, are connected components of C' — S¢ intersecting V' (H ), then

@) |p(V(H))| > g,or
() [Ac(V(H) N Sc)| > g, or
(c) thereisa (Ac X ¢)-center w of V(H) NS¢ with Ao (u) € Yo, for every i € [m].

Let

S=J Se,
ceC
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and let \: S — Y such that A|g, = A¢ for every C € C. Then, S A, (Yor |
C’ connected component of G — S) satisfies the outcome of the lemma. Now suppose that G
is connected.

Let ' be the family of all the connected subgraphs of G containing an F-rich model of
F}, g+1. We claim that there are no F ’-rich model of F; 4 in G.

Suppose for a contradiction that there is an F'-rich model (B, | x € V(Fy4)) of Fy 4 in G.
We will deduce an F-rich model of F}, 4 in G. We denote by c the center of the star F3 4 and by
Z1,...,xq the leaves of Fy 4. Leti € [d]. Since (By | © € V(Fyyq)) is F'-rich, B,, contains
a neighbor u; of B, and G[B,,] has an F-rich model (B: | x € V(Fj,_14+1)) of Fh_1.441-
By taking the sets (B, | # € V(Fj_1,4+1)) inclusion wise maximal, and because G[B,] is
connected, we can assume that u; € Béi for some y; € Fj_1 4+1. By Lemma 3.16, there is an
JF-rich model M; of Fj,_1 4 in G[B,,] whose branch set of the root contains a neighbor of B.. It
follows that the union of the models My, ..., M, together with B, as the branch set of the root,
yields an F-rich model of F}, 4 in G, a contradiction. This proves that there is no F'-rich model
of F54in G.

Hence by Lemma 6.58, applied for U being an arbitrary singleton, there exists S’ C V(G)
and a path partition (P, ..., P) of (G, S’) and sets Ry, ..., Ry C V(G) such that

6.58.(a) Py =U,
6.58.(b) V(F)N S’ # () forevery F € F/;

6.58.(c) for every connected component C of G — S’, Ng(V (C)) intersects at most three connected
components of G — V(C);

6.58.(d) P; C R; forevery i € [{];
6.58.(e) ceny(G,p, R;) < c-dforeveryi e {2,...,/}; and
6.58.(6) |Ri \ P| < c - d.

We set Ry = Fy = U. Note that 6.58.(d)-6.58.(f) also holds for i = 0.

Leti € {0,...,¢}. Letn;: R; — [c-d] witness 6.58.(e), and let ¢);: R; — [2c-d] be such that
Yilp, = nilps Yil R\ p, 18 injective, and 1;(u) # ;(v) for every u € P; and v € R; \ P;. Such a
coloring exists by 6.58.(f).

Let C be the family of all the connected components of G — S’. For every C' € C, fix an index
i(C) € [£] such that Ng(V(C)) € Pyc)—1 U Pyc). Now, for every i € [¢], let

W;=P_UPU |J V().
CeCi(C)=i

Note that (W7, ..., W,) is a path decomposition of G.
For every u € V(G), let

(w) imod (¢ +1) ifue S wherei€ {0,...,¢}issuchthatu € P;,
u) =
a 0 otherwise.

Let s = [log(3q +2)]. Forevery r € {0,...,s},let I, = {i € {0,...,¢} | i = 0mod 2"}.
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We will now build by induction on s — r pairwise disjoint sets R; for i € I,. We will denote
by S, the set U;¢;, R;. We maintain the property that ; € U,¢;, Rj forevery i € I,..
First consider the base case r = s. For every 7 € I, let
R;=R;N U W;.
Since W; N W49 = () for every i € [¢ — 2], and because 2° > 3¢ + 2, the sets R], for i € I, are
pairwise disjoint. Let Ss = U;c;. R
Now suppose < s and that R} for i € 1,1 has been constructed. For sake of presentation,

we set Rg = P, = () for every integer ¢ with i < O or ¢ > (. Leti € I, \ I,4+1. Note that
i—2",i+2" =0mod 2"+, Let

R; = (RZ N U Wz) \SrJrl-

JE{0,..., 0} i—2r + 1< <i+27

This complete the definition of the sets R} for i € {0, ..., ¢}. We define a coloring A of Sy as
follows. For every r € {0, ..., s}, forevery i € I,. \ I, with the convention I 1 = (), let

Ao(u) = (r,i(u))

for every u € R},
Now that Sp and Ag are defined, we decompose G — Sy. Since " = U;cqo,. ¢ I intersects
every member of F’, and because S’ C Sy, G — Sy does not have any F-rich minor of Fp g1

Hence, by the induction hypothesis, there exists a set Y of at most 48¢ ((h - 1)(d+1)+ (hgl)) :
qlog ¢ colors, aset S C V(G — Sp) and a function X\: S — Y such that

(@) V(F)NS # () forevery F € Flg_s,:

(b”) for every connected component C' of G — Sy — S, Ng_s,(V(C)) intersects at most
9c ((h —1)(d+1)+ (hgl)) - log q connected components of G — Sy — V (C);

(c”) there exists a family of subsets }70 C Y for C connected component of G — Sy — S, each of
size at most 48¢ ( (d+1)(h—1)+ (hgl)) - log ¢, such that for every connected subgraph

H of G— S intersecting S, if Ci,...,C,, are connected components of G — Sy intersecting
V(H), then

@) |p(V(H))| > g,o0r
() [ANV(H)NS)| > g, or
(c) thereisa (\ x @)-center u of V(H) N S with \(u) € Y ¢, for every i € [m)].
Up to relabeling the elements of Y, we can assume that Y is disjoint from the image of 1 X \o.

Now, let )
S=5US,

and for every u € 5, let
Au) = (ft(u), Ao(u)) %fu € ?0,
Au) ifues.
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Let Y be the image of \. First, note that

V< (g+1)- (s+1)-2e(d +1) +48¢ ((h = 1)(d+1) + (*;")) - glog g
< 48c¢d - qlog q + 48¢ ((h —1)(d+1)+ (hgl)) -qlogq
< 48¢ (hd + (g)) - qlogq.

The main difficulty is now to prove (c). To do so, we use the following claim.

Claim 6.59.1. There is a family of subsets Y; C Y for i € {0,...,¢}, each of size at most
48cd - log q, such that for every connected subgraph H of G intersecting Sy, if V (H) intersects
Wiyoo o, Wy, foriy, ... im € {0,...,0}, then

(M) [p(V(H))| > g or
@) AV (H) N So)| > g, or
(3) thereis a (p x \)-center v of V(H) N So with \(u) € Y;; for every j € [m].

Proof of the claim. Leti € {0,...,¢}. Forevery r € {0,...,s}, leti. be the maximum element
of I, less or equal to %, or O if no such index exists, and let z;L be the minimum element of I,
greater than 4, or £ if no such index exists. Let

vi= U (M@ \P) Uy x vi(Py)) -

7”6{0,...,8},66{—74-}

Observe that

Vil <2(s+1)-(c(d+1)+c(d+1))
(2 +1og(3g +2)) - 4ed

cd(2 + log(5q))

cd(5+ log q)

8cd - log q.

INCINCINCIN N
B 0 0 NN

We now prove that Y; for i € {0,...,m} is as desired. Let H be a connected subgraph of
G intersecting So, and let iy, ...,4, € {0,...,¢} be such that V(H) intersects W;, for each
j € m]. If |o(V(H))| > qor |[N\(V(H) N Sy)| > q we are done. Now suppose |¢p(V(H))| < ¢
and |A\(V(H) N Sp)| < ¢. This second inequality implies |x(V (H) N Sp)| < ¢, and so V(H)
intersects at most ¢ parts of the path partition (P, ..., Py). Letr € {0,..., s} be maximum such
that V(H) N S, # 0.

First suppose that » = s. Since V(H) intersects at most ¢ parts of the path partition
(Po, ..., P), and because s > 3¢ + 2, V(H) intersects at most one of the sets R, for j € I;. Let
j € I, be this unique index. Then j = i¢ for some ¢ € {—,+} and every i € {i1,...,im}. By the
properties of 1?;, there is a (¢ x 1;)-center u of V(H) N R;. If u € R, then u is a (¢ x 9);)-center
of V(H)N R}, and so uis a (¢ x A)-center of V' (H) N R}. This implies that u is a (¢ x A)-center
of V(H) N Sp, and A(u) € {s} x ¢s(P;c) C Y; foreveryi € {i1,...,in}. Otherwise, ifu & R,
then since V' (H) intersects at most ¢ parts of the path partition (P, ..., ), V(H) is disjoint
from P;. But then, since ;]| RI\P; is injective, any vertex v in V(H) N R} is a (¢ x \)-center of



204 CHAPTER 6 — Centered colorings and weak coloring numbers

V(H) N Sp, and A(v) € M(Rje \ Pic) C Y forevery i € {i1,...,im}. Ineach case, we found a
(¢ x A)-center w of V(H) N Sp with A(w) € Y; forevery i € {i1,...,im}.

Now assume r < s. In particular, V' (H) is disjoint from S, ;. Since S,;1 separates every pair
R, R}, for distinct j1, jo € I, \ I41, there is a unique j € I, \ I,11 such that V/(H) N R} # 0.
Moreover, j = iZ for some ¢ € {—, +}, forevery i € {i1,...,in}. Then, by the properties of R,
there is a (¢ x n;)-center u of V/(H) N R;. Since Sy, separates I; from R; \ R/, this vertex u
belongs to ;. This implies that u is a (¢ x A)-center of V/(H)NSp, and A(u) € {r} x ;e (Pe) C
Y; for every ¢ € {i1,...,4n}. This proves the claim. O

We now show that (a)-(c) hold.

For every member F of F, either V(F)NSy # 0, or V(F)NS # B by (a”), and so V(F)NS #
(). This proves (a).

We now prove (b). Let C be a connected component of G — S. Let C’ be the connected
component of G — S’ containing C. First, by (b”), Ng_s,(V(C)) = Ng(V(C)) N S intersects
at most 9c ((h —1)(d+1)+ (h;1)> - log ¢ connected component of G — Sy — V(C). Second,

by 6.58.(c), Ng(V(C")) intersects at most three connected components of G — V(C”). It is now
enough to bound | Ng(V(C)) N (So \ S’)[. The set Ng(V'(C')) intersects at most two of the R
for j € I, and so, since ]R; \ Pj| < c-dforevery j € I,, we deduce

ING(V(C)) N (Ss\ S| < 2¢-d.

Letr € {0,...,s — 1}. Again, by construction, N (V' (C)) intersects at most one of the R’; for
jeI.\I1,and so
INa(V(C) N ((Sr\ Srp) \ ) < e d.

Altogether, this yields
INa(V(C) N (So\ ) <c-d-(s+2)

and so the number of connected components of G — V' (C') intersecting N (V' (C)) is at most

3+cd-(s+2)+9c((h—1)(d+1)+ (")) - logq
<3+ cd(3 +1log(2g +3)) +9¢ ((h— 1)(d+ 1) + (";")) - log g
<3+ cd(3 +log(5g)) + 9¢ ((h = 1)(d+1) + ("3")) - logq
<3-+cd-6log(q) +9¢ ((h— 1)(d+1) + (*}1)) - logg
< 9ed - log(q) + 9¢ ((h = 1)(d+ 1) + ("3")) - log g
<9¢(h(d+1)+ (3)) - logg.

This proves (b).

Let C be a connected component of G — S. Let C’ be the connected component of G — Sy
containing C, and let Y v C Y be the set given by (c”). Let i be the unique index in [¢] such that
W; intersects V (C'). We set

Yo=Y, U Y/C”-
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Note that
Yol < 24ed-logq +24c ((h = 1)(d+1) + ('3")) - logq
< 24c (hd + (g)) -loggq.

We claim that the family Yo for C' connected component of G — S satisfies (c).

Let H be a connected subgraph of G intersecting .S, and let C', . . . , C};, be connected compo-
nents of G' — S intersecting V' (H ). For each j € [m], we denote by C’ the connected component
of G — Sp containing C;, and by i; the unique integer in [/] such that V(C;) € W;,. If H is
disjoint from Sp, then Cf = --- = C/,, and by (c”), either

) [p(V(H))| > g,
(i) [NV (H)NS)| > qandso A\(V(H)NS)| > g, or

(iii) there is a (¢ x \)-center u of V/(H) N S with \(u) € YC{, and so u is a (¢ x A)-center of
V(H) N S with A\(u) € Yg, forevery i € [m)].

Now suppose that V' (H) intersects Sp. Then by the claim, either
0 le(V(H))| > g,
(i) MV (H)NS)| > q,or

(iii) there is a (¢ x A)-center u of V/(H) N Sy with A\(u) € Y; for every i € {i1,...,im}.
Because the colors in Uje;, ,...4,,) Yi are used by A only for vertices in 5o, we deduce that
uisa (¢ x A)-center of V(H) N S with A(u) € Y, for every i € [m].

This shows (c), and concludes the proof of the lemma. O]
The following lemma is folklore. See e.g. [Diel7, Proposition 7.2.1] for a proof.

Lemma 6.60 (Folklore). Let k be an integer with k > 3. For every Ky-minor-free graph G, G as
at most 2873 . |V (G)| — 1 edges.

We now show a slightly modified version of Lemma 6.61, where in (b), the number of con-
nected components of G — V' (C) intersecting Ng(V (C)) is now only a function of &, under the
assumption that G is K-minor-free for some fixed positive integer k.

Lemma 6.61. Let q,c,d, k be positive integers with ¢ > 2 and k > 3. Let h be a nonnegative
integer, let G be a Ky-minor-free graph, let ¢ be a (q, ¢)-good coloring of G, let F be a family of
connected subgraphs of G such that G has no F-rich model of F},11 4. There exists a setY of at

most 48¢? (hd + (g)) - qlog q colors, a set S C V(QG), and a function \: S — Y such that
(@) V(F)NS # 0 for every F € F;

(b) for every connected component C of G — S, Ng(V (C)) intersects at most 28~ connected
components of G — V(C);

(c) there exists a family Yo C Y for C connected component of G — S, each of size at most
56¢2 (dh + (g)) - log q, such that for every connected subgraph H of G intersecting S, if
H intersects the connected components C, . ..,Cy, of G — S, then



206 CHAPTER 6 — Centered colorings and weak coloring numbers

() le(V(H))| > g, or
@) AV (H)NS)| > g or
(3) there is a (A x p)-center u of V(H) N S with A\(u) € Y¢, for every i € [m).

Proof. By Lemma 6.59, there exists a set Yy of at most 48¢ (hd + (g)) - qlog q colors, a set
So C V(G) and a function \g: Sy — Yj such that

6.59.(a) V(F) NSy # 0 for every F € F;

6.59.(b) for every connected component C' of G — Sy, Ng(V(C)) intersects at most 8¢ (hd + (g)) .
log g connected components of G — V' (C);

6.59.(c) there exists a family Y ¢ C Y for C' connected component of G' — Sp, each of size at most
48¢ (dh + (g)) - log g, such that for every connected subgraph [ of G intersecting S, if
V(H) intersects the connected components C1, . .., Cy, of G — Sy, then

@) |p(V(H))| > g, or
(b) [N(V(H)NS)| > gq,or
(c) thereis a (¢ x Ag)-center u of V(H) N Sp with Ao(u) € Yy ¢, for every i € [m].

We assume that Yy, is disjoint from N.

Let C be the family of all the connected components of G—Sj. Let C' € C. Let F’ be the family
of all the connected subgraphs H of C such that Ng(V (H)) intersects at least 22 connected
components of G — V(C). Let N = 8¢ (hd + (g)) -log q. We claim that there are no N pairwise
disjoint members of F’. Suppose for contradiction that H, . .., H) are pairwise disjoint members
of F. Let A be the minor of G obtained from G by contracting every connected component of
G — V(C) having a neighbor in V' (C') in to a single vertex, and every H; into a single vertex.
We denote by u1, . .., u,, the vertices resulting the contractions of these connected components of
G — V(C), and by vy, ..., vy the vertices resulting from the contractions of Hy, ..., H,,. Then,
A'is a graph with m + N < 2N vertices, and every v; for i € [N] has at least 2°~2 neighbors in
U1, ..., Unm. Hence |E(A)| = 2¥72N. On the other hand, A is a minor of G and so is /j-minor-
free. By Lemma 6.60, this implies that |E(A)| < 2873|V(A)| — 1 < 28=2N. This contradiction
proves that there are no N pairwise disjoint members of F’.

Hence, since ¢ is a (g, c)-good coloring, there exists a set Zo C V/(C) and a coloring
Yo: Zo — [c- N] such that

(i) V(F)N Z¢c # 0 forevery F' € F;

(ii) for every connected component C’ of C' — Z, No(V(C")) intersects at most two connected
components of C' — V(C"); and

(iii) for every connected subgraph H of C, either |¢(V (H))| > g, or there is a (¢ X 1) )-center
of V(H)N Z.

Let
S =5u U Zc,
cec
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and for every u € 5, let

N = Ao(u) ifu € Sy,
(w) = o(u) otherwise, where C is the unique member of C containing u.

We now prove (a)-(c). First, Sy € S and so V(F) NS # 0 for every ' € F by 6.59.(a).
Hence (a) holds.

Let C’ be a connected component of G — S. Let C' be the connected component of G' — Sy
containing C’. Since € is disjoint from Z¢, Ng(V(C")) intersects at most 25~2 — 1 connected
components of G — V' (C') by (i). Moreover, N (V (C")) intersects at most two connected compo-
nents of C—V (C”). Hence N (V (C")) intersects at most 2¥"24-1 < 2~ connected components
of G — V(C"). This proves (b).

Let C be a connected component of G — S. Let C’ be the connected component of G' — Sy
containing C’. Let Y, o be the set given by 6.59.(c). Let

Yo = YvO,C” U [C- N]

Note that |Yo| < 56¢2 (dh + (g)) -loggq. Let H be a connected subgraph of G intersecting S

such that |o(V(H))| < g and (A(V(H) N S)| < ¢. Suppose that C1,...,Cy, are connected
components of G — S intersecting V' (H). For every i € [m], we denote by C; the connected
component of G — Sy containing V' (C;). If H intersects Sy, then by 6.59.(c), there is a (p X A\g)-
center u of V/(H) N Sp with Ao(u) € Usepm) Yo,c7» and so wis a (¢ x A)-center of V/(H) NS
with A(u) € U;ejm) Yo, Now suppose that # is disjoint from Sp. Then C7 = --- = Cj,. By
(iii), there is a (¢ X ¢y )-center w of V(H) N Zcy, and so wis a (¢ x A)-center of VI(H) N S
with A(u) € [c¢- N] C Y, for every i € [m]. This shows (c), and concludes the proof of the
lemma. O

We now apply iteratively Lemma 6.61 to obtain a coloring for graphs with no F-rich model
of a given apex-forest. We use the same technique as in Claim 6.3.1, while building a suitable
coloring. The main inspiration here is Degbski, Felsner, Micek, and Schréder’s paper [DMSF21].
See Figure 6.22. The item (c) in Lemma 6.61 will be very useful here, because it basically says that
in a connected component C of G — S, we can reuse most of the colors, except a few ones which
are given in the set Y. To formally apply this idea, we maintain a “buffer” of colors (Y7,...,Y,)
which are not yet reusable. Here, Y, for a € [g] corresponds to a set of the form Y obtained
a steps before the current induction call. We will maintain the fact that any connected subgraph
between the currently processed connected component and a vertex with color in Y, must also use
colorsineach of Y1, ...,Y,_1, and so already contains at least a colors. When we reach a = ¢+1,
we can then actually reuse these colors since we are only interested in connected subgraphs using
at most ¢ colors.

Lemma 6.62. Let c, k be positive integers, let X be a forest. There exists an integer cs 62(c, k, X)
such that the following holds. Let q be an integer with q > 2, let G be a K-minor-free graph, let
@ be a (q,c)-good coloring of G, let F be a family of connected subgraphs of G such that G has
no F-rich model of K1 ® X. Let U C V(G), and let C be a connected component of G — U. Let
Y be a set of at least 2¢¢ ¢2(c, k, X) - qlog g colors. Let \g: U — Y and let Y1, ..., Y, be subsets
of Y with |Y,| < cs.62(c, k, X) - log q for every a € [q] such that
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(i) Ng(V(C)) intersects at least one and at most 281 connected components of G — V (C);

(ii) for every connected subgraph H of G intersecting both U and V (C')
() [e(V(H))| > g, or
@ Po(V(H)NS)| > q or

(3) there exists a (o x X\o)-center ugy of V(H) NU and a € [q] such that \o(up) € Y,
and [Mo(V(H) N U) N (Upep) Yo)| = a. We fix such a vertex up.

Then there exists S C V(C) U U containing U and a coloring \: S — Y extending \o such that
(@) V(F)NS # 0 forevery F € F

C;

(b) for every connected component C' of C — S, Ng(V(C")) intersects at most 2F connected
components of G — V(C"); and

(c) for every connected subgraph H of G intersecting both S and V (C),

(M) [p(V(H))|[ > g, or
@ AV(H)NU)| > g or
(3) there is a (¢ x \)-center u of V(H) N S such that, if V(H) NU # 0, then uw = up.

Proof. By Lemma 6.21, the class of all forests has the coloring elimination property. Therefore,
there is a forest X’ such that for all sets Si,...,Se—1 C V(X’) whose union is V(X'), there
exists ¢ € [Zk_l] such that X’ contains a S;-rooted model of X LI K;. Since X' is a forest, there
exists positive integers h, d such that X’ C F}, 4. Let

06.62(07 k,X)= 56¢2 (hd + (g)) .

We now proceed by induction on |V (C)|. If F|c = 0, then set S = U, A = Ao and we are
done. Now suppose that F|c # 0.

Let Ay, ..., Ay be the connected components of G — V (C) intersecting N (V (C)). For each
i€ [f,letS; = Na(V(A;) NV(C). Let F’ be the family of all the connected subgraphs H
of C' such that H contains a member of F and intersects J;c[q Si- We claim that there are no
JF'-rich model of X’ in C. Indeed, if there is such a model, then by the properties of X', there
exists ¢ € [¢] such that C' contains an F-rich model (B, | z € V(X U K1)) of X U K such that
every branch set has a neighbor in A;. Then, if x( is the vertex of K7 in X LI K, then the model
(By | x € V(X)) together with B,, U A; is an F-rich model of K; & X in G, a contradiction.
This shows that there is no F’-rich model of X’ in C.

Let Y = Y \ Uyefy Ya- Note that [Y| > 56¢2 (hd + (g)) - qlog q. By Lemma 6.61, there

exists a set S C V(C) and a function A: S — Y such that
6.61.(a) V(F)N S # 0 for every F € F';

6.61.(b) for every connected component C’ of C' — S, No(V(C")) intersects at most 25! connected
components of C'— V(C"); and

6.61.(c) there exists a family }70/ C Y for C’ connected component of C' — S, each of size at most
56¢2 (dh + (g)) - log g, such that for every connected subgraph H of C" intersecting S, if

C4,...,C" are connected components of C' — S intersecting V (H ), then
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) |e(V(H))| > q,or
@) NV (H)NS)| > q,or

(3) there is a (o x X)-center iz of V(H) N S with A(@ig) € Y ¢ for every i € [m]. We
fix such a vertex .

Note that since F|¢ # () and G is connected, Sis nonempty. Let
U'=UUS,
and let \{j: U' — Y be defined by

\ (u) _ {\g(u) ifue ll],
0 AMu) ifuels,

for every u € U’. Let H be a connected subgraph of G intersecting U’ with |p(V (H))| < g and
INy(V(H) NU")| < q. Note that in particular [\o(V(H) N U)| < gand NV (H)NU| < q. I
V(H)NU # 0, then let u}yy = upy, and if V(H) NU = (), then let vy = .

Let C be the family of all the connected components of C' — S that contain a member of F.
Let C" € C. Let Y ¢ be the set given by 6.61.(c). Let (Y, ... Y)) = Yo, Yi,..., Y, 1). We
now show that U’, C’, Ay, Y, (Y7, ..., Y,), (ufy) u, satisfies the hypothesis of the lemma, and so
we can call induction. First observe that, since C’ ¢ F’, we have Ng(V(C’)) N U = (), and so
Ng(V(C")) intersects at most 28! connected components of G — V (C”) by 6.61.(b). Let H be
a connected subgraph of G intersecting both U’ and V' (C"), and such that |o(V(H))| < ¢ and
IN(V(H)NU")| < q. Let CY,...,C", be connected components of C' — S intersecting V' (H)
with C1 = C’. First suppose that V' (H) intersects U. By hypothesis, u}; = ug is a (¢ x Ag)-
center of V(H) N U such that, for some a € [g], we have \o(u};) € Y,. Since the colors used
by Ao and \ are pairwise distinct, u/; is a (¢ x Aj)-center of V(H) N U’. Moreover, since C' is
a member of F, the set V(H) intersects S. By hypothesis, |\o(V (H) N U) N (Ubelg Yo)| = a.

Since Y is disjoint from Use[q] Yo, we deduce that

(V) MUY 0 Upegay Yl = PolVH) N U) 1 (Uneg V)l + 1N6(V(H) N TY) N Vo
>a+1.

If a = ¢, then we have |\((V(H) N U’)| > g, a contradiction. Otherwise, since \j(u) € Y,

Y, |, the vertex u/y is as wanted. Now assume that V (H) is disjoint from U. Then V(H) is a

connected subgraph of C'. Hence, by 6.61.(c), and because |o(V (H))| < g and |\(V(H)NS)| <
q, the vertex u/; is a (¢ x \)-center of V(H) NS = V(H)NU’ such that ) (u};) € Y ¢ for every
i € [m]. Since \j(uyy) € Y, we clearly have [\o(V(H) N U) N (Upepy ¥5)| = 1. This proves
that U', C", Y, A, (Y7, ..., Yy), (u}y) u satisfies the hypothesis of the lemma.

Since F' # (), the set S is nonempty, and so |V (C’)| < |V(C)|. Hence we can call the
induction hypothesis on U’, C", Y, A, (Y7, ..., Y,). This gives aset Scv € V(C")UU’ containing
U’ and a coloring A¢v: Scv — Y extending ), such that

@) V(F)NS # 0 forevery F € Flcr;

(b*) for every connected component C” of C'—S¢r, Ng(V (C")) intersects at most 2F connected
components of G — V(C"); and
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(c’) for every connected subgraph H of G intersecting V (C’) and S¢v, either
(D) |e(V(H))| > g, or
) |)\C/(V(H) N S)| > q, or
(3) thereisa (p x A\¢r)-center u of V/(H)NSer such that, if V(H)NU' # 0, then u = u/y.

Then let
S = U SC'
c'eC
and let \: S — Y be defined by
Aw) = Ao (u)

for every u € S¢v, for every C’ € C. This is well defined because the colorings A\ for C' € C
coincide on U’. We now show (a)-(c).

Let F' € F intersecting C. If V(F) N U’ # () then V(F) NS # (). Otherwise, there exists
C" € Csuch that F' C C’. Then, by (a"), V(F) N Scr # 0 and so V(F) NS # (). This proves (a).

Let C” be a connected component of C'— S. Since C” is disjoint from S, either N (V (C")) C
U U S, or there exists C’ € C such that C"” C C”. In the first case, Ng(V (C")) intersects at most
2F=1 connected components of G — V' (C') by assumption, and at most 2¥~! connected components
of C' — S by 6.61.(b). This implies that N (V (C")) intersects at most 2¢ connected components
of G — V(C"). In the second case, let C’ € C such that C” C C’. Then, by (b’), Ng(V(C"))
intersects at most 2¥ connected components of G — V' (C”). This proves (b).

Let H be a connected subgraph of G intersecting both V' (C') and S such that |p(V (H))| < ¢
and (A(V(H) N S)| < q. Let C},...,C" be the connected components of C' — S intersecting
V' (H) (with possibly m = 0). First suppose that V' (H) intersects U. By hypothesis, the vertex
uy = up is a (¢ x Ag)-center of V(H) N Scy for every i € [m]. Therefore, uy is a (¢ X A)-
center of V' (H) N S. Now suppose that V' (H) is disjoint from U. Assume that V (H) intersects
S. By (c), the vertex u/y; is a (¢ x \)-center u of V/(H) N Sy for every i € [m], and so u}; isa
(¢ x \)-center of V/(H) N S. Finally, assume that V (H) is disjoint from S UU. Then, there exists
C’ € C such that H C C'. Therefore, by (c’), there is a (¢ X A¢v)-center u of V(H) N Scr. By
the definition of A, and because V (H) N Scr = V(H) NS, we conclude that u is a (¢ x A)-center
of V(H) N S. This shows (c) and concludes the proof of the lemma. O

We can now deduce the main result of this section.

Lemma 6.63. Let k, c be positive integer. There exists a constant o such that for every X €
A(Ry), there exists a constant 3(X) such that the following holds. For every Kjy-minor-free
graph G, for every integer q with q > 2, for every (q, ¢)-good coloring ¢ of G, for every family F
of connected subgraphs of G, for every integer q with q > 2, if there is no F-rich model of X in
G, then there exists S C V(G) such that

(@) V(F)N S # 0 forevery F € F,

(b) for every connected component C of G — S, Ng(V(C)) intersects at most « connected
components of G — V (C), and

() ceng(G,,S) < B(X) - qlogg.
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Proof. Leta = 2F, and let X € A(R3). There exists X’ € Ry such that X C K & X'. Fix such
a forest X', and let 3(X) = ¢g.62(c, k, X'). Let ¢ be an integer with ¢ >, let G be a K-minor-free
graph, let F be a family of connected subgraphs of G such that there is no F-rich model of X in
G.

Let Y be a set of cg62(c, k, X') - qlogq colors, let yo € Y arbitrary, let Y1 = {yo} and
Vo= =Y, =0.

Let C be the family of all the connected components of G. Let C' € C, let Uc be an arbitrary
singleton in V' (C), and let \o: U — {yo}. For every connected subgraph H of C intersecting
Uc, let ug be the unique vertex in Ug.

Let Co be the family of all the connected components of C' — Ug, and let C' € Co. By
Lemma 6.62 there exists Scv C V(C’) U Ue containing Ue and a coloring A¢v: Sev — Y
extending Ao such that

6.62.(a) V(F) N Scr # 0 forevery F € F|cv;

6.62.(b) for every connected component C” of G’ —S¢r, No(V (C")) intersects at most 2F connected
components of C' — V(C”); and

6.62.(c) for every connected subgraph H of C' intersecting V' (C") and S¢v, either

() [p(V(H))| > g, or

2) [Aer(V(H)NS)| > q, or

(3) thereisa (¢ X A¢ov)-center u of V(H) NS, and if V(H) N U # (), then u = up.
Then the coloring A\c: Ugrec, Sor — Y defined by A(u) = Acr(u) for every C' € Cc and

u € Scr, witnesses the fact that ceny (C, ¢y (c), Ucrec, Scr) < co62(c, k, X') - qlogg.
Then, by Observation 6.11, we conclude that the set

s=U U so
CeCC'eCe
satisfies
ceng(G, ¢, S) < co62(c, k, X') - qlogq = B(X) - qlog g,

which proves (c).

Moreover, by 6.62.(a), V(F) N S # 0 for every F' € F, and for every connected components
C of G—S, Ng(V(C)) intersects at most 2¥ = « connected components of G —V (C) by 6.62.(b).
This proves (a) and (b). ]

6.9.5 Applying the induction

We can now prove Theorem 1.34, which is covered by the following two theorems. See Figures 6.2
and 6.3 for a general view of these proofs.

Theorem 6.64. Let t be an integer witht > 2, and let X € S;. There is constant a such that, for
every X -minor-free graph G, for every positive integer q,

ceng(G) < a- (tw(G) +1) - ¢ 2,
and

ceny(G) < a- ¢
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Proof. Let k = |V(X)|. By Lemma 6.56, there exists a positive integer ¢ such that for every
positive integer ¢, every K-minor-free graph admit a (g, ¢)-good coloring using ¢ + 1 colors. We
assume ¢ > 2. For every positive integer ¢, for every graph G, for every S C V(G), let

ar, (G, S) = max ceng (G, p, S).
P q( ) © (g, c)-good coloring of G q( 14 )

We show by induction that for every integer ¢ with ¢t > 2, ¢ — ¢'~2 is (par, S;)-bounding.

By Lemma 6.14, (par, | ¢ € N5) is a nice family of focused parameters. We first show the
cases t = 2 and t = 3. By the definition of (g, ¢)-good colorings, g — 1 is (par, R;)-bounding.
Then, Theorem 6.23 implies that ¢ — 1 is (par, Sz)-bounding. By Theorem 6.3, because So is
closed under disjoint union and has the coloring elimination property by Lemma 6.21, we deduce
that the function ¢ — ¢ is (par, A(S2))-bounding. By Theorem 6.24, the function ¢ +— ¢ is
(par, S3)-bounding.

Now suppose ¢ > 4. By the induction hypothesis, ¢ — ¢'~3 is (par, S;_1)-bounding. Then,
by Theorem 6.3, because S;_1 is closed under disjoint union and has the coloring elimination
property by Lemma 6.21, ¢ +— ¢'~2 is (par, A(S;_1))-bounding. By Theorem 6.4, because S;_1
is closed under disjoint union, this implies that ¢ — ¢'~2 is (par, S;)-bounding. This concludes
the proof of the induction.

3

By the definition of (par, S;)-bounding functions applied for & = |V(X)|, there exists a
positive integer 3 such that the following holds. Let G be an X -minor-free graph, and let F be the
family of all the one-vertex subgraphs of GG. Note there is no F-rich model of X in G. For every
positive integer g, there exists S C V(G) such that (in particular)

(i) V(F)NS # O forevery F € F,andso S = V(G), and
(i) par,(G,5) < B-¢"2
We deduce that

ceng(G,,V(G)) < B-¢">.

max

¢ (g, ¢)-good coloring of G

Now, by Lemma 6.55, there is a (g, ¢)-good coloring ¢ of G using tw(G) + 1 colors. Let

Y: V(G) — [B-q'?] witnessing the fact that cen, (G, ¢, V(G)) < 3-¢'~2. We claim that ¢ x 1

is a g-centered coloring of G. Indeed, for every H C G connected, by the definition of v, one of
the following holds

@) |p(V(H))| > g, andso |(¢ x ¢)(V(H))| > g,
(i) |(p x ) (V(H))| > g, or
(iii) thereisa (¢ x 1)-center of V(H).

Therefore, ¢ x 1 is a g-centered coloring using at most 3 - (tw(G) + 1) - ¢*~2 colors. This proves
that
ceng(G) < B+ (tw(G) +1) - ¢' 2.

By the definition of ¢, there is a (g, ¢)-good coloring of G using ¢ + 1 colors. Let ¢: V(G) —
[B - ¢'~?2] witnessing the fact that cen, (G, ¢, V(G)) < B - ¢'2. For the same reason as above,
X 1 is a g-centered coloring of G, and we conclude that

ceny(G) < B-(¢+1) -4 <28 ¢

This proves the theorem for a = 2. O
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Theorem 6.65. Lett be an integer witht > 3, and let X € R;. There is constant a such that, for
every X -minor-free graph G, for every integer q with q > 2,

ceng(G) < a- (tw(G) +1) - ¢ 2 logg,
and
ceny(G) < a- ¢ 'loggq.

Proof. Let k = |V(X)|. By Lemma 6.56, there exists a positive integer ¢ such that for every
positive integer ¢, every K-minor-free graph admit a (g, ¢)-good coloring using ¢ + 1 colors. We
assume ¢ > 2. For every positive integer ¢, for every graph G, for every S C V(G), let

G,S) = G,,9).
parq( ’ ) © (q,c)-goror(?;ac}o(loring ochenq( i )

We show by induction that for every integer ¢ with t > 3, ¢ +— ¢~ log(q + 1) is (par, S;)-
bounding. By Lemma 6.14, (par, | ¢ € N5o) is a nice family of focused parameters. When
t = 3, by Lemma 6.63, the function ¢ — ¢log(q + 1) is (par, A(Rz2))-bounding. If ¢ > 4 and
q > ¢ 3log(q + 1) is (par, R;_1)-bounding, then, by Theorem 6.4, and because R;_1 is closed

under disjoint union, the function ¢ — ¢'~2log(q + 1) is (par, R;)-bounding. This concludes the
proof of the induction.

By the definition of (par, R:)-bounding functions applied for £ = |V (X)|, there exists a
positive integer 3 such that the following holds. Let G be an X -minor-free graph, and let F be the
family of all the one-vertex subgraphs of GG. Note there is no F-rich model of X in GG. For every
positive integer ¢, there exists S C V(G) such that (in particular)

(i) V(F)NS # (forevery F € F,and so S = V(G), and
(ii) par,(G,S) < B¢ ?log(q+1).
We deduce that

max ceny(G,p, V(G)) < B¢ %log(q +1).
¢ (g, ¢)-good coloring of G

Now, by Lemma 6.55, there is a (g, ¢)-good coloring ¢ of G using tw(G) + 1 colors. Let
Y: V(G) = [|B-¢"?log(q+1)|] witnessing the fact that ceny (G, ¢, V(G)) < B-¢" % log(g+1).
We claim that ¢ x 1 is a g-centered coloring of GG. Indeed, for every H C G connected, by the
definition of v, one of the following holds

(@) |p(V(H))[ > g, and so |(¢ x ¢)(V(H))| > g, or
(i) |(p x)(V(H))| > g, or
(iii) thereisa (¢ x 1)-center of V(H).

Therefore, ¢ x 1 is a g-centered coloring using at most 3 - (tw(G) + 1) - ¢*~2 colors. This proves
that
ceng(G) < B+ (tw(G) + 1) - ¢ *log(q + 1).
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By the definition of ¢, there is a (¢, ¢)-good coloring of G using ¢ 4 1 colors. Let ¢: V(G) —
(18- ¢"2log(q + 1)]] witnessing the fact that ceny (G, ¢, V(G)) < B ¢""2log(q + 1). For the
same reason as above, ¢ X v is a g-centered coloring of GG, and we conclude that

ceng(G) < B-(g+1) ¢ ?log(qg+1) < 28-¢" 'log(q+1).

When g > 2, we have log(q + 1) < 2log(g), and so the theorem holds for a = 4. O
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CHAPTER 7

Conclusion and open
problems

In this thesis, I studied several questions of the form: which structural property on
graphs X1,..., Xy ensures that {Xy, ..., Xy}-minor-free graphs have a given struc-
ture. The structures on {X1, ..., X, }-minor-free graphs I considered were: bounded
k-treedepth in Chapter 2, bounded layered pathwidth and bounded layered treedepth in
Chapter 4, a product structure in Chapter 5, and polynomially bounded centered chro-
matic numbers and weak coloring numbers in Chapter 6. To conclude, I propose as open
problems several generalizations and improvements of these results.

7.1 Minor-monotone graph parameters . . . . .. ... ¢ oo oo oo e oo 217
7.2 Rootedminors . .. ... ...ttt iiiiieeeennnneeees 220
7.3 Weak coloring numbers and centered chromatic numbers . . . . ... ... 221

7.1 Minor-monotone graph parameters

One of the motivations behind the systematic study of obstructions for minor-monotone graph
parameters is the following conjecture by Robertson, Seymour, and Thomas [RST96].

Conjecture 7.1 (Robertson, Seymour, and Thomas [RST96]). For every minor-monotone graph
parameter p, there exist finitely many minor-closed classes of graphs Xy, ..., X, such that for
every minor-closed class of graphs C, the following are equivalent:

(1) pis bounded in C, that is, there exists an integer N such that p(G) < N for every G € C,
(2) C excludes a member of X;, that is X;  C, for every i € [{].

For example, for p = tw, one can take ¢ = 1, and for X} the class of planar graphs, since
a class of graphs has bounded treewidth if and only if it excludes a planar graph (Grid-Minor
Theorem). Conjecture 7.1 is a very special case of a broader conjecture asserting that infinite
countable graphs form a well-quasi-ordering for the graph minor relation. This should be seen
as an extension for graph parameters of Robertson-Seymour Theorem, which asserts that every
minor-closed class of graphs can be characterized by finitely many excluded minors. See the

217
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recent article [PPT23a] by Paul, Protopapas, and Thilikos for more information on this topic, and
some possible algorithmic applications.

The importance of Conjecture 7.1 motivates a more systematic study of minor-monotone pa-
rameters. In Chapter 2, we characterized classes of graphs having bounded k-treedepth in terms
of excluded minors. It would be interesting to obtain such results for broader families of minor-
monotone parameters. Recall that, informally, k-treedepth measures how a graph can be built by
alternatively adding a vertex and performing (< k)-clique-sums. In the remaining of this section,
we define a large family of minor-monotone graph parameters using these two operations. These
parameters will be indexed by the languages over an alphabet 3 which describes which sequences
of vertex additions and clique-sums are allowed to construct the input graph.

Let 3 be the alphabet containing the letters a and sy, for all £ € N-o. We denote by ¢ the empty
word in X*. Intuitively, the letter a corresponds to a vertex addition, and the letter s; to (< k)-
clique-sums. We will identify regular expressions over Y with their corresponding languages.
For every w € X*, we define p,, as the graph parameter taking values in N>y U {+o00} defined
inductively as follows. For every graph G, for every w € ¥*, for every positive integer k,

0 ifG =0,
Q) =
P (C) {—l—oo otherwise,

Puwa(G) = min ({p,(G)} U{p,(G —u) +1]u e V(G)}),
Pwsy, (G) = min ({pw(G)} U {max{pwsk (G1)7 Pwsy, (GQ)} ‘ (G17 GQ)})

where in the last equality, (G, Gi2) ranges over all the pairs of graphs such that G is a (< k)-
clique-sum of G and G2 with |V (G1)|, |V (G2)| > |V(G1) N V(G2)|. Less formally, we read
from left to right w as follows. When reading the letter a, we can add a vertex (with arbitrary
neighborhood) to a previously obtained graph, and when reading the letter s, we can make ar-
bitrarily many (< k)-clique-sums of previously obtained graphs. Then p,,(G) is the minimum
number of times we add a vertex (when reading the letter ) in such a construction of G. If it is
not possible to construct G this way, then p,,(G) = +oo. Now, for every L C ¥*, let

with the convention min ) = +oo. An induction as in the proof of Lemma 2.5 shows that for
every L C ¥*, the parameter p;, is minor-monotone. Note that p; (G) > tw(G) + 1 for every
graph G, for every L C ¥*. We denote by s the language {s; | k¥ > 1}. Several classical

minor-monotone graph parameters are of the form p; for L C ¥*: for every graph G with at least
one edge, for every positive integer k,

P (G) = [V(G)],
Pors, (G) = max [V(C)],

C connected
component of G

Pars, (&) = B block of G VB,
Paxs, (G) = th(G) +1,
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where twy,(G) is the k-treewidth of G, which is defined in [GJ16] as the minimum width of a tree
decomposition of G of adhesion less than £,

m&mﬁﬁz w(G) + 1,

P(as;)* (G) ( )
Plasi)"s2 () = Bb{glc%}ngtd(B)’

Pus;ar (G) = ve(G) + 1, where vc(G) is the vertex cover number of G,
Pazsya (G) = fvs(G) + 2, where fvs(G) is the feedback vertex set number of G.

The last two examples follows from the following property: for every graph G,

0 if G =0,
pasl(G) =41 le( ) @and V( ) 7& ®7
+oo if E(G) # 0,
and
0 ifG =0,

1 if E(G) =0 and V(G) # 0,
2 if E(G) # () and G is a forest,

+o0o0 otherwise.

Pa2s, (G) =

Another noteworthy example is p,2,, (45, )+» Which is (two plus) the elimination distance to a forest,
a parameter used in the context of parameterized complexity, see [DJ24].

Problem 7.2. Given a language L C ¥, characterize classes of graphs having bounded py in
terms of excluded minors.

There is little hope that a general answer can be given to this problem. Indeed, for every
nonnegative integer k, for every graph G,

© = tw(G) +1 iftw(G) <k,
Pak+1s, ]+ otherwise,

and so a class of graphs has bounded p,r+1,, _ if and only if it excludes all the minimal obstruc-
tions to treewidth at most %, which have not been determined yet, even for £ = 4 (see [Ram97]).
Nonetheless, proving Conjecture 7.1, that is just the existence of such a characterization, for the
parameters p; for L C >* would be very interesting.

An important observation is that it is enough to consider only very specific languages L C »*,
namely the downward closed languages under a specific order <* on »*, that we now define.
Let < be the order on X whose relations are ¢ < a and s; < s; for every positive integers
i,7 with ¢ < j, and let <™ be the order on X%* defined by, for all x1,...,2¢,y1,..-,Ym € 2,
T1...20 <* y1...Ym if and only if there exist 1 < 3 < --- < 4y < m such that z; < Yi;
for every j € [{]. It follows from the definition that p,,(G) > p,,(G) for every graph G and
for every w,w’ € ¥* with w <* w’. Hence, for every L C ¥*, p; = DL where | L is the
language {u € ¥* | Jw € L,u <* w}. Moreover, by Higman’s Lemma [Hig52], (X%, <*) is a
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well-quasi-ordering. Hence for every L C 3*, there exists a finite set ' C X* (namely the set of
all the minimal elements of X*\ | L) such that | L = {w € ¥* | Vu € F,u £* w}. In particular,
Py, is computable for every fixed L C ¥*.

Another direction of research is to obtain good bounds for the k-treedepth of a graph G as a
function of the maximum size of a minor of GG of the form TP, for T a tree on k vertices. We
proved in Chapter 2 that the former is bounded by a function of the latter, but this function is very
large, and we did not compute it explicitly. We conjecture that a bound polynomial in both k and
£ holds.

Conjecture 7.3. There exists a polynomial function f: Nsg — Nsg such that, for every graph G,
for all positive integer k, £, either

(1) there is a tree T on k vertices such that TPy is a minor of G, or
(i) tdx(G) < f(L+ k).

Using the same technique as in Section 2.8, one can show that this would imply the Polynomial
Grid-Minor Theorem [CC16, CT21]: for every positive integer ¢, graphs that do not contain the
£ x £ as a minor have treewidth bounded from above by a polynomial function of /.

7.2 Rooted minors

In Chapter 4, we proved several structural properties for graphs excluding a specific graph as a
rooted minor. The general problem is to describe, given a graph X, the structure of a graph G
“focused” on a subset S of vertices if G has no S-rooted model of X. We investigated the cases
where X is a path (Theorem 4.2), and a tree (Theorem 4.5). The obtained bounds do not precisely
match the lower bounds, and we leave as open problems to bridge these gaps.

Within Theorem 4.2, we show that for every positive integer ¢, for every graph G, and for
every S C V(G), if G has no S-rooted model of Py, then td(G, S) < (5) A first question is
whether this can be improved to ¢ — 1.

Conjecture 7.4. For every positive integer {, for every graph G, for every S C V(Q), if there is
no S-rooted model of Py in G, then

td(G,S) < 0 — 1.

This would be tight as shown by G = K;_; and S = V(G).

Within Theorem 4.5, we show that for every forest F' with at least one vertex, for every graph
G, for every S C V(G), if G has no S-rooted model of F, then pw(G, S) < 2|V(F)| — 2. A
second problem is whether this factor two can be removed.

Conjecture 7.5. For every nonnull forest F, for every graph G, for every S C V(QG), if there is
no S-rooted model of F' in G, then

pw(G,S) < [V(F)| - 2.

Again, this would be tight as shown by G = Ky (g)—; and S = V(G).
Within Corollary 4.17, we show the ErdGs-Pésa property for S-rooted trees with a bound
(2k|V(T)| — 1)(k — 1) = O(k?)|V(T)|. 1 tend to believe that the bound |V (T)| - (k — 1) holds.
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Conjecture 7.6. For every tree T, for every positive integer k, for every graph G, for every
S C V(G), if there is no S-rooted model of k - T in G, then there exists X C V(G) intersecting
every S-rooted model of T in G with

(X < V(D) - (k= 1).

This would be tight as shown by G' = K|y (7),—1 and S = V(G). For T' = K>, this is a celebrated
theorem of Gallai about the so-called “S-paths” [Gal64]. Another known interesting case is when
S = V(G), which was proved by Dujmovi¢, Joret, Micek, and Morin in [DJMM?24].

Overall, I think that the notion of rooted minors is interesting in itself, and so deserves a more
systematic study. A noteworthy statement in this direction is the following, which informally says
that, for all graph G and S C V(G), if G excludes an S-rooted minor, then there is a torso of a
superset of S that excludes a slightly larger minor. Here, we use the notation torsog (W) for a set
W C V(G) to denote the graph with vertex set W and where two vertices u, v are adjacent if and
only if there is a path from u to v in G internally disjoint from W.!

Theorem 7.7 ([DHH 24, Lemma 14]). Let t be a positive integer, let G be a graph, and let
S C V(Q). If there is no S-rooted model of K; in G, then there exists S C V(G) with S C S’
such that torsog(S") is Koi—1-minor-free.

The statement of Lemma 14 in [DHH "24] is actually slightly different, but its proof shows
Theorem 7.7. For sake of completeness, we provide a proof in Appendix B.
In light of these results, it is tempting to believe that, for every finite family X of graphs,

for every graph G, and for every S C V(QG), if for every X € X, G has no S-
rooted model of X, then there exists S' C V(G containing S such that torsog (S’) (7.1)
is X-minor-free.

Such a property would imply Conjectures 7.4 to 7.6 by reducing the problem to the non-rooted
case. However, this does no holds for every X. To see that, consider X = {K,}. Let G be the
¢ x ¢ grid for some positive integer £ with £ > 4, and let S be the vertex set of the outer face
of G (i.e. the unique face of G of size 4(¢ — 1)). Then, since K} is not outer-planar, G has no
S-rooted model of K. However, tw(G, S) > ¢ —1 (see Section 4.4). Since K4-minor-free graphs
have treewidth at most 2, and because tw(G, S) = ming cy (), scs tw(torsog(S)), we deduce
that there is no S’ C V(G) containing S with torsog(S’) Ky-minor-free. We leave as an open
problem to determine for which family A" the statement (7.1) holds.

Problem 7.8. Characterize the finite families of graphs X for which (7.1) holds.

7.3 Weak coloring numbers and centered chromatic numbers

In Chapter 6, we proved generic bounds on the weak coloring numbers and centered chromatic
numbers of minor-closed classes of graphs which are tight up to a O(q) factor. Closing this O(q)
gap is a very challenging open problem.

Note that torsog(W) = torsogw(W) = torsog(W,B) where B = {V(C) U Ng(V(C)) |
C component of G — W}, and W is the tree decomposition of G indexed by a star whose central bag is W and the
other bags are the elements of 5.
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Problem 7.9. Given a finite family X of graphs, determine the growth rates of the maximum q-th
weak coloring number and q-centered chromatic number of X -minor-free graphs.

One of the most tantalizing special case of this problem is X = {K5, K33}, that is to de-
termine the growth rates of weak coloring numbers and centered chromatic numbers of planar
graphs. A first motivation for this particular case is the central role of planar graphs in graph
theory. Moreover, we solved Problem 7.9 in Chapter 6 for every family X containing a planar
graph. Therefore, the smallest minor-closed class of graphs with unknown weak coloring num-
bers and centered chromatic numbers growth rates is the class of planar graphs. For weak coloring
numbers, the current best bounds are (g% log ¢) [JM22] and O(q®) [vdHOQ™ 17]. For centered
chromatic numbers, the gap is slightly bigger with (g% log ¢) and O(q> log ¢) [DMSF21]. It was
conjectured by Joret and Micek in [JM22] for weak coloring numbers, and by Degbski, Micek,
Schroder, and Felsner in [DMSE21] for centered chromatic numbers, that the aforementioned
lower bounds are optimal.

Conjecture 7.10 ([JM22, DMSF21]). The maximum q-th weak coloring number and q-centered
chromatic number of planar graphs are in ©(q*log q).

Note that these lower bounds in §2(¢? log q) are reached for the same construction which con-
sists of planar graphs with treewidth at most 3 (namely graphs in S, see Appendix A). Moreover,
our results imply the upper bound O(¢? log ¢) for planar graphs of bounded treewidth. Therefore,
any improvement in the lower bounds will require graphs of unbounded treewidth.

Another challenging line of research is to consider graphs that exclude a fixed topological
minor. We say that a graph H is a topological minor of a graph G if there exists an injective
function ¢: V(H) — V(G) and a family (P,, | xy € E(H)) of pairwise internally disjoint paths
in G such that the endpoints of P, are ¢(z) and ¢(y), for every zy € E(H). Note that every
topological minor of a graph G is a minor of G. If a graph X is not a topological minor of a graph
G, then we say that G is X -topological-minor-free.

Debski, Micek, Schroder, and Felsner proved in [DMSF21] that for every graph X, there ex-
ists f(X) such that graphs that do not have X as a topological minor have g-centered chromatic
numbers in O(¢/(X)). However, no explicit bound on f(X) is known, and finding good estima-
tions of f(X), even when X = K, is a challenging open problem. I tend to believe that the upper
bound O(¢'~ 1) given by Theorem 1.32 for K;-minor-free graphs also holds for K;-topological-
minor-free graphs.

Conjecture 7.11. For every positive integer t, for every positive integer q, the maximum q-centered
chromatic number of a K;-topological-minor-free graph is in O(g*=1).

Note that weak coloring numbers have a very different behavior in this setting. Indeed, graphs
with maximum degree at most 3 have exponential weak coloring numbers [GKR ™ 18], while they
exclude K 4 as a topological minor. As a consequence, the similarity highlighted in Chapter 6 be-
tween weak coloring numbers and centered chromatic numbers does not survive in the topological
minor setting.

The technique used in [DMSF21] to prove that graphs of fixed maximum degree A have g-
centered chromatic number at most polynomial in ¢ (and even linear in g) is entropy compression,
and so is essentially probabilistic. This seems very far from the tools we developed in Chapter 6
for K;-minor-free graphs. Since Conjecture 7.11 covers both graphs of bounded maximum degree
and K;-minor-free graphs, a positive answer would probably require to combine these apparently
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very different approaches. This problem was circumvent by Debski, Micek, Schroder, and Felsner
in [DMSF21] by using a decomposition theorem of Grohe and Marx [GM 15], which asserts that,
for every fixed positive integer t, there exists f(¢) such that K;-topological-minor-free graphs ad-
mits tree decompositions in which the torso of every bags is either K y(;)-minor-free, or is obtained
from a graph of maximum degree at most f(¢) by adding at most f(¢) vertices. Combined with a
lemma by Pilipczuk and Siebertz [PS21], this gives a polynomial bound for the g-centered chro-
matic numbers of K;-topological-minor-free graphs, knowing such a polynomial bound for both
K ¢ (y)-minor-free graphs and graphs of bounded maximum degree. However, this approach seems
to fail to obtain more accurate bounds.

We finish this conclusion with a remark concerning the distinction between excluding one or
several minors. The bounds exposed in Chapter 6 are essentially the same when excluding one or
several minors. We conjecture that this is a general fact.

Conjecture 7.12. Let par € {cen, wcol}, and let X be a nonempty finite family of graphs. There
exists X € X such that, for every positive integer q,

a ar, (G) = © a ar (G) ).
G)(%inf’(r-freep Tq( ) (GXgnlini)(r-freep I"q( )>

Again, one of the most intriguing open case is X = {Kj, K33}, which corresponds to planar
graphs.
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APPENDIX A

Appendix to Chapter 6

In this appendix, we provide proofs for the already known lower bounds used in Chap-
ter 6, as well as some properties of rooted 2-treedepth, and in particular its link with
2-treedepth.

A.1 Lower bounds

A.1.1 Weak coloring numbers

In this section, we present a construction by Grohe, Kreutzer, and Siebertz [GKR ™ 18], which was
initially presented as a lower bound for weak coloring numbers of graph of treewidth £. This was
later adapted to graph of simple treewidth at most ¢ by Joret and Micek [JM22]. To show the
link between these constructions and the families (R¢ | ¢ € Nsg), (St | t € Nsg), we elected to
provide them in the current appendix. The core of the argument is the following lemma.

Lemma A.1. Let G be a nonempty class of graphs, and let g(q) = maxgeg weoly(G) for every
nonnegative integer q. For every nonnegative integer q, there exists G € T(G) such that

weoly(G) > Zg(z)
=0

Proof. We proceed by induction on ¢. First suppose that ¢ = 0. Then consider G € G such that
wcoly(G) = g(0). Since G € T(G), G is a as desired.
Now suppose ¢ > 1. By the inductive hypothesis there exists Gy € T(G) with

q—1
weol,—1(Go) = Zg(z)
i=0

Let H € G be such that weoly(H) = g(q). Let N = Y7 g(4). Let G be a graph obtained from
G by adding for each u € V(Gy), N disjoint copies Hy, 1, . .., H, y of H, and all possible edges
between u and V' (H,,;), for every i € [IV].

We claim that G € T(G). Let (Tp, (Wo,. | a € V(T)))) be a rooted forest decomposition of
G witnessing the fact that Gy € T(G). Then, for every u € V(Gy), choose a,, € V(1) such
that u € Wy 4,. Let T be the rooted forest obtained from 77 by adding, for every u € V(Gy) and
for every i € [N], a leaf a,,; with parent a vertex a,,. Then, for every a € V(T'), let

(W ifa € V(Tp)
© T HulUV(Hy,) ifa= ay, foru e V(Gy),i € [N].

231
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It follows that (T, (W, | a € V(T))) is a rooted forest decomposition of G witnessing the fact
that G € T(G).
It remains to show that wcol,(G) > N. Let o be an ordering of V' (G). Since wcol,—1(Go) >
9”5 g(i), there exists v € V/(Gy) such that

q—1
| WReach,—1[Go, olv(go), V]| = Zg(z)
=0

If for every ¢ € [IV], there is a vertex w in V' (H, ;) such that w <, v, then | WReach,|G, o, v]| >
N. Otherwise, there exists ¢ € [N] such that every vertex w in H,; is such that
w >, v. Since wcolg(H,;) = wcoly(H) = g(q), there exists u € V(H,;) such that
| WReachg[Hy,i, olv (1, ), ull = g(q). Then,

WReach,—1[Go, J|V(GO), v] U WReachy[H, ;, O—’V(Hv,i)7 u] € WReachy[G, U]V(G), ul,

and we conclude that | WReach, [G, o, u]| > ( - g(z)) +9g(q) = N. O
Corollary A.2. For every integer t witht > 1,

_ O t-1
max weoly(G) = Q¢ ).

Proof. We show by induction on ¢ that for every nonnegative integer ¢,

g+t—1
éne%xtwcolq(G)2< i1 )

For t = 1, recall that K; € R;. Therefore, for all nonnegative integers ¢ we have wcol, (K 1) =
1 > (), as desired.
For t > 2, by the induction hypothesis, for every nonnegative integer ¢,

qg+t—2
1,(G) > .
Gren%t)ilwco q( ) ( t—2 >

Therefore, by Lemma A.1,

q
g+t—2 g+t—1
Wi > = .
GeR, COIQ(G)/2< t—2 ) ( t—1 -

=0

Corollary A.3. For every positive integer t witht > 2,

1,(G) = Q(¢"*log q).
max weoly(G) = (" log g)
Proof. We proceed by induction on ¢. For ¢t = 2, Sz contains every path, which have ¢-th weak
coloring number in Q(log q), see [IM22].

For ¢ > 3, by the induction hypothesis, there exists ¢ > 0 such that for every integer g with
q =2,

max weol,(G) = c¢- ¢ 3 logq.
Jhax o(G) = cq gq
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Therefore, by Lemma A.1, for every integer ¢ with ¢ > 4,

q
1,(G) = ¢ i3 logi
geaéiwcoq( )=>c i:1z ogi
>c- it=3logi
q/2<i<q
q—1 t—3
> e | =5 | (a/2)7" log(q/2)
q 1 .3 logg
EVEETEA 2
c _
> 5 ¢ ?logq. O

A.1.2 Centered colorings

In this section, we prove lower bounds for centered chromatic numbers of graphs in R; and S;.
This is a rewriting with our notations of the proof published in [DMSF21].

Let ¢,t be positive integers, let G be a graph. A mapping ¥: V(G) — 22 is said to be
t-good if for every u € V(G), ) € ¥(u), and for every U C C, if there exists Y € ¥(u) such that
U C Y, then there exists Y € ¥ (u) such that

(1) UCY’ and
Gi) [Y'\ Ul < t.

A pair ¢p = (1, ¥2) where ¢1: V(G) — C and ¥2: V(G) — 22 is a g-centered general-
ized coloring if for every connected subgraph H of G, for every v € [[,cv(m) Wy (u)!, either
() [1(V(H))UU2(V(H))| > g, or

(ii) there is a t-center of V' (H), that is a vertex u € V(H) such that ¢ (u) & ¥1(V(H) \
{u}) UU W2 (V(H)).

The number of colors used by v is the integer |11 (V (H)) U Uyev(c) U Ya(u)l.

Now, we define cen,(]{;/) (G) to be the minimum integer k, such that there exists a generalized
g-centered coloring ¢ = (11, W) of G using at most IV colors such that

(i) Wy is t-good, and
(ii) forevery u € V(Q), there exists Y € Wy (u) such that |1 (V(G)) \ Y] < k.
By convention, we set ceng{p(G) = oo if there is no such integer k.

Lemma A.4. Let q, N be positive integers. For every positive integer n with n < 2q,

ceny;g(Pn) > |logn|.

!Given a set X and a family (Y, | € X) of sets, we denote by HI cx Yo the set of all the functions f: X —
U,cx Yo such that f(x) € Y, forevery z € X.
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Proof. Tt is enough to consider the case n = 2" for some nonnegative integer k. Let (1, ¥5) be
a generalized 4qg-centered coloring of P, with Wy g-good, and let U be the set of the colors of all
the 1)1 -centers of V' (P,). We will prove by induction on k that there exists u € V(P,) such that

U\Y| >k

for every Y € Wy(u). This is clear when k& = 0. Now suppose k > 1.
Let U be the set of the colors of all the 1;-centers of V(P,). Let 1, Q2 be the subpaths of
P, induced by, respectively, the first n/2 = 281 vertices and last n/2 = 2"~ vertices of P,. Let
U =UnNV(Q:1)and Uy = U NV (Q2). Note that U; and Uy are disjoint.
Suppose there exists u; € V(Q1) and Y7 € Wa(uq) such that Uy C Y3, and vy € V(Qq) and
Y1 € Wa(uy) such that Uy C Ys. Then, since Wy is g-good, there exists Y] € Wo(u1) and Yy €
\IJQ(UQ) such that Uy C Yll, U, C YQI, and ‘Y]_/\U2|, ‘YQ/\U1| < q. Then, let v, € HuEV(Pn) \IIQ(U)
be defined by
Y] ifu=u,
IDQ(U) = Y2/ ifu= ug,
() otherwise.

Since (1)1, ¥3) is 4g-centered, either

@) [P1(V(Pn)) UUuev o) Y2(u)| > 4g, but then [V/(P,)[ + [Y{ \ U[ + [Y3 \ U] > 4q, which
implies n > 2q, a contradiction; or

(ii) there is a (¢1, 12)-center u of V(H). In particular, 11 (u) € U. Without loss of generality,
suppose 11 (u) € Up. But then, ¢1(u) € Yy = t9(uz), contradicting the fact that u is
(11, 12)-center of V(H ).

This proves that there exists a € {1,2} such that for every u € V(Q,), for every Y € Wy (u),
Us—o\Y # . We now call the induction hypothesis on Qa, ¥1]v(q,), Y2lv(q,)- Therefore, there
exists u € V((Q),) such that for every Y € Wy (u),

U, \Y| >k —1.
Since U, and Us_,, are disjoint, we deduce that for every Y € Wy (u),
[UNY| 2 U\ Y[+ [Us—a \ Y| > k.
This concludes the proof of the induction, and implies the lemma. O

Lemma A.5. Let q,n be positive integers, let G be a nonempty class of graphs, and let g(t) =
maxgeg cengp(G) for every nonnegative integer t. For every integer t with 0 < t < g, there

exists G € T(G) such that
q
ceng)(G) > Zg(z)

Proof. We proceed by induction on ¢ — t. When ¢ = ¢, consider G € G such that cen%)(G) =
9(q). Since G C T(G), G is a as wanted. Now suppose ¢ < ¢ — 1.
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By the induction hypothesis, there exists Gy € T(G) such that

q
cen(qgf_)H(Go) > Z g(1).

i=t+1

Moreover, by the definition of g, there exists G’ € G such that

cené{? (G') = g(t).

Let G be the graph obtained from G| as follows. For every u € V(G), consider disjoint copies
G, ; of G’ fori € [2V + 1], and add every possible edge between  and U?;Vfrl V(GY.4)-

First we show that G € T(G). Let (Typ, (Wo,. | a € V(T}))) be a rooted forest decomposition
of G witnessing the fact that Gy € T(G). Then, for every u € V(G)), choose a,, € V(Tj) such
that u € Wy q,. Let T be the rooted forest obtained from 77 by adding, for every u € V(Gy) and
for every i € [2V + 1], a leaf a,,; with parent a vertex a,,. Then, for every a € V(T'), let

W ifa € V(Tp)
T HupUVI(GL,) ifa=ay;foruc V(Go).ie 2N +1).

It follows that (7', (W, | a € V(T))) is a rooted forest decomposition of G witnessing the fact
that G € T(G).

We now show that cen((ﬁ) (G) = X1, g(4). Let (¢1, ¥2) be a generalized g-centered coloring

of G using at most N colors. Let u € V(G). By the pigeonhole principle, there exists i,j €
[2¥ + 1] such that 1/11((V(G;M-)) = ¥1(V(G,,;)). Without loss of generality, assume i = 1
N

q;t
g-centered coloring of G, ;, there exists v(u) € V(G, ;) such that

u,l
[ (V(G )\ YT = g(t)

and j = 2. Since cen )(G;u) = g(t), and because (Y1|y(ar ), 2|y (q, )) is a generalized

forevery Y € Uy(v(u)). Then let
Vi(u) = {0} U{X UY [ ¢1(v(u) € X Cyn(V(GLq)),Y € Ua(v(u))}.

Then, for every set of colors U, if U € X UY for some X C 11(G, ;) with ¢1(V(U)) € X and
Y € Wy(v(u)), then, because Wy is t-good, there exists Y/ € Wy(v(u)) such that U NY C Y’
and |Y'\ (UNY)| < t, and it follows that YO = (X N U) U {¢1(v(u))} UY’ is a member of
UY(v(u)) such that U € Y® and [Y" \ U| < ¢ + 1. This proves that ¥ is (¢ + 1)-good.

Let ¢ = 1|v(q,). We claim that (¢, ¥9) is a generalized g-centered coloring of Gy. Let
H?Y be a connected subgraph of G and let ¥ € [Tuev (o) WY (u). Let H be a subgraph of G and
Y2 € [Tuev )y Y2(u) be obtained from HY as follows. Letu € V(H). Let ¢o(u) = 0 € Uy(u).
If 9(u) # 0, then there exists X C ¢1(V(G), ;) with ¢1(v(u)) € X and Y € Uy (v(u))
such that ¢§(u) = X UY. Since ¢1(V (G, 1)) = ¥1(V(G),)). there exists Vi C V(G ;) and
Vo CV( ;2) such that 1)1 (V1) = ¢1(V2) = X, and v(u) € V7. Then, add the vertices in V3 U V3
to H. Moreover, for every w € Vj U V5, add the edge uw and set

Y ifw=v(u),
() otherwise.

Yo (w) = {

This completes the description of H and . Since (11, W) is a generalized g-centered coloring
of GG, and because H is connected, either
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@) [1(V(H)) UU2(V(H))| = [¢7(V(H) VU3V (H®))| > g, or

(ii) there is a (11,%)2)-center u of V(H). We claim that u is a (¢/9,49)-center of V(HO).
Indeed, since every the color of every vertex in V (H) \ V (H") is repeated at least twice,
we have u € V(HY). Moreover, Jy3(V(H)) = v (V(H) \ V(H?)) U Uwa(V(H)).
Therefore, 19(u) ¢ JvyS(V(H)). Since we also have v{(u) ¢ 1 (V(H) \ {u}), and
because Y9 (V(H®) \ {u}) C ¢1(V(H) \ {u}), we conclude that u is a (1?, 19)-center of
V(HY).

This proves that (1), U9) is a generalized g-centered coloring of Gj.

Therefore, since cené{\tfil(Go) > Y1, 1 9(i), there exists u € V(Go) such that, for every
Y9 e ¥Y(u),

q
[ (V(Go)\ Y = Y g(i).
i=t+1
Therefore, for every Y € Wy(v(u)), apply this inequality for Y0 = vy (V( w1)) VY, we deduce

that
q

[1(V(Go)) \ (1 (V(GLa) UY) = D g(d).

i=t+1
Since we also have |11 (V (G, 1)) \ Y| > g(t), we deduce

q q

[ (VG)\Y] = g(t)+ D g(i) =D g(0).

i=t+41 1=t

This proves that ceng) (G) = 31, g(i) and concludes the proof of the lemma. O

Corollary A.6. For every integer k with k > 1,

— k—1
Jnax ceng(G) = Q(¢" ).

Proof. Let q, k be positive integers, and let N = (q;gf;l) — 1. We show by induction on k that for

every nonnegative integer ¢,

(N) S qg+k—1—1
Jnax ceng (G) > < b1 )

If kK = 1, then either ¢ > 1 and the result is clear, or t = 0 and (q+lljj_t) = 1. Assume we are
in this later case. Consider K € R4, and let (11, ¥5) be a g-centered coloring of K; with ¥y
0-good. We denote by u the unique vertex of K. Then, consider Y € Wq(u). If ¢1(u) € Y, then,
because W5 is 0-good, we have {¢;(u)} € Wa(u). But then, the subgraph K; of K equipped
with ¢9: u — {t1(u)} has no (1, 12)-center but uses only 1 < ¢ colors. This contradicts the
fact that (11, W) is a generalized g-centered coloring of Kj. Therefore, 11(u) ¢ Y, and so
|1(V (K1) \ Y| > 1. This proves that cen%) (K7) > 1 and concludes the case & = 1. Now
suppose k > 1.
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By Lemma A.5, because Ry, = T(Ry_1), and applying the induction hypothesis, we deduce

N N
Jnax ceng7t)(G) > 2 Gren%f( 1 cenét)(G)

Zq: q+k 2—2 fa+k—-1—t
> - k—1 '
This proves the induction.

Consider now a graph G € Ry such that cen%)(G) > (q;i;l). Suppose for contradiction
that G admits a g-centered coloring ¢ using at most IV colors. Then (¢, u — () is a generalized ¢-
centered coloring of G and u +— () is 0-good. Therefore, there exists u € V(G),and Y € {0} such
that [(V(G))\ Y| = [v(V(Q))] = (qzkzl) contradicting the fact that ¢ uses at most N colors.
Therefore, every g-centered coloring of G uses at least (q+k 1) colors. Since (qugfIl) = Q(g" ),
this proves the corollary. d

Corollary A.7. For every integer k with k > 2,

= Q(¢" 2 logq).
max ceng(G) = (¢" " log q)
Proof. Let q, k be positive integers, and let N = (q+k 2) (log(2q) — 1) — 1. We show by induction
on k that for every nonnegative integer ¢,

(N) S q+k—2-—1t _
max cengg; (G) > ( p_o |Uos(2g) —1).

If £ = 2, then (q+l]z:g—t) < 1, and this inequality follows from Lemma A.4. Now suppose k > 2.

By Lemma A.5, because S, = T(Sy_1), and applying the induction hypothesis, we deduce

max cen max cen G
GER}, 4qt Zcesk L 4‘”( )

q

> ; aoax cen4q ) (G)

> i (q”“ 5- )<log<2q> 1)

= (“,’j:;‘ )<1og<2q>—1>.

This concludes the induction.

Consider now a graph G € Sy such that ceni]q\fg)(G) > (q+k %) (log(2g) — 1). Suppose for
contradiction that G admits a 4¢-centered coloring v using at most N colors. Then (¢, u +— 0) is
a generalized 4q-centered coloring of G and u +— () is 0-good. Therefore, there exists u € V(G),
and Y € {0} such that [(V(G)) \ Y| = [(V(G)] > (“/F;%)(log(29) — 1) = N + 1,
contradicting the fact that 1) uses at most N colors. Therefore, every 4¢-centered coloring of G
uses at least (/1*7")(log(2¢) — 1) colors. Since (Lq/‘gjd) (log(q/2]) — 1) = Q(¢"2logq),
this proves the corollary. O



238 Appendix to Chapter 6

A.1.3 Fractional treedepth-fragility rates

In this section, we prove that for every integer ¢ with ¢ > 2, maxgeg, ftdfr,(G) = Q(¢""1), and
maxges, ftdfr,(G) = Q(¢""%logq). The argument was sketched in [DS20], but we elected to
provide a complete proof.

Let td(, -) be defined as follows: for every graph G, if C denotes the family of all the connected
components of G, then for every ¢: V(G) — N,

() td(G,t) =0if V(G) =0,
(i) td(G,t) = maxcec td(C,t|y (), if V(G) # 0 and G not connected, and
(i) td(G,t) = 1+ max,cy(q) max{t(u), td(G — u, t|y(G—y))} if G connected.

Lemma A.8. Let G be a graph, lett: V(G) — N, let U C V(G) with G[U] connected, and let
v € U. If G’ denotes the graph obtained from G by identifying the vertices in U into a single vertex
w, and if t': V(G') — N is defined by t'(w) = t(v) and t'(x) = t(x) for every x € V(G) \ U,
then

td(G,t) > td(G', t).

Proof. We proceed by induction on |V (G)|. The result is clear if V(G) = U. Now suppose
V(G)\ U # 0. If G is not connected, then consider the family C (resp. C’) of all the connected
components of G (resp. G'). Then td(G,t) = maxcec td(C,t|y()). Let Co € C be the
connected component of G containing U. This connected component corresponds to a connected
component Cj € C" of G'. By the induction hypothesis, td(Co, t|yv(cy)) = td(Co, t'|v(cy))-
Moreover, C \ {Co} = C"\ {C}. Therefore,

td(G,t) = max td(C, tly(cy) = max td(C’, 'y (cny) = td(G, ).

Now suppose that G is connected. Therefore, there exists z € V(G) such that td(G,t) =
1 + max{t(2),td(G — z,t|y(G—-))}. First suppose z ¢ U. Then, by the induction hypothesis,
td(G — 2,tly(g-2) = td(G" — 2,t'|y(qr—2)), and since td(G', ') < 1+ max{t'(z),td(G" —
2,y (ar—2))} and t'(2) = t(2), we deduce that td(G,t) > td(G’,t"). Now suppose z € U.
Then G' —w C G — z and t|y(G—y—v) = '|v(G/—w) therefore td(G' — w, ' |y (qr—y)) < td(G —
2,tly(G—»)). Moreover, if z = v, then t(z) = t'(w), and if z # v, then td(G — 2,t[g—.) =
1+t'(w). In both cases, 1 +t'(w) < max{t(v),td(G — z,t|g—)}, and it follows that td(G, t) =
L+ max{t(2),td(G — 2, t|y(g—»)) } = 1 +max{t'(w), td(G" —w, t|y ()} = td(G",t'). O

Lemma A.9. Let G be a graph, letty: V(Go) — N, let G, o foru € V(Go) and a € {1,2} be a
family of pairwise disjoint graphs, all of them disjoint from Gy. For allu € V(Go) and a € {1,2},
lettyq: V(G) — N. Let G be a graph withvertex set V(Go)UUuev (Go),acf1,2} V (Gu,a) and such
that E(Go) C E(G), E(Gya) C E(G), and Gl{u} U V(Gy.q)] connected, for all u € V(Gp)
and a € {1,2}. For every u € V(Gy), let t(u) = 0, and let t(v) = t, q(v) for all a € {1,2} and
v € V(Gua) Iftd(Gua, tua) = to(u) forall u € V(Gy) and a € {1,2}, then

td(G, ) > td(Go, to).

Proof. For all u € V(G) and a € {1,2}, for every v € V(Gy,4), by replacing t, ,(v) by
min{t, q(v), to(u)}, we suppose t(v) = t,, 4(v) < to(u).
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We now proceed by induction on |V(G)|. If G is the null graph, then G| is null as well, and
so td(G,t) = 0 = td(Gp, tp). Now suppose that G is nonnull.

Suppose now that G is not connected. Then G is not connected. Let Cy be the family of all the
connected components of G, and let Cy € Co. Let G' = G[Uyev () {u} UV (Gu1) UV (Gu2))]-
Since G’ is a subgraph of G, td(G, t) > td(G', t|y(¢r)). Hence, by the induction hypothesis,

td(G,t) > td(G’,t\V(G/)) > td(Co, tolv(cy))-

1 > l 1 — 1 1 .

This concludes the case G not connected.
If G is connected, then there exists v € V(G) such that

td(G,t) = 1+ max{t(v), td(G — v, tly(G—uv))}-

Let u € V(Gp) and a € {1,2} such that v € V(G,,4) U {u}. Observe that G, 3_, C G — v,
and so td(G — v, tly(g—v)) = td(Gus—astuz—a) = to(u) = t(v). In particular, td(G,t) =
1 +td(G — v, t|y(G—v)). Moreover, by the induction hypothesis applied to G' = G — ({u} U
V(Gy1) UV (Gy2)), we have td(G', tler) = td(G — u,to|go—u)- Since G — v contains both
Glu3—q and G’ as subgraphs, we conclude that
td(G -, t’V(va)) 2 max{td(G%g_a, tu73—a)’ td(G/7 t‘V(G’))}
> maX{tO(u)v td(GO - u, t’V(Go—u))}'

It follows that
td(G, t) =1+ td(G — 0, t‘V(G—v))

> 1+ max{to(u),td(Go — u, t[v(co—u)) }
> td(Go,to).

This concludes the proof of the lemma. O

Let G be a graph, and let w: V(G) — Qx¢. For every U C V(G), we write w(U) =
ZuEU ’LU(U)

Let GG be a graph and let g be a positive integer. We denote by ftdfr;(G) the maximum integer
k such that there exists w: V(G) — Qo such that for every 7 € N, for every t: V(G) — N, for
every Y C V(QG), if

i) w(Y) < qw(V(G)), and
(i) w({u € V(G) | t(u) < }) < 3w(V(G)),
then there exists 51, 52 C V(G) \ Y disjoint such that
td(G[Sal, tls,) =T+

foreach a € {1,2}.
First, we show that ftdfr; is a lower bound on ftdfr,.
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Lemma A.10. For every graph G and for every positive integer q,
ftdfr,(G) > ftdfr;(G).

Proof. Let G be a graph, let ¢ be a positive integer, and let Y be a random variable over subsets
of V(G) equipped with a g-thin distribution. Let N = ftdfr;(G) and let w: V(G) — Qo

w(V(G))
q

witnessing ftdfr(G) > N. Then, the expected value of w(Y) is at most , and so there

isavalue Y C V(G) of Y with w(Y) < @. Then, considering ¢: V(G) — N constant to
0, there exists S1, .52 C V(G) disjoint with td(G[S1],t|s, ), td(G[S2],t|s,) = N. In particular,
td(G —Y) = td(G = Y, t[y(g—y)) = N. This proves that ftdfr,(G) > N. O

Now, we show that paths have ftdfrf] at least logarithmic in q.

Lemma A.11. For every positive integer q, there exists a positive integer £ such that

ftdfr) (P;) > log(q) — 13.

Proof. Let q be a positive integer. If ¢ < 2'3, then the result is clear. Now suppose ¢ > 23, Let

¢ =q/6],let £ = 11¢' + 1, and let N = |log((¢'/8) — 2)| + 1. We label the vertices of P; by
0,...,¢— 1, in this order. Let w: V(FP;) — Qx0 be constant to 1. Note that w(V (Fy)) = ¢. Let
Y CV(P) withw(Y) < g, lett: V(P;) — N, and let 7 be a nonnegative integer. Suppose that
w({u e V() | tu) >7}) > £

Let i be a random variable over {—¢' + 1,...,¢} with uniform distribution, and let | =
{i,...,i+ ¢ =1}y Nn{0,...,¢ — 1}. Then, the expected value of [{v € | | t(v) < 7} is
Povev (P pw)<r Pru € 1] < L. ﬁ < £. In particular, by Markov’s inequality,

307 _ 02 2

Pr |{v€|]t(v)<7}]>1 §3€//4—§. (A.1)
Moreover, Pr[INY # 0] < 3,y Prluel] < g : % = %. Therefore,
PrlinY # 0] < é (A2)
Additionally, we have
Pr[[I| <l]=Prlie{-0+1,....,—1}u{f—(¢'=1),....4}] = ﬁflg/ <é (A.3)

Therefore, there exists a value I of | such that none of the events in (A.1), (A.2), and (A.3), are
satisfied. In other words, [ is suchthat I NY =0, [{v € T | t(v) < 7}| < 374,, and |I| = 7.
As a consequence, Q = P[I] is a path on ¢’ vertices with at least % vertices v with ¢(v) > 7.
Let ()1, @2 be two disjoint subpaths of @, both having at least %/ — 1 vertices v with t(v) > 7.
Leta € {1,2}. Let Q" = Pjy/s_y), and let t': V(Q') — N constant to 7. By Lemma A.8,
td(Qa, t|v()) = td(Q',t') for each a € {1,2}. Now, a simple induction shows that

td(Q',t) > vén\/i(%g : t'(v) + [og(IV(Q") - 1)] + 1,

and 50 td(Qq, tlv(g)) = 7 + [log((¢'/8) —2)] +1 = 7+ N. Since Y, ¢, 7 were arbitrary, this
proves that

ftdfr}, (Pr) > N > log((q — 102)/48) > log(q/(48 x 102)) > log q — 13. O
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Next, we show that applying the operator T(-) morally multiplies by (q) the value of ftdfry,.

Lemma A.12. Let G be a nonempty class of graphs, and let g(q) = maxgeg ftdfr;(G) for every
positive integer q. For every positive integer q, there exists G € T(G) such that

ftdfr), (G) > Zg(?i).
i=1
Proof. Let g be a positive integer. Forevery i € [g], let G} be a graph in G with ftdfr (G}) = g(21),
and let w}: V(G)) — Qx( witnessing this fact. For every i € [g], by possibly removing from G/,
every vertex v with w}(v) = 0, we assume that w;, takes only positive values. Let G’ be the disjoint
union of G/, for i € [¢]. Letw’: V(G') — Qx¢ be defined by w’(u) = w;(u) forevery u € V(GY),
for every i € [q]. Note that w'(v) > 0 for every v € V(G'), and ftdfrh;(G’) > ftdfr),(Gl) >
g(21) for every i € [q], as witnessed by w’. By possibly replacing w’ by W -w', we assume
W' (V(G")) =1.
Let h be a positive integer, and let Gy, be the graph with vertex set

U V(G/)z
=0
and edge set
h
U ({@r, i) uw) | (s w) € VG)']
i=1

U {(ul, o ttio1,0) (U w1, w) | (u, i) € VG vw € E(G’)})

See Figure A.1. For every u = (u1,...,u;) € V(G},), we define the depth of u to be the integer i.

r

{ui} x {uz} x V(&)
Figure A.1: llustration for the definition of G},.

We denote by 7 the unique vertex of Gy, of depth 0. Then, for every u = (uy,...,u;) € V(Gp,),
let

w(u) = li[ w'(u;).

In particular, w(r) = 1. Note that w'(V(Gj)) = h + 1. For every u = (uy,...,u;) € V(Gp),
we denote by G, ,, the subgraph of G}, induced by {(v1,...,v;) | i < j < h,(v1,...,v5) €
V(G), (v1,...,v) = (u1,...,u;)}. Note that Gy, ,, is isomorphic to G},—;. The neighbors of u in
G,y are called the children of w in G,.



242 Appendix to Chapter 6

Claim A.12.1. For every positive integer h, G}, is in T(G).

Proof of the claim. Let h be a positive integer. Let G’ be the class of all the graphs G such that
every connected component of G is in G. Note that T(G') = T(G). Therefore, it is enough to
show that G, € T(G'). Note that G’ € G'.

Let T be the tree defined by

h—1 ]
v(r) = V(@)
=0

and
h—1

BT = |J ({@ ), w) | () € VE)Y).

i=1
Let r € V(T') corresponding to the empty tuple. We root 7" in r. For every = (z1,...,x;) €
V(T), let

W, ={x}U{(z1,...,2:5,y) |y € V(G)}.
Then, the pair (T, (W, | « € V(T))) is a tree decomposition of G witnessing the fact that
Gh c T(g/> <>

Claim A.12.2. Let q be a positive integer, let h be a positive integer, let s € V(G), let S C
V(G s) such that s € S and G[S] connected, lett: S — N, and let 7 € N. If w({u € S| t(u) >
T}) > 2q - w(s), then there exists So, S1, 52 C S disjoint such that,

(@) s €S,
(b) G1,[S,] is connected for every a € {0,1,2};
(c) there is an edge between Sy and S, in Gy, for every a € {1,2}; and

(d) td(Gh[Salstls,) = 7+ L g(2i) for every a € {1,2}.

Proof of the claim. Let d be the depth of s in G. We proceed by induction on ¢ + (h — d).

If d = h,then S = {s}, and so w({u € S | t(u) > 7}) < w(s). It follows that the claim is
vacuously true. Now suppose d < hand w({u € S | t(u) = 7}) > 2q - w(s).

Let A be the set of all the children of s in G, and let B = AN S. For every v € B, let
Sy = SNV(G},). Note that for every v € B, S, induces a connected subgraph of G}, If there
exists v € B such that w({u € S, | t(u) > 7}) > 2¢ - w(v), then, since the depth of v is larger
than the depth of s, we can call the induction hypothesis on S,,. This gives three disjoint sets
S§,89,89 C S, satistying (a)-(d). Then (Sp, S1,52) = (So U {s}, S1, S2) are as wanted. Now
assume

Vo € Byw({u € S, | t(u) =7}) < 2¢-w(v). (A.4)
We deduce from (A.4) that
2q-w(s) <w({ueS|tu) =>1})

Sw(s)+ > w({ve Sy |tu) =7}
vEB

<w(s)+ Z 2q - w(v)
vEB
< w(s) 4+ 2q - w(B).
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Therefore, since w(s) = w(A), this implies
w(B) > (1 - > ~w(A). (A.S5)
LetC={veB|lw{uecs,|tu) >71}) <2(¢g—1) w(v)}. Using (A.4), we deduce

2q-w(s) <w({ueS|tu) =1}
s)+ > w({ueS,|tu )+ > w{ue S, |tu) =T}
velC veB\C
<w(s)+2(¢g—1) w(C)+2¢-w(B\C)
=w(s) +2q - w(B) — 2w(C)
< (294 1) - w(s) —2w(C).

Therefore, since w(s) = w(A),

w(C) < w(2A) (A.6)

Forevery v € B\ C,wehave w({u € S, | t(u) > 7}) > 2(q¢ — 1) - w(v). If ¢ = 1, then we
deduce that, for every v € B\ C, there exists w € S, with t(w) > 7. Since G[A] is isomorphic
to G’ via the isomorphism p: A — V(G’) defined by ¢((s1,. .., 84, w)) = w for every w €
V(G'), we can apply the definition of ftdfrh(G’) with Y' = p(A\ B) and ¢': V(G') — N
defined by t'(w) = 7 for every w € ¢(B \ C) and t/(w) = 0 for every w € ¢(C). Then
w'({w € V(G) | t'(w) > r}) > YYD and w'(Y) < £uw/(V(G')) by (A.5). Therefore,
there exists 51,55, C V(G' —Y) disjoint with td(G’'[S/], t/‘gé) > 7+ ¢(2) for every a €
{1,2}. Without loss of generality, G'[S7] and G’[S}] are connected. Then, let (Sp, S1,S2) =
({5}, Upe 51 Sp=1(w)» Unesy S,-1(w)). Now applying Lemma A.9 to the graph obtained from
G[S] by contracting S,, into a single vertex for each w € B\ C, and applying Lemma A.8, we
deduce td(Gp[Sa],t|s,) = 7 + g(2) for every a € {1,2}. This concludes the case ¢ = 1. Now
suppose q = 2.

Letv € B\ C. Since w({u € S, | t(u) > 7}) > 2(¢ — 1)w(v), by the induction hypothesis,
there exists S0, Sy,1, Sv,2 C Sy \ {v} disjoint such that

@) v e Syo;

(b’) G1[Sy,q) connected for every a € {0, 1,2};

(c’) there is an edge between S, o and S, 4 in G}, for every a € {1,2}; and
(d) td(Gp[Sval,tls,.) =7+ 2 ! 9(2i) for every a € {1,2}.

Moreover, G[A] is isomorphic to G, and w’ witnesses the fact that ftdfry, (G[A]) > g(2¢).
By (A.5),the set Y = A\ B satisfies w(Y) < iw(A), and so w'(Y) < Q—Iqw’(A). Moreover, for
=7+ 971 g(2i) and t': V(A) — N defined by

T ifvedC
t'(U)Z{ ’

0 otherwise,
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we have w({u € B | t'(u) > 7'}) = w(C) > Jw(A) by (A.6), and so w'({u € B | t'(u) >
7'}) = 2w'(A). Since G[A] is isomorphic to G’ via the isomorphism ¢: A — V(G’) defined
by ©((s1,...,84,w)) = w for every w € V(G"), we can apply the definition of ftdfry, (G”) with
Y' = p(A\ B)andt': V(G') — Ndefined by ¢'(w) = 7/ for every w € ¢(B\ C) and ' (w) = 0
for every w € ¢(C). there exists S7, S5 C A disjoint such that

q
td(Gu[Sh), tlsy) =7+ 9(29) =7+ 9(2i)
i=0
for each a € {1,2}.
Let a € {1,2}. Let S, be the union of S/, with S, ; U S, 2 for every v € S, N C. Note
that Sy, So induces connected subgraphs of Gy,. Then, let Sy = {s}. Note that (a)-(c) hold by
construction. It remains to prove that td(G[S,),t|s,) = T+ Y.i,g(2i) for every a € {1,2}.

This follows from Lemma A.9 applied to the graph obtained from G by contracting S, o for each
v € C, and by Lemma A.8. O

We now exhibit a graph in T(G) with ftdfr) (G) > Y7, g(2i). We take G = G, for h = 4q.
LetT € N,lett: V(G) — N, and let Y C V(G) such that

(i) w(Y) < 5;w(V(G)), and
(i) w({u € V(G) | t(u) < 7}) < 30(V(G)).

For every y € Y U {r}, let S, be the vertex set of the connected component of y in
GhylV(Ghy — (Y U{r})) U{y}. Note that U,y Sy = V(G), and so

yeYU{r} w(y)

Therefore, there exists y € Y U {r} such that w((s )) > ﬂ%ﬁg)})) , and so

w(V(G)) h+1

w(Sy) = Ww(y) = @-

w(y) > 2q-w(y).

Therefore, by Claim A.12.2, there exist S1, S2 € S, \ {y} disjoint such that

q

td(G[Sal, tls,) = 7+ Zg(2i)

i=1

for each a € {1,2}. Then, the sets S, So are as wanted in the definition of ftdftr’(G). Since Y, ¢, 7
were arbitrary, this shows that ftdfr), (G) > Y27, g(2i). O

We can now deduce the desired lower bounds on the growth rates of (ftdfr, | ¢ € N5¢) in R,
and ;.

Corollary A.13. For every integer k with k > 1,

fnax ftdfr,(G) = Q(¢"1).
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Proof. Let k be a positive integer. We show by induction on k that there exists ¢ > 0 such that

/ k—1
éne% ftdfry (G) > c- ¢
for every positive integer q.
For k = 1, this is clear for G = K; and ¢ = 1. Now suppose k > 2.
By the induction hypothesis, there exists ¢’ > 0 such that maxger, ftdfr;(G) > g5 2 for
every positive integer q. Let ¢ be a positive integer. Without loss of generality, we suppose ¢ > 16.
Since Ry, = T(Ry—1), by Lemma A.12,

lg/4]

/ > ! (9:\k—2
(r;ré% ftdfr, (G) > ; c - (2i)

- la/4]/2)(2LLa/4)/2))"?
¢ - (q/16)(q/8)"*

/
__ ¢ k1
~oz—2 1 >

Z
Z

which shows that ¢ = zdﬁ—/_Q is as wanted. By Lemma A.10, this proves the corollary. 0
Corollary A.14. For every integer k with k > 2,

— O k2
max ceny(G) = Q(q¢" “logq).

Proof. Let k be an integer with k£ > 2. We show by induction on k that there exists ¢ > 0 such
that

/ k—2
glefgi ftdfry(G) = c- ¢" “logq

for every integer ¢ with ¢ > 2. When k = 2, this is a consequence of Lemma A.11. Now suppose
k> 3.

By the induction hypothesis, there exists ¢’ > 0 such that maxger,, ftdfr; (G) > -¢"3logq
for every integer ¢ with ¢ > 2. Let ¢ be an integer with ¢ > 2. Without loss of generality, we
suppose g > 16. Since Sy = T(Sk—1), by Lemma A.12,

La/4]

/ > ! (9:\k=3 ;
gleé}s}; fedfry (G) > Zzzl ¢ - (21)" " log(2i)

- la/4]/2](2]la/4)/2)) 2 log(2[La/4] /2])
- (q/16)(q/8)* " log(q/4)

¢ k—2
23]6,2 q a logQ7

VoWV

WV

which shows that ¢ = 2312—/_2 is as wanted. By Lemma A.10, this proves the corollary. 0

A.2 2-treedepth and rooted 2-treedepth

In this section, we give a few facts about rooted 2-treedepth. In particular, we show that it is tied
with the original notion of 2-treedepth, denoted by tdz(-), as introduced by Huynh, Joret, Micek,
Seweryn, and Wollan [HIM " 21], which is defined by induction as follows. For every graph G,
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(t1) td2(G) = 0if G is the null graph,
(2) tda(G) = maxp tda(B) over all the blocks? B of G, if G has more than one block, and
(t3) td2(G) = 1 + min,cy () td2(G — u) if G has exactly one block.

We now give a similar definition of rooted 2-treedepth based on the following observations.

Observation A.15. Let G be a graph. For every separation (A, B) of G of order at most one,
rtd(G) < max { rtda(A), |V (A) N V(B)| +rtda(B\ V(4))}.

Proof. Consider a separation (A, B) of G of order at most one. Let ¢ = max { rtda(A),rtds (B \
V(A)) + |[V(A)NV(B)|}. Suppose that G has at least one edge, and so ¢ > 2. First consider the
case (A, B) of order 0. By the definition of rtds(-), A, B € Ry. Let (F1, (Wi, | x € V(FY))),
respectively (Fy, (Wa, | @ € V(Fy))), be a rooted forest decomposition of A (respectively B)
witnessing the fact that A € Ry = T(R¢_1). Then (Fy U Fy, (W, | © € V(F; U Fy))), where
W, = Wi, for every x € V(F;), for every i € {1,2}, is a rooted forest decomposition of G
witnessing the fact that G € T(R;—1) = R:. Now suppose that (A, B) has order one. Let the
be a unique vertex in V(A) N V(B). By the definition of rtds(-), A € R; and B € R;_;. Let
(F,(Wy | z € V(F))) be a rooted forest decomposition of A witnessing the fact that A € Ry =
T(R;—1). There exists y € V(F) such that u € W,. Let F” be obtained from F by adding a fresh
leaf z with parent y. Then, let

, (W ifzeV(F),
C\V(B) ifz =z

It follows that (F”, (W | x € V(F"))) is a rooted forest decomposition witnessing the fact that
G € T(R¢—1) = R:. This proves the observation. ]

Observation A.16. Let G be a graph with at least two vertices. There is a separation (A, B) of
G of order at most one with V(A) # 0 and V(B) \ V(A) # 0 such that

rtda(G) > max { rtda(A), |V (A) N V(B)| + rtda(B — V(A))}.

Proof. Let t be a positive integer, and let G € R, with at least two vertices. We show that there
exists a separation (A, B) of G of order at most one such that A € Ry and B € R;_ |y (a)nv(B)|-
Let (T, (W, | = € V(T))) be a rooted forest decomposition of G witnessing the fact that G €
T(R¢—1) = R;. Consider such a tree decomposition with |V (7)| minimal. In particular, W, # 0
for every x € V/(T') and W, € W, for every z,y € V(T') adjacent.

If T is not a connected, then consider S a connected component of 7. Let A =
GlUyev(s) Wl and B = G — V(A). Then (A, B) is a separation of G of order 0, (S, (W, | z €
V(S))) witnesses the fact that S € T(R¢—1) = Ry, and (T — V(S), (W, | x € V(T — V(5))))
witnesses the fact that B € T(R;—1) = R¢. Now suppose that 7" is connected.

If T has only one vertex, then V(G) has at most one vertex, a contradiction. Hence 7" has
at least two vertices. Therefore, 7" has a leaf y. Let A = G[Uycv 1)\ (yy Wel and B = G[W,].
Since W), is not included in Wy,(r,, V(B) \ V(A) # 0, and since W1,y # 0, V(A) # 0.
Then B — V(A) € R;_1 by the choice of (T, (W, | z € V(T))). Moreover, (T —y,(W, | x €
V(T — y))) witnesses the fact that A € T(R;—1) = R;. Since (A, B) has order one, this proves
the observation. O

2 A block of a graph G is a maximal subgraph of G which is either 2-connected, a single edge, or an isolated vertex.
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Observations A.15 and A.16 yields the following explicit inductive definition of rooted 2-
treedepth: for every graph G,

(r1) rtde(G) = 0if G is the null graph,
(r2) rtde(G) = 1if G is a one vertex graph, and otherwise

(r3) rtda(G) is the minimum of max { rtda(A),rtde (B \ V(4)) + [V(A) N V(B)|} over all
separations (A, B) of G of order at most one with V(A4) # () and V(B) \ V(4) # 0.

The following properties are direct consequences of this definition. For every graph G,
(r4) rtdy(G) = maxe rtda(C) over all connected components C' of G when G is not connected,;
(r5) rtda(G) = min,cy () rtde(G — v) + 1 when G consists of one block;

(16) rtda(G) = min y gy max{rtda(A),rtda(B \ V(A)) + 1} over all separations (4, B) of
G of order one with V/(A) N V(B) consisting of a cut-vertex, when G is connected and
consists of more than one block;

(17) rtd2(G) < 1+ rtda(G — v) forevery v € V(G);

Note that (r4) and (17) imply by induction that rtde(G) < td(G) for every graph G. Item (r3)
in the definition can be in fact strengthened in the following way. For every graph G,

(r8) rtda(QG) is the minimum of max { rtda(A),rtde (B \ V(4)) + |[V(A) N V(B)|} over all
separations (A, B) of G of order at most one with V(A) # () and V(B) \ V(A) # () such
that B is a block.

Indeed, suppose that G is a graph and rtds(G) = max { rtda(A),rtde (B \ V(A)) + [V(4) N
V(B)|} where (A,B) is a separation of G of order at most one with V(A4) # { and
V(B)\ V(A) # 0. Let (A’, B") be a separation of G of order at most one with V(A’) # 0
and V(B') \ V(A’) # 0 such that B’ is a block and A C A’ and B C B. By defini-
tion rtda(G) < max { rtda(A’),rtds (B’ \ V(A’))}. To prove the reverse inequality note that
rtda(A’) < rtde(G) and rtda (B’ — V(A')) < rtde(B — V(A)).

Lemma A.17. For every graph G with at least one edge,
tdz(G) < I‘tdQ(G) < 2td2(G) — 2.

Proof. First, we prove that tde(G) < rtda(G) for every graph G. We proceed by induction on
|[V(G)|. When G is a null graph, we have tdy(G) = rtde(G) = 0 and when G is a one-vertex
graph, we have tda(G) = rtde(G) = 1. Thus, we assume that |V (G)| > 2. If G consists of one
block, then by (r5) and induction hypothesis,

tdo(G) = vénvi(%) tde(G —v) +1 < vénvi(nG) rtda(G — v) + 1 = rtd2(G).

If GG consists of blocks By, ..., By for k£ > 1, then by the induction hypothesis,

td2(G) = max tda(B;) < maxrtda(B;) < rtda(G).
i€[k] i€[k]
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Now, we prove the other inequality for every graph G with at least one edge. We again pro-
ceed by induction on |V(G)|. If tda(G) = 2, then G is a forest with at least one edge, and
so as mentioned earlier rtdy(G) = td2(G) = 2. Now assume that tda(G) > 3, and so in
particular |V(G)| > 3, and that the result holds for smaller graphs. In particular, for every
graph H with |V(H)| < |[V(G)|, either H has no edge and so rtda(H) = tda(H) = 1, or
rtde(H) < 2td2(H)—2. Inboth cases, rtda(H) < max{1l,2tdy(H)—2}. By (18), there is a sep-
aration (A, B) of G of order at most one such that rtdy(G) = max{rtda(A),rtda(B — V(A)) +
[V(A)NV(B (B)\V(A) #0,V(A) # (), and B is ablock of G. If |[V(A) NV (B)| =0,
then B — V(A) = B, and so

rtde(G) = max{rtda(A),rtda(B)}
< max{max{1,2td2(A) — 2}, max{1,2tda(B) — 2}}
= max{1l, 2max{tda(A4), td2(B)} — 2}
= 2td2(G) — 2.

Therefore, we assume that |V (A)NV(B)| = 1land V(A)NV(B) = {u}. There exists v € V(B)
such that tdy(B — v) = tdy(B) — 1. Then, by (17),

I'tdz (B )

N

rtde(B—u—v)+1<rtdy(B —v) +1
max{1,2tda(B —v) —2} +1

= max{2,2tdy(B —v) — 1}

< max{2,2tdz(B) — 3}.

N

Finally, since tds(G) > 3,

rtda(G) = max{rtda(A),rtda(B \ u) + 1}
< max{max{1,2tds(A4) — 2}, max{2,2tdy(B) — 3} + 1}
= max{3, 2tda(A) — 2, 2tds(B) — 3+ 1}
< max{3,2tds(G) — 2}
= 2tda(G) — 2. O

The bounds in Lemma A.17 are tight. Indeed, for every positive integer n, we have
tde(K,,) = rtde(K,) = n, which witnesses that the first inequality is tight. For the second
one, see Lemma A.19, which we precede with a simple observation. Note that this observation is
also true for tdz, namely, tda(K; @ G) = 1 + tda(G) — again, the proof is very similar and we
omit it.

Observation A.18. For every graph G,
I‘tdg(Kl D G) =1+ l"tdg(G).

Proof. Let G be a graph and let s the vertex of K7 in K; @ G. By definition, rtde(K; © G) <
1 + rtd2(G). For the other inequality, we proceed by induction on rtde(G). The assertion is
clear when G is the null graph, thus, assume that (G is not the null graph. If G is not connected,
then rtds(G) = rtda(C) for some connected component C' of G, and since rtda (K7 & G) >
rtde (K1 @ C), it suffices to show rtda (K1 @ C) > 1+ rtda(C). Therefore, we assume that G is
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connected. Since K @ G is also connected, there is a separation (A, B) of K1 @ G of order one
such that rtd2(G) = max{rtda(A4),rtd2(B \ V(A4)) + 1}, V(B) \ V(A) # 0, and V(A) # 0.
Since s is adjacent to all other vertices in K & G, the only possibility is that V/(A) = {s} and
V(B) = V(K1 & G). It follows that B — V' (A) contains a subgraph isomorphic to G, and thus,
rtde(K1 @ G) > 1+ rtde(B\ V(A4)) = 1 4 rtda(G). O

Lemma A.19. For every integer k with k > 2, there is a graph G with tda(G) < k and rtda(G) >
2k — 2.

Proof. We define inductively graphs Hj, o with two distinguished vertices wuy ¢ and vy, for every
integers k, £ with k,¢ > 2. For k = 2, H}, ¢ is a path on / vertices and uy, ¢, vy, ¢ are its endpoints.
For k > 3, H}, 4 is obtained from two disjoint copies Hy, Hy of K1 & Hj_1 by identifying the
copy of vi_1 ¢ in Hy with the copy of uy_1 in Hy. The vertices uy, ¢, vk ¢ are then respectively
the copy of u;_1 ¢ in Hy and the copy of v,_1 ¢ in Ha. See Figure A.2.

By induction on k, we show that tda(Hj, ) < k and rtda(Hy ) > 2k — 2 for all integers
k,¢ with £ > k > 2. When k = 2, Hy is a path on at least two vertices and so tdy(Hzy) =
rtda(Hs¢) = 2. Now suppose that k& > 3. First, observe that H, ; has exactly two blocks Hy, Hy,
both isomorphic to K @ Hy_; ¢. Hence, tda(Hy ¢) < tdo(K1 @ Hy—1¢) < 14+tdo(Hr—14) < k
by the induction hypothesis. Let v be the unique cut-vertex of Hj, 4. Since Hy, ¢ is connected and
consists of more than one block, by (r6), there is a separation (A, B) of Hy,, such that V' (A) N
V(B) = {v} and rtda(H}, ¢) = max{rtda(A),rtde(B — v) + 1}. It follows that the graph B — v
contains K1 & Hj,_1 ¢—1 as a subgraph, and so, applying Observation A.18,

rtdQ(Hk’g_l) > rtda(B —v) + 1 > rtda (K7 @ Hk_l’g_ﬂ +1> rtdQ(Hk_l’e_l) +2 > 2k—2.

This concludes the proof of the lemma. 0

Hy 4

Figure A.2: The proof of Lemma A.19 implies that tdp(Hs4) < 4 and
Ttd2(H4,4) } 6.






APPENDIX B

Excluding a rooted
complete graph

In this chapter, we provide a proof of Theorem 7.7. This is a slight modification of Lemma 14
in [DHH " 24].

Theorem 7.7 ([DHH 24, Lemma 14]). Let t be a positive integer, let G be a graph, and let
S C V(QG). If there is no S-rooted model of K; in G, then there exists S C V(G) with S C S’
such that torsog(S") is Kot—1-minor-free.

Lemma B.1. Let t be a positive integer, let G be a graph, and let S C V(G). Let M = (U | z €
V(Kat)) be a model of Kot in GU (g) such that |[{x € V(Ka;) | Uy NS # 0}| < t. Then one of
the following holds:

(1) there is an S-rooted model of Ky in G, or

(2) there is a separation (A, B) of G of order at most t — 1 such that S C V(A), and there
exists z € V(Kyo) such that U, C V(B) \ V(A).

Proof. Suppose for contradiction that G, S, M is a counterexample with |V (G)| minimum.

Claim B.1.1. There is no separation (A, B) of G of order at most t such that S C V(A), V(A) \
S #0,and U, C V(B)\ V(A) for some z € V(Ky).

Proof of the claim. Suppose such a separation (A, B) exists, and let z be as in the statement. Since
G, S, M is a counterexample of the lemma, there is no separation (A’, B") of G of order at most
t — 1 with S C V(4’) and V(B) C B’. Therefore, by Menger’s theorem, there is a family
(P, | w € V(A) NV (B)) of pairwise disjoint (S, V(A) N V(B))-paths in G with u € V(P,)
for every u € V(A) N V(B). Note that, for all w € V(A) N V(B), P, is a path in A. Let
G' = B,let S = V(A) N V(B), and for every € V(Ka;), let U, = U, N V(B). Then,
M = (U, | z € V(Kg)) is a model of Ko in G' U (52/) Since |V (G')| < |V(G)|, we can apply
the minimality of |V (G)].

In the first case, there is an S’-rooted model (V. | z € V(K;)) of K; in G'. But then,
(Ve UlUuev,nvaynv(s) V(Pu) | © € V(Ky)) is an S-rooted model of K, in G.

In the second case, there is a separation (A’, B') of B with S’ C V(A) and U, C V(B') \
V(A’) for some 2’ € V(K;). But then we have U/, = U/, and (AU A’, B') is a separation of G
of order at most ¢t — 1, with S C V(AU A")and U, CV(B')\ V(AU A").

In both cases, G, S, M is not a counterexample of the lemma. O

251
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Claim B.1.2. For every x € V(Ky), either U, C S, or |U,| = 1.

Proof of the claim. Assume otherwise, and let y such that U, ¢ S and |U,| > 1. In particular,
G[U,| has an edge uv with {u,v} Z S. Let G’ = G//uv, let w be the vertex in G’ resulting from
the identification of » and v, let

S = {(S\{U’U})U{w} if {u,v} NS #0

S otherwise,

and for every z € V(Ko), let

U {(Ux \{w,vp) Ufw} if {u, 0} N U # 10,

X .
U, otherwise.

Then, since |V (G’)| < |V(G)|, we can apply the minimality of |V (G)].

In the first case, G’ has an S’-rooted model of K;, and we deduce that G has an S-rooted
model of K;.

In the second case, there is a separation (A’, B) of G’ of order at most ¢ — 1 with U, C
V(B')\ V(B') for some z € V(Ky;). Let (A, B) be the separation of G obtained from (A’, B)
by uncontracting the edge uv. Note that (A, B) has order at most ¢. If (A, B) has order at most
t — 1, this contradicts the fact that GG, S, M is not a counterexample of the lemma. Now suppose
(A, B) has order exactly ¢, and so u,v € V(A). In particular, V(A) \ S # . Since we also have
SCV(A)and U, C V(B) \ V(A), this contradicts Claim B.1.1. O

Let T' = Uzev(ksy),U.ns=0 Uz- By Claim B.1.2, T" induces a complete graph in G, which has
size at least ¢ since |[{z € V(Ka) | Uy NS # 0}| < t. By Menger’s theorem, either there is a
separation (A, B) of G of order at most ¢t — 1 with S C V(A) and T' C V(B), and so there exists
z € T\ (V(A) NV(B)), which implies U, C V(B) \ V(B); or there are t pairwise disjoint
(S,T)-paths Q1,...,Q; in G, and then, (V(Q;) | 7« € [¢]) is an S-rooted model of K; in G. In
both cases, we contradict the fact that G, S, M is a counterexample. O

Corollary B.2. Let G be a connected graph, let t be a positive integer, and let S be a set of at least
t vertices of G. If Ko is a minor of G U (‘g), then, for some { € [t], there is a separation (A, B)
in G of order { such that S C V(A), and B contains a (V(A) NV (B))-rooted model of K.

Proof. We proceed by induction on ¢. For ¢ = 1, one can take A to be a 1-vertex graph containing
the vertex of S, and B = G. Note that V' (B)\ V(A) is non empty, and since G is connected, there
isavertex in V(B) \ V(A) adjacent to the vertex in S. This vertex constitutes a (V(A) NV (B))-
rooted model of K;. Now, assume that £ > 2 and that the result holds for all positive integers
less than t. Let M = (U, | x € V(Ka)) be a model of Ko in G U (5). Apply Lemma B.1
to G, S, M. If there is an S-rooted model of K; in G, then take A to be the graph with vertex
set S with no edges and B to be the whole graph G, and the lemma is satisfied with £ = t.
Otherwise, there exists a separation (C, D) in G of order at most t — 1 and z € V' (K3;) such that
S CV(C)and U, C V(D) \ V(C). Let E be the connected component of D containing U.,.
Since z is adjacent to every other vertex in Ko, U, contains a vertex of E for every z € V (Ky;).
Let Mg be obtained from M by replacing each branch set in M by its intersection with V' (E).
Let S = V(C) N V(E). Observe that Mg is a model of Ko in E U (g,) By the induction
hypothesis applied to E, S’, Mg, there exists a separation (A’, B") of order at most ¢t — 1 of E
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such that S" C V(A’) and B’ has a (V(A") N V(B'))-rooted model of K|y (4nv(pr)- Finally,
put A=CUA U(D—V(FE))and B = B’ It follows that the separation (A, B) has the desired
properties. O

We can now deduce Theorem 7.7.

Proof of Theorem 7.7. Suppose that there is no S-rooted model of K; in G. We proceed by induc-
tion on |V (G)|. If G is not connected, then we apply the induction hypothesis on each connected
component and we are done. Now suppose GG connected. If there is no model of Ky; in G, then
we are done. Otherwise, let M = (U, | x € V(K2;)) be a model of K9 in G. By Lemma B.1,
there is a separation (A, B) of G with S C V(A) and U, C V(B) \ V(A) for some z € V (K2).
Then, since z is adjacent to every other vertex in Ky, the family (U, N V(B) | x € V(K2))
is a model of Koy in B U (V(A)QV(B)). By Corollary B.2, there is a separation (C, D) of B with
V(C)NV (D) # 0, V(A)NV(B) C V(C), and such that there is a (V(C)NV (D))-rooted model
of K}y (c)nv(p)| in D. In particular, this implies that G’ = torsog (V (C)UV (A)) has no S-rooted
model of K;. Then, by the induction hypothesis, there exists S’ C V(C) with S C S’ such that
torsogr (S”) is Koi-minor-free. Since torsogr (S”) = torsog(S’), this proves the theorem. O
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Structures des classes de graphes et de leurs mineurs exclus

Clément RAMBAUD

Résumé

Une classe de graphes est dite close par mineur si elle est close par suppressions d’arétes, sup-
pressions de sommets, et contractions d’arétes. Les classes de graphes closes par mineur jouent
un role central en théorie des graphes grace a leurs propriétés structurelles et algorithmiques.
Dans cette theése, nous démontrons plusieurs correspondances entre la structure d’une classe
de graphes close par mineur et celle de ses mineurs exclus, c’est-a-dire des graphes minimaux
parmi ceux qui ne sont pas membres de cette classe.

Dans une premiere partie, nous démontrons une propriété structurelle pour les classes de
graphes excluant une grille de hauteur fixée en tant que mineur. Pour ce faire, nous introduisons
une nouvelle famille de parametres de graphes qui généralise la profondeur arborescente et la
largeur arborescente. En conséquence, nous obtenons une généralisation du Théoreme de la
Grille Mineure de Robertson et Seymour.

Dans une seconde partie, nous montrons, a travers plusieurs applications, comment utiliser
une notion de mineurs enracinés pour résoudre des problemes sur les mineurs de graphes.
La premicre de ces applications est une preuve simple pour les caractérisations des classes
de graphes closes par mineurs ayant une profondeur arborescente en couche ou une largeur
linéaire en couche bornée. Une deuxieme application consiste en des théorémes de Structure
Produit dans des classes closes par mineurs. Enfin, nous déterminons, a un facteur linéaire
pres, les nombres chromatiques centrés ainsi que les nombres colorant faibles de toute classe
de graphes close par mineur donnée. Dans le cas ol cette classe exclut un graphe planaire, nos
bornes sont optimales a un facteur constant pres.

Mots-clés : théorie des graphes, mineurs de graphes, largeur arborescente, profondeur arborescente,
colorations centrées

Abstract

A class of graphs is said to be minor-closed if it is closed under the following three operations:
edge deletion, vertex deletion, and edge contraction. Minor-closed classes of graphs play a
central role in graph theory thanks to their numerous structural and algorithmic properties.
In this thesis, we prove several connections between the structure of a minor-closed class of
graphs and the structure of its excluded minors, that is the minimal graphs which are not
members of this class.

In a first part, we show a structural property for classes of graphs excluding a grid of fixed
height as a minor. To do so, we introduce a new family of graph parameters generalizing both
treedepth and treewidth. As a consequence, we obtain a qualitative strengthening of the Grid-
Minor Theorem of Robertson and Seymour for graphs excluding a rectangular grid.

In a second part, we show through multiple applications how to use a notion of rooted minors to
solve problems concerning graph minors. As a first application, we provide simple proofs for
characterizations of minor-closed classes of graphs having bounded layered treedepth or lay-
ered pathwidth. A second application consists of Product Structure theorems in minor-closed
classes of graphs. Finally, we investigate the growth rates in minor-closed classes of graphs
of weak coloring numbers and centered chromatic numbers, two families of graphs parameters
characterizing classes of graphs having bounded expansions. In particular, we determine, up to
a linear factor, the maximum centered chromatic numbers and weak coloring numbers of the
members of a given minor-closed class of graphs. In the special case where a planar graph is
excluded, our bounds are tight up to a constant factor.

Keywords: graph theory, graph minors, treewidth, treedepth, centered colorings
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